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Abstract The initial value problem for a nonlinear evolution system with singular
integral differential terms is studied. By means of a priori estimates of the solutions
and Leray-Schauder’s fixed point theorem, we demonstrate the existence and uniqueness
theorems of the generalized and classical global solutions to the problem.
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1. Introduction

In this paper, we study the initial value problem (IVP) for the following nonlinear
evolution system with singular integral differential terms (NES with SIDT) [5-T]

U + JTJ'_._,:E;:H + [gl'a.d @{U:I]: -+ EEHUEE-r + {—l}dﬁHUEE:—I -I—THU
= Alz,t)U + g(=,1) : (1)
U(z,0) = Uo(z) (2)

in the unhounded domain Qr = {(z,f) : —co <z < 00, 0 St < T}, where H is the
Hilbert singular integral operator

1 o= [I(y,t)

HU(s,t) = —PV. dy (3)

—ma =&

In system (1), U(z,t) = (Ui(e,t),---,Un(z,t)) is a N-dimensional vector valued
unknown fanction of the two real variables —oo < z < co and ¢ > 0; ®(U) is a scalar
function of the vector variable U; “grad” denotes the gradient operator with respect to
the vector variable U; A(z,#) is a N x N matrix of functions a; (=, 8)(1 <i,j £ N),
g(z,t) is a N-dimensional vector valued function of functions g;(z,t)(1 €4 < N); o, f,
and « are real constants; p > 1, 1 < r,s < p are integers.

System (1) is a much generalized NES. In fact, if a = B = # = 0, then it is the
generalized Korteweg-de Vries (KdV) system of higher order [1]

Uy + U,aptr + [grad ()], = Az, t)U + g(2,1) (4)
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In order to study the IVP (2) for the NES with SIDT (1), we need to investigate
the IVP (2) for the corresponding NES with dissipative term

Up +(—1)P*t el 2p42 + Ugzpsr + [grad ®(U)] + «H U2
+(=1)*BHU 201 + 7HU = A(z, 1)U + g(=,t) (5)

where 0 < & < 1. The solution of problem (1,2) will be obtained by the limiting
procedure of approaching to zero of the dissipative coefficient & for the solution of
problem (5, 2).

If f(z) € L}(R) N L*(R), define its Fourier transform as follows:

FINQ = FQ) = [ f@)exp(=istids )

)

Let the LP(1 < p < oo) norm on R be denoted by ||U||re, and define the Sobolev
spaces H™ and HJ' by means of the norms

Wi = [5= [ @ +IPPIOQRG] ™)
Ol = 5 [ IePmioPag] ™ @

where m > 0.

For simplicity, we will denote by C' any positive constant appeared in our paper,
which depends only on the coefficients a, @, and 7, the norms of the initial function
Us(z), and the norms of A(z,t) and g(z,t). Furthermore, we regard

1T = 102y U (Elee = 1T ()l Loog Ry
1T ()l = 1Ty U E)m = U Ry
Now let us introduce some functional spaces.
B = L=(0,T; H{R)), B={U = (U1,---,Un)e R : U;€B, 1<i< N}
Z = L=(0,T; H**Y(R)) n L*(0,T; H***(R)) n H'(0, T; L*( R))
Z={U=(Uy, -, Un)e RN :U; € Z,1<i< N}
If U(z,t) € B (or Z), define its norm as follows:

1T, = sup U]
0<t<T

1% =

]

T T
st U¢2+f e dt+fﬂt3dt
sup 1) s + [ WOpiati+ [ 170
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2. Preliminary Lemmas
Lemma 1 For any U(z), V(z) € L*(R), the following relations hold:

(1) HU(C) = sign (()U(C), HU = U,
H(UV)= H(HUHV)+UHV + VHU,

f_i U(z)HV (z)dz = — f_m V(z)HU(2)dz, f; U(z)HU(z)dz = 0;
f_ Z HU(2)HV(z)de = f_ E: U(z)V(z)dz,
[" \mu@)de= [ (U@

(3) (HU),=H(Us), for any U(z) € H'(R). see (2]

Lemma 2 For any U(z) € H*(R), we have the following inequalities:

) [ v.avde= - [ 0P 2 0

h:lLI-—'

(2) f |U|Edz{f UHUda: f Umm.rdz]

2k
(3) f |U,+|%dz < [f iUlﬂdz 5erT U’ U=k+1HU:kdE] kil

where k > 1 is a integer.
Proof By means of the Parseval’s equality we get

[ vmvde = o [ GO sign QU = o [ KITQOFG
(2) f Z |Uz|*dz = g f Z IRILGIRS

< o[ [ 1m0 cn“dc]% [ eiora?

Rl

= | fm U, HUdz] f_ sz HU. dz| %,

@ [ 10l = 5 [~ KPP ' i

o il 2k
< L[ wera® [ [ mif;ﬁ’*“wm?dc]m

[f |U§Ed¢]-§'— f U.:I:+1.HU:¢l.-dﬂ '_+




No.l - Initial Value Problem for a Nonlinear Evolution System with Singular ... 67

In the light of the notation listed above, the following formula will appear in our
later discussions:

o0 1 o .
| Wans, BU)2 = o i PO PAC = U2 (9)

where U(z) € H**'(R) is a vector valued function, k > 0 is an integer.
Lemma 3 (Gronwall’s inequality)
Suppose that the functions g(t), h(t) > 0 satisfy the inequality

L
g(t) < Cf g(s)h(s)ds forany 0 <1< oo
0
where C' > 0 is a constani, h(t) satisfies f h(t)dt < oo. Then we obtain the estimate
a

t
g(t) < Cexp [fu h(s}ds] forany 0 £t < o0

Lemma 4 Suppose thate > 0, f(z,t) € L*(Q7), Un(=z) € HPT(R), p > 1. Then
the IVP (2) for the linear parabolic equation

U: + {—1P+1£Uﬂ:ip+3 + U:ci;p+l — f[:ﬂ,t]

has a unique global solution U(z,t) € Z. See [1]. :
Lemma 5 Suppose that ¢ > 0, b(z,t) € L™ (Q1), f(2,t) € L*Qr), Un(z) €
HPtY(R), p > 1. Then the IVP (2) for the linear parabolic eguation with SIDT

U+ {—1}p+lEU=2p+I 4+ Uaper + aHUar
+ (—1YBHU 20— +vHU + bz, U, = f(z,t)

has a unique generalized global solution U(z,t) € Z.
Proof With the technigque of continuation of parameter, we can prove the lemma.

3. Generalized Global Solution of Problem (5, 2)

In the present section, we are going to establish the existence and uniqueness the-
orems of the IVP (2) for the NES with SIDT (5).

Theorem 1  Suppose that a,3 > 0, ¥, and 0 < & < 1 are real constants; p > 1;
1 < rs < p are integers; Up(z) € HPYH(R), (V) € C3*(RYN), and there exists a
constant C' > 0, such that '

(—1)P-18(U) < C|UJ? + C|U|***%-%, |grad &(U)| < C|U|**" + C|U]

% ()
au;aU;

(10)

|< ClUIP+C, where 0 <6< dp, UecRY
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Then the IVP (2) for the NES (5) has a unique generalized global solution U{z,t) €
Z. : '

Proof For any V(z,t) = (Vi(z,t),---,Vn(2,1)) € B, consider the IVP (2) for
the linear parabolic system with SIDT

U + [—1]p+1£U,:zp+z 4 U 2p41 + aH Uzer + (=1} BHU 2.4

+yHU + F(V)U, = AA(z,t)T + Ag(z,t) (11)
U(z,0) = Ao(z) (12)
9 (1)

where F(U) = ( U090, / 1<i,d<V is the Hessian matrix of the nonlinear function &(U).

Since ®(U) £ G} RY), V(z,t) € B, from Lemma 5 we see that problem (11,
12) has a unique global solution Uz,t) € Z C B. Therefore we can define a map
Ay : Bx[0,1] — B: for any V(=,f) € B,and 0 < A <1, let Up(z,t) = A3V (z,t) be the
unique generalized global solution of the IVF (12) for system (11). Since the imbedding
map Z — B is completely continuous, the operator A, is completely continuous for
every 0 < X < 1. It can be easily seen that for any bounded subset £ C B, the
continuity of A, with respect to 0 < A < 1is uniform. Furthermore, it is obvious that
ApB = {D}

In order to obtain the existence of the generalized global solutions of problem (11,
12), it is sufficient to verify the uniform boundedness of all possible fixed points of the
map A, with respect to the parameter 0 < A < 1, namely, it needs to establish some a
priori estimates of the solutions of the IVP (12) for the system

Uy +(=1)7 2 eUapsz + Ugarrr + [grad &(U))e + aHUz-
(=1 BHU 21 + yHU = MA(z,t)U + Ag(z,1) o (13)

with respect to the parameter 0 < A < 1.

Taking the scalar product of system (13) and the vector U, integrating the product
in the unbounded domain Q,(0 < ¢ < T') with respect to (z,s), regarding Lemmas 1
and 2, we get the integral inequality

t ]
[N 26 [ [T (o)lde +28 [ [U()E-sds
t i
<ol + € [ N0(s)Pds +C [ llgle)Pds
By means of Lemma 3, we get the integral estimates

T T
sup DI, 2 [ [Trss )P, 26 [ 10Oyt

D<t<T

< ol +¢ [ oo (14)
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where (' is a constant independent of 0 < A <1 and £.
Making the scalar product of system (13) and Upze + aH Upzr—d grad ®(U) and
integrating in (J; with respect to (z,s), after proper integration by parts, we get

O +2¢ [ [Uaros(6)1Pds +28 100 0ucr/o
126 L * f_ﬂ;{ﬂ,::pu,[grad &(U)),)dzds + 2a¢ j; : f“ “;[Hcrf.,zrzw}dmds
+2(=1)P1P /; t _/:Z[HUmz.-z,[grad $(U)),)deds
$2(=1p~" B [ [Uursem (o)

= lEHHD;::FHE i 2{_1}1‘3‘[-["1 @[:.}LUQ:I{‘II — j_-
+{HI)P_T{I[13|UJ}E__1I;'E = 1U{t}|3-1||"2]

¢ o0 i o0
_9(—1)7 fﬂ f_ (HU, grad 3(U))deds + 2 fﬂ j_ (User (AU + g)ar)dods

[ )

$(U)de)

+2(=1)PA -/: fj;[ﬂ[f + g,grad ®(U))dzds

t s
+2(=1)P"" Aa f f (AU + g)ars HU, oo )dzds
’ 0 J=co
(15)

We rewrite the last identity as a simple form:
Li+ -+ Ir=Ri+-+ 1o

where L;(R;) is the é-th term of the left (right) hand side of the last identity.
The following simplifications hold.

: : "1 ligea 2dz
L <e [ Warn@)fdste [ [ llgrad 2(0)lPdods
By using (10), we get
[ ligrad #(@aPee < CUTON + CIVOIZITIP

2 2
< C||Ugpr ()I]P* (TP + CIUE[E 2 Uar (@)1 Uz (DI
< CIU @2 + Cl[Uspss (0 + CllUzr ()| Terts (I

Therefore we get

Tal < e [ Wiar (0)Pds +Ce | T ()12

t
+C [ ellUar (a)P|[Uurss (5) s + CTe
]
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Since
| L Z(HUE:.TT U spis)dz| < [|Uor (8)[[Tazons (8)]

2p42r4l 2p—2rtl 1
< || Ugzesa (8} 2242 |[U(E)]] 22H EEHUEHH{*)HE%"Gl!U{t]llg

Thus we have A
Ls| < e f |U2p41(3)[[Pds + CTe
]

As for Lg, regarding Lemmas 1 and 2, we have

ILg| < 28 fﬂ * f_ Z |HU, 202 ||[grad &(U)]|dzds
<28 [/ [0.a0ea(5)lgrad SV (s))]eldo
<cp [ T TNl + CB [ [Tra(IT-A5)ls

We will employ the interpolation inequality presented in the Appendix to estimate
Lg.
If s = 1, then we have

176 < C8 [ IUENITE)ZIT(s)s + €8 [ 10EIT(s)lds
< B [ W) [Uar )T )PP 1T ()]
T IITRMs + 05 [ NTEITERAT s
<8 [ U U IV 2l (s

t
+CB [T/ DI (o)l ()5 ds

<8 [ W0 Eyads +CB [ 1V ()P
=P pt1/2 ek 1/2

£
+Gﬁfj U ()12 5ds + CBT
If 2 < s < p, then we get

6l < CB [ W0aecs NIV ds + CB [ 1Tms( TN

Z2a=2

t 2p=2 — g1
< E’ﬂ[] ([Usptamr (8)l]PF2—1 I1U(SIIIIEI’TI][!IU:P{S}IIIIU@}[IEH]

2s—1 (24—1){28—3) 2p—2s+1
AN (E T [Vaprms ()| 2D




No.l Initial Value Problem for a Nonlinear Evolution System with Singular ... 71
{2p+2:-3}[2p—2a+1] i
<[jU)  AFe ([ Ugpraa(s) I"“ HU(s)||pte—1 |ds

t
ol *F— a—3 Al i
+CB [) 01 (a) 7209 o131 2= 7 32301387 o=/ -1

< 0p [ 10 Vs NI -s/2l0 (S pt-1/20

t
-2 e . 28 2
‘I‘G,EL iU{SHEETIIE +3)/(2p)+2/(2 1]'|U{ |EI_3_3]:|-.-"{EEP}”U{ ]”[2 3)f(z ]']d

t 4
<B [ 10()Bssrjpds +CB [ V()P (o)

t
1op fu U (8)[2_y jods + CAT

Moreover, we have

2r422-1 2p—1r

[|Uzrss=a (B)II* < C|Ugptaa(8)]] PH=2 [U(E)]|PH2-2

drfds—d 4p—dr42

- Clﬂfﬂlzitzi}z (U751 < OO + o [T, -y
B , 7
|Le| £ 5 z |U[:3H;c.+a—1;:a s+ CT
2 1
|Rs| < C f U2 dz < Z{|Un(B)]* + C
_l:’::' -

Rl < 1T @)+ C
We deal with Rg in this way
| [7 (#0,grad 3(0))de| < U + ClT O
Be| < C j:} t |Uas(s)1%ds + CT
Rl < [ War()Pds + € [ llaw(s)Pds + O
Rl <0 [ W0 ()Pds + € [ 10a(s)Plg(e)Pds +C [ o) ds +CT

¢ t t
Bl < C [ Uan(s)|Pds +C fu lo(s)|[2ds + € j g2 (s)|[2ds + CT
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Identity (15) now yields the following mequality
1 2 . 7
U (I + B [ 10 psams/ads
4 ¢ £
<040 [ lo(ds +C [ el (e)ido+ OB [[I0Ninsads

40 [ WU o) L+ elUarss (SN + BTNy + (o)1
By using Gmnw_a]l’s Lemma, we get

sup ||U(t)lz <€ . (18)
0<e<T
where (' is a constant independent of 0 < A<1ande.

Estimates (14, 16) show that all possible solutions of problem (13, 12) are uniformly
bounded in the space B with respect to the parameter 0 < A < 1. Thus by using
Leray-Schauder’s fixed point principle, we obtain the existence of the generalized global
solutions of problem (5, 2).

Suppose that U(z,t) and V(z,t) € 7 are the solutions of problem (5, 2). Then
W(z,t) = Ulz,t) — V(z,t) satisfies the Linear parabelic equation with SIDT

Wi +(=1)PH W 2pe2 + Wozpsr + aHWoar + (—1)'BHW, 2.1 + YHW + F(U)W

N o1 888(7U 4 (1 —1)V)
d 2
+(.i:E:1‘L EUianﬂUk TWhjlikiNHﬂ 0

and the homogeneous initial condition

(17)

Wiz, 0)=0 (18)

Making the scalar product of the LES with SIDT (17) and W and integrating the
product in the domain Q.(t > 0) with respect to (z,t), we get

WO 426 [ 1W0is ()P 428 [ W OEsot

:'j: [Z(F[ﬁ)mw,wydm

¢ qoo o N 01 9%8(rU +(1-T)V)
- L f_ m((f‘; L A drWi) _, Voo W) d2ds

Because U(w,t) and V(z,t) € Z, the right hand side of the last formula can be

t
dominated by f |W(s)||*ds, and the left hand side of the equality can be treated
0

as before. By means of Gronwall’s inequality, we see that problem (17, 18) has one
solution W(z,t) = 0.
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4. IVP (2) for NES with SIDT (1)
Lemma 6. The following estimates hold for problem (5, 2):

sup [|U(H)]lp < €, sup ||[U(t)l]lo = C
p<e<T 0<esT

where C is some constant independent of €.

Proof By means of Lemma 2 and the estimates obtained in Theorem 1, we know

that Lemma 6 1s correct. , :
Lemma 7 Suppose that the conditions in Theorem 1 hold. Suppose also that

$(U) € CHRY), a;;(2,t) € I®(0, T;WH*(R)), gi(2,t) € L*(0,T; H3(R)). Then, if

p = 1, we have the estimate

sup ||[Uz(8)]l < € (19)

0<t<T

where constant € does not depend on 0 < £ < 1.
Proof By using system (5) and some calculations, we obtain the identities

1 -2 . _
5 (Ues, Uz )t + €(Uspzes Vsunz)

1
T [E{Ummzmnn U‘I‘l‘-] i E{UI:::::::: ["r:rr:ufj::II + (U:uf:n:zmr H;J:I] o E{Uﬂ:mm Umzr}li
= ‘([E’Iﬂd @(U]]:ﬂﬂ:m U:J::-'::| . {[QHUi‘ﬂ - FHU: + ':I"H-U T H]TI! sz} {I}
—([grad &(U)]s, Uz)e = 2([grad &(U)lz, eVsszoz + Uzozz + [grad @(U))sz

-|-[EI!HU:E-_,; o ,I'B.HU; + ":I’HU — AU - g]::l =+ {EU:E'J‘.':EE + Uprx

+lgrad (U)]e + @HUsg — BHU, + YHU — AU — g, F(U):Uz) (11)
(Usa, (D )Vaz)a = 2AUsaas F(U)Vaie) + (Ve F(U)a V) (I1I)

([grad 3(U)]e, User)z = ((grad &(U)]e, Usane) + F(U)Vsz, Uzen)
HF()2Uzs Uzaz) (IV)

(Uner F(T)aUs ) = (Uazas F(U)2Uz) + (Uazs F(U)aUsz) + (Vazs F(U)ealUa) - (V)
In order to eliminate the nonlinear terms
([grad &(U)]z, Uzsze)s (F(U)2Uzs Unzz)
Make the linear combination of (I-V): 6 (I) +5 (II) +8 (III) —10 (IV)+5 (V), we get

EEUIIT Uz:n }t I Ei[grad @{U]]zr U::}t =+ EE(UZEE:IH U:l.'-i'-:r:[:}
+[E‘E[U:|:;J::|::ﬁ:h UTE:I = ﬁE[U'J::l‘.IZF Hm::a:} J-' E’[U:E;J:::i‘r Hm:!] o E{U:nm:n Uz::::}
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+8(Usz, F(U)Usz) — 10([grad (V)]s Uzaz) + 5(Vszs F(U)2Us))2
= —8(aHUsy — BHU, +7HU — AU — §)zz, Usz)
+10([grad &(U)]z,eVzeces + [grad &(U)]es +[@HUze — BHU: + yHU
— AU - glz) + 5(eUzzzs + [grad (U))z + aH Uz, — BHU, + yHU
AU - ¢, F(U)oU) 4 (Usw, F(10)e Usw — F(U)22Us) (20)

After integrating the above identity in the domain Q:(0 < ¢ < T) with respect to
(z,s), we have the following estimates.

5 f_ Z[[g;md B(U)]e, Vs )de| < C

£ o 2k
6 f f (0HUsy — BHU, + YHU — AU — gle, Usi)dads|
0 J=
t ¢
< 5.5] iU('ﬂ]l;H r3fz T G/D 1 Uz (s) |2 ds + G][; |Us2(s)]*ds + CT

1U|jﬂ j:{[gmd B(U)]c) £Vzzzze + [grad E(U)]:

+{aH U, — BHU, +7HU — AU — sr]m}dqu
<o [ Waer(MP +€ [ Nl +26 [ [0(5) 24110
.
+c/ 1T ()|I? # CT
i
i o5
5| f f (eUzzas +[grad (U)o +aH Uz —BHU, +7HU — AU - g,F{U]xﬂt}dmdsl
0 — D
’ 2. i 2 * 2
< [ NUeama(@)Pds +C [ 10o()Pds+28 [ 10()Essa/as

t
+¢ [ +oT

sirce

N N N 4
a*e(lry U au au
F[U}zUzz F(U)zzUs = (2121 Zl au;eu; 0l alh lﬁ:c_-,.' dzy, 3‘-‘3!) <N

we have

._/: _Z{Umm,F{U}:.:Um = F(U}zmﬂm}dxda| < G’[: 1Uza(8)||?ds
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Finally, we get

U < € [ 1Te@)Pds +C [ [0@Pds +C [T ds +1Uea(o) +CT

By means of Gronwall's inequality, we can verify estimate (19).
Lemma 8 Under the conditions of Theorem 1 and Lemma T, there is the estimate

sup [|Ua(t)lloo < C
0<t<T

Lemma9 Under the conditions of Theorem 1 and Lemma 7, if Uy(z) € H 3R,

there are the estimations

sup [|Up(t)| £ C, sup [|Us(t)| C, 0Sh<2p+2, 02k=p
0<t<T 0<t<T

Theorem 2 Suppose that a,8 > 0, 4, and 0 < £ < 1 are real constants; p = 1
1 < r, 8 < p are integers; Ug(z) € H¥**(R), ®(U) € cr+t (RY), and there exists a
constant C > 0, such that

(—1P-'&(U) < C|U|? + C|U[*+37°, where 0 < & < dp

&2&(1r)
) L au;

Suppose also that a;j(z,t) € L0, T; Wt (R)) N W (0,T; W2 (R))(1 <
i.i < N), gi(e,t) € L30,T; H*¥+2(R)) n W2(0,T; H(R)) (1 < i < N). Then the
IVP (2) for the NES with SIDT (5) has e unique generalized global solufion

U(z,t) = (Ui(=,8), -, Un(z,)) € LO(0,T; H*(R)) n WH(0,T; HY(R))

grad (U)| < C|U|*** + C|UY,

1 < QU™ + C, forall U ¢ RN

Therefore the functions Ujs(e,t)(0 < k < 2p + 1) are Holder continuous in Qg,
where ¢ = max{2,p}.

Theorem 3  Under the conditions of Theorem 2, as ¢ — 0, the global solution
Uc(z,t) of problem (5,2) tends to the global solution U(z,t) of problem (1,2) in the
functional space L™(0,T; praetles( BY).

The Proofs of these two Theorems are similar to those of the corresponding Theo-
rems in reference [1].

Theorem 4 Suppose that the following conditions hold as well as the conditions
in Theorem 2: Up(z) € H¥**(R), (V) € crti(RY), a;;(2,t) € W=(0,T; L=(R))
(1<i,i < N), gi(z,t) € W20, T; I*(R))(1 < i < N). Then the IVP (2) for the NES
with SIDT (5) has a unique classical global solution U(z,t) = Ui(z,t),--, Un(z,t)) €
L=(0,T; H*+2(R)) n W1=(0,T; HY(R)). See [1].

Theorem 5 Under the conditions of Theorem 4, as ¢ — 0, the unigue classical
global solution U.(z,t) of problem (5,2) tends to the unique classical global solution
U(z,t) of problem (1,2) in the space Lee(0,T; WiHl( R)) n W (0, T; Wwa—le=(R)).
See [1].
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Appendix

Suppose that m > 0, n > 1 and p > 1 are integers, m << p < m + 7. Then for any
U(z) e HIm™+tn)/2(R), there are the relations

1Ulpja < WIS amyyr @ = (o= m)/n
Proof By means of the Fourier transform and Parseval's equality, we have

U= [ KPP

< ([ kriaorae) ™[ ammigora) T

=i

st f‘m |f’.|m{m+ﬁ—P:|s"n+{m+ﬂ][P—m],'rﬂlif(cjlz{m+n—p‘,|,-'n+2[p_m}l.fﬂd(:
—e

= 1U|i;.'23u|m§f:1+“};3-.- a=(p—m)/n




