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*1. Introduction and Integral Equations

In this paper we study the following problems: :
au, —u, = [ g 8= (e = e e e ) S ) (1)

u e, 0) =p(z) E — o= p=si) (1. 23
ul—1, &) =7F(i) | P e
Bo,. —v,=10 in Ste{G -0 s ="z=21, 0="{=_7] (1. 4)
vz, 0} =gz i ==y (1. 5
ol &) =gl) . 0=t<T (1. 6
wils(d), &) =w(s(d), O D==t<"T (1. 7)
Eu®(s(t), &) +yu (3D, ) =Ap, (s(), £) 0=t<T : (1. &)
§(8) =uls(t), & 0<t=T (1593
s(0) =10 _ ¢l 0)

where T >0, a>0, =0 y>=>0 2=>0 and K are given constants, F(£. g (), @ (z)
and ¢ (x) are given functions, and the unknowns are u(x, &), v {z, ¢) and s ¢} . (1. 1) —
(1. 10) form a simplified mathematical model of the one-dimensional flow of iwo
incompressible and immiscible fluids in a porous medium. z = s(f) is the interface
between these two fluids, » (z, £) (resp. » (. £)) is the velocity to the left (resp. right) of
the interface. Problems (1. 1) — ¢1. 10) is an one-dimensional and parabelic version of a
free boundary preblem proposed by Muskat. W. Fulks and R. B. Guenther (1] considered
the initial problems of this type, and proved the local existence and unigueness of solution.
In the one-dimensional flow within a porods medium of two immiscible fivids. the
pressures of two fluids satisfy free boundary problems similar to (1. 1) — (1. 10). The

global existence, unigqueness, regularity and the other properties of solution have been

(1) This work is supporied by MNatienal Natural Science Foundation of China.



discussed by many authors(27, (33, (47,

The main result of this paper
~* 5 is Fréchet differenti
Lipschitz continuous,

£51. (6], (7).

is that, the solution operator of (1. 13-(1.10) 8: (. ¢
abie in itg domain of definition, and

the Fréchet derivative is
The approach of

this paper is an extension and modification used in
Gl -

We assume that the data satisfy the regularity and compatibility conditions:
P(z), ¥(z) CHRY,

and @ (), #(x) =0 for || =2

F&. gty € c'Lo, 1], PO =p(0) =q, @(—1) = F¢0)

: _ ' _ (1. 11)
Pl = g0y, FO) =ag”"(— 13, g (0) = g4° (1) g
Ko td) 4 o' (0) = A (0)
An integral eQuation for u
AO =uls®), b =u@), O =3 (1.,12)
which

15 equivalent to (1. 1) — 1.1 can be derive

d in the same way as in [1J. First
of all we define I/ and I’ by

"

Uiz, 1) = j Elx— g atl @ (§yd®, Uiz, O = & (x)

L= =]

S Ele 4.3
Folr, gy = j_ kiz— &, BOBELE Viz O = 3 (x)

".-'i-’h&j,'l_:

k@ 0 = rt) “Fexp (— 22/ 41)

We will use the standard notations of partial derivatives: kylz, 8) = 3k (z, t) /3x, kyy (x, £)

== _E‘“Eﬂ? (= 80/ 32, Rilz, &7 = 3% (x, £} /3L, ete. Therefore, the solutions of (1. 1y — (1. 1Dy
are

(1. 14)

uix & =" & —+ P -J.

&

3
kviz — s (1), at—7))y™ () dr

]
- 2a J- izt 1, adt— )™ ) de
J0

! (1. 15)
vix, &) =¥V (z 4y —F—Eﬁ_{‘ E (xr— s(t). A—1))z* (1) d+

]
¥
= Ef o] j kyx — 1. St — 1y zt® () dr
L]
The functions #™ (& and z™

r

4
(#2 () 3 24 J‘ B (s —s@), att— 1) (2 de
| L

j+2a [

| k(s 41, (=71 g'® (v) dr = 4 () == LEte (AT
8

@) (=12 in (1. 15) satisfy the integral equations

(1. 16)
£ ;
|2 8 =2q ( Eil—1— =iy, GU—=T)) g (Ddr =U(—1, ty — £(5)
ol 3
and ' .
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[
z'"V (&) — 24 L ki(s@ —s(r), ple—2))z" (v) dv

: :
1— 28 _L kils@) — 1 fU— ez (@ dr =V (a(t), t) — u () (1. 173

E £ =
2P @ +2p L Eiil—s(m), Bl—w)zW (ndr=g@) —V (1, &

Thus we are able to solve (1. 1) — (1. 10) provided u(f) is found. The derivatives . and

v.are known in terms of u by differentiating (1. 15) with respect to r , we have
LTu@ =pu, (s ), &) =pU, (s (®), ¥ — g™ @
£
— By J Ey(si) —s(r), at—n1) u(o) g™ () dr
oo
i
-+ 2y j Est) —s(v), alt— o) g () de
+ 2y J- E(s(t) — 1, att— 1)) 3 Pw)ds (1. 18)
[H]
5&"?— £ £
B =gu (=1, & =l (— 1. t)— 2y j E(—1l—s(m), att—n) )y a@y™ (Ddr
a )
" t
—feky k(—1—s(r), alt— 1)) ' (v)dr

«.,,-'?mf 8 —_—

and

- i
Krp(t) =dv (1, t) =2V (1, £) — 24 f Bl —sto), =) p(oz" (v)de
]
r {?il

i
—J—ERJ‘ E(l —s(n), ,E:'r*n:_’:i—':-‘}:lz“’rir—i———"
2 ’Jﬂﬁ Nt

KT p ) = v, (s(), L)

ai'r (1. 20)

= AV \ (s(t), &) — FF (g )
— 24 L gk, (s (8) —s(r), Blt— ) uir)z' (r)dr
+ 24 L ‘j:t'.';“{'t}-—s{ﬂ, BE—z)) 2D () dr
+ 24 J.u lﬁ: (s(i) —1, BGE— 12" (v dr _ (1. 21X

By means of the same calculations as in [1J, we conclude that & (£} satisfies the following

integral equation
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where

74

E\@E i T

Mty =a -
J-«./:-FFJE =

= SPPEOE T
I =2re O J Vit — Bk (s (8), ab) p (6) de

b Zpghi(— ) 8
:  NE—0 k() + 1. ab) u(8) a6

Zyag (I it
I, —erag (D) f NE— 8k (s (8, aB)dd

g ]

et E}-nrg& {*-* 13 g
I o= — J' 3:&{&&?}—]—1 afy 48

()
I—ﬁ% R O

BTG
el ,iﬁ_mJ‘ E—6 k(s (®) — 1. B6) 1 (6) 20
: 8 (0 =i
E?=—"i:%'-if Jiteicw, 58 d6
WA i
e P BT
_%'_L Nt—6 k8 — 1. po)ydg

!I L]
e — " Vi— 8 #(t?}cif?j kis(@) — & af)e™ (&) ds
o

ﬁ'\,..,...l'f.h

o i o
1= 2a J i J_liz,fs{ﬂ} — & af) p" (&) dé

;
-|ll-l— i ;
= J' wi-—ﬂ#f#)dﬁf kE(s(6) — & gO)y" (&) de

-

DL R P
;m___g_ = W | RG@ —& pory @ a

A
Ry “‘
4 i :"- :TS:- ji" ! -“____. *
fiq== = —: | \j/:“- e (8w (0 df
o Ja :
-'.F;- - J— -ﬂl— ll._.._d;&? !. : . -
¥ ) = J., B Cs (8 —s(z), all@ — 1)) & u(r)de

E12:2)




‘T'?E_ﬁ“““_ E (s () — 1. (@ — 7)) FTulrddr
"f; i J[ (s (8) i
I,B=%J T:J‘ k(s (&) + 1. ﬂ(f?—fﬂf(ff'if
£
A
I-nz_"‘J J k(s{@) — 1, g — ) g (wdr
Ve iy

T o "_{am:nﬂa{m*)'
L JH'_T_]‘ e:-:p( deor (0 — 7) _rif

e __ {s@®) —_s{mi)'
J 1 EKF( 44 — 7) ] &%

Since some I, depend on i (¢) , we also need an integral equation for u () .

""f__ “ (1. 23)

where

r ']
g @ O I O i oy w) 40

ZEUTNIE e ] W

Similarly, J,=d7I,/dt i =2 ... 13, are cbtained from [, provided that -/ t — @ is replaced

i
by (24/t—8) . But a7,/dt is equal to the sum of four terms:

e =
plr) =
2 4:&,{_-:: o t— 8
g{8) —ai7) (_}_Z&(H]—sfﬂ)i }
.;m- @ — )V {1 =P da (8 — %) ) ez

1 . el —s@® |1
0 () }j'd'li'

_Ehw J FF—[- E+F{TJEH{J;—_;[

J =ty (tidr J- r—-£—;.¢(*r-—|—p[£-ﬂ)ip

= —p (£) T (L) -

w’E 15 m/_

= J S AT+ Tespectively.

Beplacing a, S8+ uin J,, n J 3 by 8. G u respectively, we get J g, o o, 204
il
i_;'='rlﬁ'i"-rw+jm_|‘"ura:
Moreowver,
arl B
Joxy == ;.i.'sﬁ it {i—J {m— | -f’ ;HZrL -k, (3 (8) -+ 1, a i — 7)hdr
"\-rllﬂ-' o ﬂ\,-'l":— 'J':' i‘_”;l
1 tode g
Y = _[ — _[ ) Chy (s (@) + 1, a@—7))aif)
AR L B I T

(]



Tok, (6@ +1, ato— T)) ldv
and J,,. ..., J,; can be obtained from 7, ... I in the same way.

We have the following local existence and unigueness result, which is an analogue of
existence theorem in [F1:3:
Theorem ] For any given constant () = d<"1, there exist two constants 0 =<7 " =
T and ¥ =, depending only on the C*-norms of @ and . the Cl-norms of fand ¢. the
Constants a, #, 4, A, K and d, such that there exists a unique solution £ {E) of (1.22), and
£ SO0, T wl) =4

lagy | =<1 — 5 for e (1. 24)
| oa | = sup jude | + sup |at | N
o o Gl pu ¥

Moreover, for all of fand g in any given tommipact subset of '[0, 7], there exist common
constants 0 =_7"" < ¢ and &N > () satisfving the assertions of theorem.

Remark By the equivalence between (1. LA and (] Ay — (1.10), it follows that
there exists a unique solution {4, Vst als (1. 13— (1. 100 for D=<C¢"7* » and {x%, », 5)
satisfies

WY ‘w . Wity o s e T v, © C(5H)

) s e ¢o, 77, be i) =1 —& Ffor 0<<t="T"
where 87 = { (z, ¢) ; — Ilz<ls@®. 0Ze—pry =1l d:s0 - r=<1 0<%
T i

2. The Continuous Dependence

Let u() and () be the solutions of (], 22) with the data {9 9. f g} and
(9. ¢ 1. ¢} for 0=<"e=_7- respectively, and || u || and || & I <N .In this section we

derive g C'-norm estimate of the difference Au(t) = gty — & () . We denate that
I [
& () = f #(ridy, F(f) = f Zitydr
[ Q

430 =3 =), Af @) =T fey Ag (&) =g (&) — @)
and :
Lasll = [ 7— 7 etary Ndgl = 16— gl sirar et
Moreowver, throughout this Paper we will use © as a generic s¥ymbol for positive constants
which depend only on the C*norms of ¥ and-g, the C-norms of f and g . the constants
By A K 8T and N,
Lemma 2. 1  The s-c:-luﬁ::ans of (1. 16) and ¢]. 17) 2™ () and =% (1), i = L,
satisfy

[t
Pk
L

le® 0. J22) <c (2. 1
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£
14y @ |+ a§® @ | <ct | af ] + [4i @ | +‘.L |4 GLlde i)

1422 @ | +1a:° @ | <c( dgl +14i® |+ [ sy @

for 0=¢="T".

Proof It is ¢lear that

O<k(z, ) <C/ ¢ (2. 4
1k (s () —s(2), a—) | ""'.Z—I |“”ﬂ_if’” By s s naitt — )
= C/Jt—~ for O=Sv=t (2. 5

and the all order partial derivatives of k(z, ¢) are bounded for |z|=_d. the bounds
depend on 8. Thus (1. 16) and “T1. 17} are systems of Volterra’s integral equations of
second kind with kernels possessing weak singularities and continuous inhomogeneous
terms, their solutions are the integrals of iterated kernels. Therefore
lz® ], |22 @ | =<¢ for D=d=_ 7" (2. B)
Differentiating (1. 16) with respect to £, we get

: R
iy = ‘“{f:'_ ¥ o i) —U, (308, Da® —U(e@, B
da) g 2O d—
el f G sty —s(o [, (__ (s (1) usc;rra:""‘\}“
el {:'a:: (f— ) ¥e [1 i da (t — v) J JLJf
e | m{ﬂ { |: e f,—icﬂ:l}fh
dre 9 ~J b
% e Ee=S 1) ¢ ;
L8 | E_LB) gl 0g, 0 J kuts () + 1, att—o)g® (0 dv
~f dera © " £ = T o

4
— 2a? J Eolad) -1, a@— o))y (ndr (2. 7)
i}

" £
y P ) =U,(—1, & — f) + 2&° J kal—1-—s(e), ait—=a)g" (2 dr (2. 8)
o

Introducing notations

S B (O e _ s —sG?Y) 2. 9)
F it 7 T 11 —c:-m( TR T {
i
L L &
we can obtain the estimates
|3F ‘35 o | ;.;: {z T) |{; (ool (2. 11
| Ve

Thus (2.7) is a Volterra' s integral equation of second kind with waak singularity kernel
T



and continuous inhomogeneous term. (2. 8) is the formula of ¢ ¢£) . This follows that

the bounds of 3™ (&) for 0 =<=t==7T" are estimated by €. =™ (&) and " (f) are estimated
as the proceeding ones, the calculations differing only in details.

Observe

i
Ayt m+2¢:j ko(s(h) —s(r), aft— o)) Ay (r)de

: |

FE-EaJ- ks () +1, a@@—7))4ay"™ (z)dr |

% |

=du)y — T, sy, &) ds (& |

F
— 2a J‘ M EE G —s(@), all— 7)) (ds () — As{7))dv
]
— Zads () J Euls) +1. at—=x) 3" (1) ds (2. 12)

I
Ay (1) — 24 J B(—1—s(r), at— 7)) Ax'? (v)dv

0

‘ —
= — Af(t) — 2a J y M E k(—1—s(r), alt— )y Asirydy (2. 13)

where
1
[T’, (s(f), &) == J Utfé:-? (hra=t= (T =="8) 3 cl), =trds (21 )
il
the notations ?E“r:s (£) —s(v), a(t— 7)) ., etc. have the same meaning. Using the
inegualities
’ﬂﬂ:fr 0 |-:: oL G s T WS O (2. 15)
s E : T : ”
I B
|du ) | = ’ J Ap(ridr | < J |du (%) |dx e B
i H]
As(t) — As (1) 1 : 1 : el
> EE—TL | Au (8) idﬁﬂm‘]:ltﬂﬂ J; |Ap &) |dE
% E
= [ b cor|de fort 0=y 2. 17)
]
and rhe 2stitnates of solution for Volterra' s integral equations, we obiain
H
Ay™ () |._:—;{j{ N arll + [ b g CT) |r|:'|'.l1_'} (2. 18
o

Erom' (2.7) and (2. 8) we gét

3 (1

J 1{ (7]

dj} {l.:l

4 e

}
—2u® [9_O g g —U, 60, OAud

4 :'t‘; iy
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— W)U (s(t), Ddsit)y — U, (sy, & As (D)
i (1) z Al [ iy @
et BN —&d iRl l s A (&) ,,,;--__ d7
+f dra v 0 ﬁ—-r: dna 4%~ fbt— %

1 —.-|_'|. -] .
— — it (1'::—1{?{4:. T — K, v))dy
«w'llﬁjrra zli ail
e
4§ sl EF’{;L 7) Ayg'™ () dv
dne <0 di
H
Sr e ks Ef}%{f‘r @ 7y — G Tide
drca -0
1
ol = 3{?{5 7) Ay (v) d7
Ao 0 at

— 2a I Cat k, (st +1, alt— 7))
&
-+ ak (s (€4 1. -::Ef-mﬂj]-dym (r)dt

£
— 2 Ap (£ J- oty 41 alt—s1)g'" (v)dr
n

: = 2 _
— 2ads (f) J P (e k() + 1, alt—1))
a

+ak, (s @) + 1, a(t—7))dds (2. 19
Ag™® (1) = — AF () — 24 L !‘"m{ 1—s(r), at— 05" (v) ds (v) dv
— 2a’ L Jkﬂ{— 1—sis), alt—o1) 4y (vrds (2. 20}
whers
i{F{t Ty — F{E )
= (du () —du(m)) {—7) "%-4“4::«\9’;; k,(s(f) —s(v), at— 7)) }
+ {.r;ism—aﬁfﬂ){w—%w-nﬂ“ﬂ- '
+ ta/malE (s ) —s (1), att—m)) ) (2. 21)
Denoting [« ]I=C&00 —5(m)) + (1—& (s —s(¥¥) ], we have

|{a—1r:| —%+4aqgil,cs(z: g {x), aft—fa}l

| [ Yomo =]

1 (_E }_) o JEEAE )}ai:ji

SR [ ) S =)
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=G/ Pste for 0=zt
Similarly
' 3 il [ T a
[_?{5—’53 2 1 daa, ﬂﬂﬁk“{e“{ﬂ — 3T, alit— 1)) | =</ (t— )=

Substituting these estimates into (2. 21), we obtain that °

[Fﬂ#fﬁ,\ — du () | _|_l-5¢" (t) — As (7) I}

d e -
}—a?{.e’-‘{.ﬁ. ) — F (¢, T}](£ == T

O & :
_ j | A () | dx (2, 22)
SV S

As (£) — As (7)) ]

3 x
m[ (L) oD T BT [d,-ulfeﬁ s |

ﬂ,u{ﬂ+ }jagj ﬂ#(“l:i'}tf?.?[

3;

E— T

g.\z{_:{mﬁmr+ J;Ffdﬁ:i{’ﬂ]if} 2. 23)

By applying (2. 1), ¢2. 1D » (2. 18), (2.22) and (2. 23), we get the estimate (2. 2},
(2. 3) can be obtained in the same way.

Lemma 2.2 The functions S+ 4, iy dcfin;d by (1. 18) — (1. 21) satisfy
| &2u ) |, |FEu | <cC (2. 24)

[dgi#{ﬂiig{" 2 .Li(l+~f:T

)lmls ) MT} (2. 25)

£
| 48R+ e (1) | gc‘r{ I d¢ | + J (1—{- ] )m;:-, () r{ff} (2. 26)
4 NE— =
for (<<t = s
Proof It isa straightforward conclusion of Lemma 2. 1.
Lemma 2. 3 ?1.1]}];:'{‘:% the nonnegative cc:nnnur:rus function z (¢) satisfies
Tl A+ 3 - [—'5—:.:{":—} pll—t))dp+ C [ ( —]—‘\—)—,“-——) z{Thdr
f—
20520
for 0"+ =T . Then there exists a constant D, depending only on B, € and T , such that
v (£) =T 4D for ="t=_1T (2. 28)

Proof Let us take

C,== 58+ -*:'(t +“*'—)* ¢, = max{1, CT}, m=1- [4d4B+C)TY
AT

Rl



where [z denotes the integer part of number z , then the desired constant
el 229
D=—pg =T

In fact, let B =T/ m ., it is clear that h=_T and (4B + &) A Th<Z1/2. Deviding [0, T]

to m subintervals: ¢, < t=Z&p, . L=k, k=0, 1, ... m— 1, and denoting rgaﬁ:{:ﬂ{"} =
Lo S

X, max =z(i) =X, ;4,. We can inductively prove
Sty gy

2t — 1
Pl . —_ e |: P 3':':"
TPt ek B :

Fork=1andt € [0, ¢ ] = [0:4]. we have

I L -
v J- S (v () ) T X e E TR
: . T T i 2
I
[ (1 +

]

X, =24

; T
L fma<ate/OXNS T HDVEX
afil=—TF
it follows that

x () < A4 i.%zw'? + o1 + r-::qﬁxl

R e %x“ fe oM

This immediately leads to X, =< 24 .

Now suppose (2. 30) holds for k =1_=1, to obiain that (2. 30)also holds for k = t -

1., we only need to prove
I1+1£ ¥ _|_ E'ﬂtxe 1:2. 17

%

Observe that for t & (¢, &4,

J J ,,l'- —I(1+p{¢—1}}ip

e : =
J J inm z (v + plt— w1 )dp -+ j teid | f—mf'—mr:f+:s—{¢—ﬂ?'ﬂﬁ
fi h 3]

J 2T . ' r"f—i~p{$—ﬂ}dﬁr
J .ull:' E

i CRT e respaciivciy,.

¢
where p, = ;,.,. : & [0, ¢].1Itis easy to see that
T 12T
jl..ql;'tzxc_{._#xi -xr

g1




g B i B e

== ﬂJ(%—ﬁrﬂtE‘f'&;;I)_]‘ g«.ﬁ.-'"-;—t ’*r 5: .:ii:i|}f“+:
s - :

= 5‘(% — arctgwﬁ) + Exﬂ} Xy 14

= L'u" ! (? - arctgxﬁ)‘h 3} Juh Ke 11

<dJTRX,

f g_ff - &) X.:..:+:i 2 X: ¢+1—“'“- 2 W .?L i+1

Moreover, we alsé have

[+

and

'l

)rf’r)a!f—-I ( — )r.{r}:h-l—J (l+;)x{ﬂdf
— T 4 t— ¥

J’r (1 -l-—“—)l"l'fr]l dvy << (4,4 2./ ¢, :JI:{T(I _|_:f_,_)
T

n
i
1 o f
J (1 + J,._"'ﬂ-=)3' (F)dr = (i_ t, - Zafl— EJ)-"’ J.J+l£ Tf;(] 4_ij:’fa,a+1
i Wi—T L
Substituting all of these estimates into (2. 27), we get

) A+ O TX, 4+ B+ 0D/ ThX, .,
“:'i .r‘i -[_ G'TXE + %II. [ fﬂr £ E ':.!:I! £']'+l:|
It implies the desired inequality (2. 31).

In the next section we need a global existence result for the following integral

equations.
Lemma 2. 4 Suppose A(t) € ¢[0, T), B{®) and €¢) & L=(0,T) . Then there
exists a unique continuous function z (£) : [ﬂ, T] —= | satisfies the l_in{:ar integral eguation

] L :
x(f) = A (L) | J. Efﬂri-rJ- .'l—_;Lpz{T“F-'p{E"-T}}:ip’F
t l .
T J (1 _|___H....){:'{-;-JI(1-;|.;;f s )
2 aE—T

for -[}ﬂtii‘. Moreover, = (¢) depends linearly on A (2) .

Proof Let || B|| pe=B,.]|C || ;e=C, | A| c =4, and define ¢, ¢, m, and k
as in Lemma 2. 3, and devide [0, 7] to m subintervals: &, <—t=<<4¢,,. & = Kb, k=
B s m — 1. It is easy to find the solution z (£} in every subintervals (£, f,.,]. k=
0. 1. ..... m — 1, successively by means of contraction mapping principle.

Theorem 2. 5 There exists a constant N, > 0 . depending only on the C*-norms of

@ and ¢ , the upper bound of C'-norms of f, g, f and §, the constantsa, #, y. 4. K, 4. T"
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and & , such that
| e —s || ssparry=NSlF—FI + lg—gl?} (2. 33

;LJ_Et:J_‘? (2. 34)

where AJ, = J, — J,, we estimate every 4.J,in terms of lAf . || A¢ || . A& (t) and the

Proof Since

Al =

integral of Au . From

Thg=ra ] k(3(8), aB) Au () d + J 20 7 @, aahdstﬂhdﬂ}

2 -

it foE!c:ws that

e | [
| AT | gc{ NAu® | 54 j 1 ”"‘fj |¢m}
UL a il — a8 bt — g

B [ 3
ﬂﬂ'{ i__z_" fﬂ,&fr}ldr—l—J’

¢ Jﬂlﬂﬁ{f)iif}
= & {t—a) b fE— g v

= J lduie) | dr
o
Similarly,
£
ath ] P f.—.1,:n'3|£c:‘j | Au (z) |d=
a

From the expression

Ar= —J’—{J- Mdﬂj k(GG () — & ab) @ (&) dE

o J ‘u (8) As (8) ng' Fo(s @ — & af) g (@) dL)
o ==L

T — 8
it is easy to get

idJaliﬂ{J _Ijimnl 0 1 J’ 1 pm;:a: Fiﬁ.}

]
= J‘ | 4 ¢v) |de
[+]

The estimates
£
i Edeed R Wt i | |f_1.rm|£cj ldp () |dr
gl

can be obtained similarly, and then we find that

¢ : :
| 4 s] = Jil‘ : (EAE) Ap (&) 1+ 2 (0) Ape (8) ) 48
A P SE— B
-c:;.-::J 1 Cladp @) | 4+ |Adu @ |)dd
Badl — @
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¥ 1 <
ﬂﬂj (1+ )id#mmf
q Al b—
Since
AJ = — .ﬂ? ,.u{-r}w-}‘ (8, T)dr
AV 4 ‘." aff— @ ‘J
1= J f+#{ﬂ—{f"f9 ) — F {8, r}}:h}
therefare
L] 1 T
4] i":’f Jﬁ""-;{J —3—( Iafl + 14k | + J | Aje (£ icfé)nff
— i Ly a

K Jﬂ ‘,J&TET ,[-u id'&{g) |£{}

gcj' nh:j £ (]iﬂj‘ll S LTja,rlignlrff:)

gc{nafnwrj |aic (o) |ax}
(]
The estimates

i.-:!..i"

ara) <c{ |l af | + J | die (0 lavy

can be found in the same way. But the estimate of AJ , is different from them, we have

,1, f 5 1 -
bAd | = ———= Jf- ASE+ gy () dr [ xl—imﬁfr“+ plE—T1))dp
-— J b= _,uf'l-':]ti't-'J ,.'—"D—.d,u,{fr-i ,Glfﬂ--*r}}ti,ﬂ|

fi“"ﬁ'mr (F
<o{lasl + [ ‘o [ [r2lsictpe—mrlaot [ 'laien las}

It is clear that the estimates

¥ v B z
|"—""'TL£.!- !gj._r ml {p{lr zl;,’r I - 1 VAu (r) ||!1-'I!2'::-'

i E
[aJ,, | = ¢4 || Ag || + J fiTJ‘ NS —|.ﬂ,:.s (r-Fplt—v)) |dp [ | ag () |:i1:}
o -]
| AT 5. | {I! af | + J fodi () Hh‘f

|47] 5:5{ lagh + | i fas)
o i
hold for 0 ="t<"T" ., By calculation we have

djmﬁ—?*::j = J- k(s 4+ 1. ﬂﬂﬂdij}ﬂj’{f}rﬁr
T
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[P ' i
- A= (8) J E (s () 41, affd — 1) fir ::h-'}
i
therefore

Jar ) <c{llasl + L‘m,& @ 14}

Similarly, we also have

Ll

larsl <c{lagl + | ldie v )

Finally, to estimate AJ,, and A.J,,, we denote

(s(8) —a(m))” ﬂ
Hig, 1) = 1 [l""'ﬁ}ip(—' o= )
e =
it follows that
) C
—H@, 1) | =
a8 TR

#
2w »—He 0|2 | 14k la

N

thus

i
= F L JT

=C Eﬂ,u:.,ﬂ idt

o 0

|
aﬂm ) : 4 .77 — g, ©)) |dT
Ajp () —/—F—— —|—#ET}SEEH{H, ) |

¥ L b
(Idi:c-::l | 4+ J Iﬂ#{;}li«:/I

L

and
4
(4ol <C j 4 o 2z
[x]

Substituting the all estimates of AJ; into (2. 34y, we find that Agp ¢y satisfies an

integral inequality

: : e rj e
a1 <o{ 145l + Naghl + [ ‘as [ Jr2olainctpe=mlde

i (7) (2. 45)
+ J balr )lﬂ#fﬂ |d= (
SR et o }
It follows from Lemma 2. 3 that there exists a constant & = (i , such that
fap@w l<<c{larll + ldgll} (2. 36)

for-0=s =210

Remark As a conclusion of Theorem 2. 5, the recults of Lemma 2. I, 2. 2 can be

rewritten as
Bo



Iy Q. || 42z® | <c{ |l az ]l + | 4g || ) (2. 37)
l4s8%n @) |, [AR*u@ | < | 45 || + || 4¢ |} (2. 38)
for 0 f=T",

3. Fréchet Differentiability

Define an operator
8: (f g) =3 (3. 1)

from the set _
E = {(f. ¢); fand g C'[0, T] satisfying(l. 11) ) (3.2)
©0CL0. 77 ], wherez =5 is the free boundary in (1. 1) — (1. 10). It is proved that

& is Lipschitz continuous operator from > to [0, 7] in the previous section. In this
section it will be proved that § is Fréchet differentiable from E toleHil Tl

Let (f. g and (f+¢6f. g+ € 3 , and

d* T : 2 = :
0 (Lg) ) =5 () = i (v, ;T*S (F+df. g+ dg) (&) =3(t) =7 (@) (3. 3)

we derive the expression of ¢ (¢) which is the linear principal part of A () = @ (1) —

a (2) with respect to éf and dg . Throughout this section we will use the notations
su® = [ sicmrar a5 = | 6w o av 3. 4
Lemma 3.1 Supposedy®™ () , §=1, 2 . sattsfy the system of lincar infeqral equations
Sy (t) + 2a J: ki(s() —s(v), a@@—o))dy™ (o) dr
-+ 2 j:ﬁ:, (s() +1, a(t— ) dy® (v)dv
=du(t) —U (s(t), &) s
— Pa J‘:g.r“’ (FrR () —s (), alt— 1)) (s () — ds () ) dr
—2a65® | 3@ (ks ® +1, att—1))ir (3. 5
2 W —2a [ k(—1—=s(), at—)dy® ix) dx
SOl = dg f ¥Rk (—1— s, at— 1)) ds () dr (3. 6)

Then 6™ (8 and 63 (1) = afu:i‘y“ 0 fdt. i =1, 2, depend Bnearly on 64, Su. 85 and 61 , and

Sy ) [ |65 (0 | ;bc{ £l + |8z | + L | & i () Icﬂr} (2T
ldg™ @ — oy ) |, 43P 6y — 65 ) |
SOUNOs I+ Hog I *+ [ |aic 0 — ois oy |av) 3. 8)




for 0"¢="T".
Proof Differentiating (3. 5) and (3. 6) with respect to t. we find that gy ¥ (t) satisfy

& system of linear integral equations

Sty — Jﬂ_f 5.&1_& ot () J‘ g {f}

Lt —
+du ) —U, (s (0), 8)duw —-H.. (2(t), ) ul)ds () — U, (s(t), &) ds ()
¢ &yﬂi ':1__.:] I:i +§# {H ';JJ‘ fT}

i ()
JAdmags ® ~f dmwe ﬂ.-"t-—f

™ £

2 y o
T T —— f‘r'.'l t’iF (& T)dt —
dma “‘ ) 4w
i~
=]

1
¥y (1) =86 ¢t vidr —
af dmer - '* It a) o

] i
— 2a _[ La@hk, (@) + 1, alt—=)) +ak,(s(t) =41, a(t— 1))dy™® (v) dr

dm::'

& €1
J-an'fi, ) dyt (F)dT

e

i
a (13
J-n E‘-ISG Ifia:,. Ty dy't (r) dT

e i z
— 2adu (L) knls®) +1, altt— 1)) 3@ (n) dv
a

, ;
—2a55® [ 42 @GOk G® +1, at—1))
Faky (a8 +1, a(t— 1) Jds (3. 8)
Sy ® () = —dF ) — 2a® f: knl—1—s(m), alt— )3y (v)ds (1) dr

-"'Eat J.';klt'l:_'l_"ﬁ":f_}, ﬂ’l:lf_T}_}Jy{m. {le!i'f {.3. J..D.}

here

id?{g T) = fﬂ#{ﬂ-5,u{ﬂ:l{{t—r} =-+Jir.:=m" wak, (s () — 8 (v), a{ﬁ—r})}

+ (da (£) “53{1}}(——(E—ﬂ 2t davx k“[a:{ﬂ — g (T}, a‘{#—ﬂ}l)
(3206119
ds (t) — dsf7)

D1 o 5 SN AR ¢ !
a-ﬁdg (£, T) —..j-!.—:{ﬁ# (£} m[{i# {£) =— T :| (2. 12)

t is clear that dy™ (&) and 65 (t), i =1, 2, depend linearly on 8. du, d3 and &F.
{3. T) can be obtained in the same way as it in Lemma 2. 1.
To estimate the difference dy™ () = Ay® (1) —dg™ (t) , subtracting (3.5 and

3. 6) from (2. 12) and (2. 13) respectively. and denoting du = Ai — S, dpp = dp — du ,

= As — dzg, we have

dy™ (&) + 2a J-:E.:l{s (6= o) te— ) ) Ay P O d s

+ 2 JT:'I:J (¢ () -1, alt—7))dy"® (v)dr
a7




=dpt) —U (), ds(t) — 2ads (©) J-: Pk, st 1, alt— ) )dr

— Za Ly“’ Dk W —s(m), alt—7)) ds () —ds(w))dv+R® (3. 13)

n

dy® (1) — 2qg Jgi:.r:—— l—s(n), alt—1))dy™ () dv

] v .
S LF‘” (T (—1—s(), alt—7))ds(r)dr + R (3. 14)
where
B = — (I (sth), & — U z(t), ) Asd
— 2 Ly' ted (Ax (L) —ﬂ.&‘{f}}[ﬁl, (2 (f) ~s{z), all— 1))
— k(500 —s(v), aft— ) Jd7
— 2ards (1) Ly”’ (r) Lk, (sCE) 41, aft— 1))
k(s @ + 1, @ —1))dr
=—0 (s@), & (45 (1) ? _

i
— 24 Ly“’ (T} (A8 (8} — Asife)) *Ry (5 () s (£). ali— 1)) de

]
— 2a (A5 (£))* J- ™k e 1, att—o)dr 3TNy

[

(2 __ S ;

R = —2q Jﬂy () As () (R (— 1 —a(r), alt— 1))
— R (=1 —35(1), o ¢ — 1)) 1dt
ey
= L y R (=1 — s, alt— 1)) (ds () ) v L
The fact is used here: for any function @ (e = ot
DEE D D i e j: (D (x4 24z, &) — @ (2, &) Jde
= Ax _,J‘; Ed2 J: £ (x+ &ndx. D dn= EEL (x, &) dx

It is easy to find

1B, |R® | <e( ] 65 *+ §og |l Y 3. 17)
lay® @ | scd ol "+ [ oell =+ | i s} 3. 18)

-

for 4 i="7* in the same way as in SeCtion 2. The expressions and estimates of
dy™ (1. i==1 2, can be derived similarly.
Lermima 3. 2 ;‘3-'1'13:.-;!".{}3:? dz™ 5 g == i P safisfy the system of lmear wntegral equations

6z' (1) — 28 _{j‘!fu @ —s(), pl—o)182" () dr
[
—2f | k(s —1, B(t-—1))dz® (v)dv
=V s, Ods(8) — Su)

a8




+28 [ 2k, sty —s0), Bl—)) (Bs () — 8s(x))dv

J 3

+ 2835 () j,ﬁ* (O k, (s — 1, flt—=))ds (3. 19)
52 () +26 | B (1—s@, fle—m) oz (0)d7

=dg® +28 [ k(0 —sm. plt—D)z" () ds (v (3. 20)
Then Sz (0) and 52 () = -:.'.'riz.':” (0) fdt, i =1, 2, depend bincarly on dp, du. ds and &g . and
|6z 0y |, |6z2® @ | c{ | dg || + [k |-+ K [6ic (@) |as} (3. 2D

|4z @) — 82 @ |, |42 @) —dz2" @) | |
=c{erll*+Haogll*+ J: |dg (t) — dp vy [dr} (3. 22)

Proof The proof follows the same outline as that of Lemma 3. 1:

Lemma 3. 3 There exist 657 %n and 6% *n , depending linearly ou dp, &, ds, 6f and
dg . such that for 0<S¢<<T"

; gt ke 1
|6&fu ) | < Cq || 65 | +f 14 |80 (1) |de (3. 23)
{ ( ! /

| 6K *u ) | 50{ | 8¢ | +j (1 +- ,l_)iﬁg{ﬂ |ﬂ:-.r} (3. 24)
2 x-"li!'a—'t.'
|dSf2 ) — a5 Euiey |, |4 =pnit) — 885 u () |
<c{ll sl *+ Il 69 | *+ J | 4ie o) — 8 () [ e ) (3. 25)
[H]
Proof Let

STty =yU, (s(£), t)ds(t) — %y‘” (t) S (€} — 3:;—,5; (&) oy (¢
i
— J wlr) P (i k, (s () —s(v), a(i— 1)) (ds(t) — ds(r))dz
i}
+
— J y Ty k(s () — s(r), alt— r))dulz)dr
]

ik,

)k (s 0ty — s (e, alt— ) ) dy™ (v)ds

—
o3

+ 2v J-

r i
+2p | kG —s. att— 360" iz

4 0

£

g Mk (st —s(r), alt— 7)) (Ss(f) —ds(7m) )T
[+

- 2vds (4 J k(s 1, a@—rsr)yT (Fds

-+ 2y F Efs() -1, o (f—ryidyC (vhde (3. 26)

o



feplacifga po Uity Sy fog il Ibea U G -1 4n (3026) by 1 i el S P S P

Py 3 2™, set) — 1 respectively, we call the resulting expression dEE T u(f) . Let

&~ p(t) = 2y f £y Dk, (—1—s(1), alt— 1)) de(v)dr

[H

—:2y [ tgr“’ DE(—1—s(). at—7))du(v)dv
— 2y L iﬂff:air[t—l——afr:r. al(t— ) 3dyMulr)dr
—Evf lﬁ:,f-—l-—a{r}. aft—7)) g (r) s (v) dv
—|'"E}'J. :k{—l-*-?fﬂ. a@—1))dy P (v)dr

_.E'_ J'_._{f L (3. 27)

:‘- —_—
replacing . y. g, 4y ®, §9, 65%, —1—5() in @. 2D by B 4, 29,629, 39,339, 1
— & (7} respectively, we call the resulting expression 558 +u () .
It is easy to check that 6%y and 7+, satisfy the assertions of this lemma.
Theorem 3. 4 There exists a unique continuous function 6 (€) : [0, 7] — R satisfies
the linear infogral equation for &

; oo
dp ) = dud; (3. 28)
«_# + 3~/ g Z‘

Jor 0"t="T", where dJ; are defined below. Moreover, there erisie a constant N, > 1),
depending only on the C*-norms of @ and ¢, the C'-norms of Fand g, the. constants
& 8. v. A K. 6T, N and N,, such that :

loi@ <MLl orl + [l 6gll') 3. 29)
|4k —ép @ | <N || S5 4 60 || ) (3. 30)
Jor =St m s
Pﬁ:u::f Without loss of generality we restrict that the increments 4 f and dg satisfy-
el Négll <max{£ll. gl (3. 3D

in our proof. Thus T*, N and AV  are independent on f and dg . Let

67, =12 O [ Lk (s (0), aB) 64 () k(s @, ab) u(®) ds @ Idb
a

el e

g e b V—/:_:r:k (s(8) + 1, aB) du(8)
A sy
Lk (e 1 505 ) oo By 15
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o5, =ra® O | "L . (s, ab)ds (@) d8

fnm

gyt sl k(s (8) + 1, ad)ds(6)do
: ~f 7T ~t— 8 '
Replacing e, 3, @ (0), @ (—1). (@ + 1 in the cxprﬂssiun.s ofisdonns, 4J, by
B, o ¥ (0), ¢ (1), s(8) — 1 respectively, we obtain 6J;, ..... dJ,. Next we let
] a
ST o —-J"—[J i—f“f‘:-f__@ J k(s (@) — & af) @ (&) dE
f—g d=L :

+ | - ‘:'5” 85 @20 [y (50 — & ab) " (&) a4

o =L

o

e J' @MJ k(s (8) — & aB) @' (&) de
L= e

Replacing a. v, @" and the integral interval [—1, 0] in the expressions of d.J, and 6J,, by

B, %, " and the mtegml interval [0, 1] respectively, we get — dJ” and — d&J,, . And then

.El
"5'-;13 AL i J- : . E# (&) :5,;.: (&) 1 # (6) dp (&) :Ii.:iH
Vi ﬁ,u-—-ﬁ
[ [ *3F . © ey ]
8J, = — J‘ —a_c,f+,u{-.-mf+ "o ,u:!:‘r} —rEF @, ) dv
: dma -.."t-— Gl 40 g 40 |
C [ fac (6. ) i g ]
&F = — -I' g PSS+ u(nrdr + S+ (1) 4G (8, T)dy
gl w S :
6J g = (S +u () du ) + u(®) S Fu ()] '

ety
4~ a
4 1
-:FJ,7=L[_[ df Y u(v) dr _;—L.I:{f—kptfﬁ-—f}}ip
q 0 o k=1
b4 [
£ ]
J Lty dr J- ..'ii—cﬁ,is{-r+p{£—-ﬂ){£p]
0 ] S

Replacing @ and £+ in the expressions of .J;, .... 6J,; (including F and G ) by § and
G-, we find éJ . ... d.J ., respectively. Let

a.r.ﬂ=.£ﬂj' dé
Ja de Je—e

9
+ ak, s (@ + 1, af@—t))ldv + du @) J o=y () ky, (s (8 + L, g8 —T)ydr
a

#
{J S = pu (1) L (@) by (s + 1, al@ — 7))
a

[}
== d (s () [ Sty Ca By Ry, (308 + 1, (@ — 7))

o 0

+ kg, (58 +1, @@ — 1)) :J-:if}
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Repiacing a, &= u. 5(8) -1 in the formula of G s by B, GE+p, & () — 1 respectively.
we have 'ﬁ"rﬂ » and then re’FIﬂ':::'-EE i, H_,u. .i:“, km. i-t" and .irl:ln in the EXpression of fj:--'rn oy
v £ kL Ky By, and &, respectively and replacing £ 8V k. k. k,, and &, respectively

i the expression of &J, by 4, ¢, & v ky Ry cend &, respectively, we get 4J,, and §J,,.

Finzally let

4 '.';' Bl ! ; 3 1
Bl s o s o I' L i (1) iy (H, ) + i) o (8, ¥) Jﬂ?f
BN A w’rﬂ—ﬂ"“ | A =
whers
a : 2 T2{f — 5 (5 ({5 (8) =~ s{zi) Y ]
—AdH (8 v =" B L - —
£ (2, = 3626 (6 = r::{::-f.‘ﬁ da (7 — 1) :J{dl"s () — ds{T}) }’

(3. 32%

feplacing @ and v in 67, and (3. 52) by £ and A we obtain o H
By the definitions of dJ, and Lemma 3. 3 it follows that every &J s depends linearly
onda, du, ds, &f and dp . and since the dependence upon :ﬂ: in du and ds is linear, (3. 28)

iz a linear integral ﬂquati;nn for $u () with an inhomogeneous term depending linearly on

o.f and Jg . Moreover this equation is one of that types discussed in Lemma 2. 4. Therefore

oy Lemma. 2. 4 and 2. 3 there existe unigue soiution d& (¢) of (3. 28) for 0<lt=<"T"
which depends lineariy on ¢ and dg, and d % (&) satisfies the estimate

Su ) | <o{ fér]l + Négll}  for 0=¢T" (3. 33)

To prove the estimate (3. 30), we neesd to calculate every difference AJ, — 4J,. For

this we first replace di. du, ds, 83 ™, 65", 62 pnd 63 Win 855+, 6B * u, &F, 60 and

SH by du, dp, ds, dy™, 43", d2% and d2 “ respectively and call the resulting expressions

dSf Ty, dBF y, dF, dG and dH . And then we ceplace Su, du, ds, §&° %y, S8 6F, 6G

and &F in every &7, by du, du, ds, 455 %4, JER %y, dF, 43 and dH respectively, and call

ihe resulting expression d.J; corresponding to &£J7., Now let

A f == !".:-_3.,- = i.__,l: - e ] s R (3. 24)
It foliows that
1 . , et | : |
Bt B =i !_-;_,:_ . X A ) 3 ! ] g . e SRl |..
L SR e Patann ] "“I;-'-“.'-'e-'.:'.:T[ Tlarg ol & FE b i .F.'!m (& (), afyu{d)ds{d) }de |
-._.,' =& S0 “J'. _,_E_ ran lIE.. j
a3 Tldgeyi | Idsy i,
- ! ".,_. i e e e =
- IF '-."'. e i t:;. i
ma s B ey sy (3. 3hH)
!4
e €105 TRL- 8 i
| K, oL S (A i By, afh (As{6))*dd
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gc( [ t%..-'.’l;;{*z‘:l Iaq:)z

-

=c{ | sl >+ ll dg li *} (3. 36)
Similarly
laJ; | =¢C j |dj (7Y |de, =2, 3. o 12 (3. 37
s <cC j (1 + _f;;r__):g;m:. | (3. 38)
] ’\.‘IJ“_
VR =c{llafll*+ = ol 13 (3. 2%

To estimate 1he other &.J;and K, we need

ek
larza |, |dF=uw | SOt fori -+ lidg il °+ J EIASIRT A
i ]

: (3. 40
|ASFEu(t) —dFEu(t) —dL2u @ |, AR Eu () — 8FZpu () — dREu (L) |
<c{leérll*+ ll dg k" (3. 41
for 0 ="t="7T",and
I i A + El 5
:%EF (&, =Tl 1 l%cﬁH{'E}, ) %___—Cf,—-;—':z——— J b (o) |4 (3. 42}
[ || : «.,Jllﬁ""-- ]
1266 »|< {|J.;.-,(m 1+ [ e P (3. 43
| 38 i )6 — Ja ; q
: I
‘M[ﬁ @ T —Fg, o —dF@, 5 dF 6. T’)}%.
|5’-EH(§ ) — H (8, ©) —6H (8, v) —dH (6, ~:||-f_:.’~——-{ lerlh®+ llég ™
|E| g o { T} |: )= T IE mar— Iy !
S
(3. 44)
and an identity
. vy —G@ v —G@, v —dGE 1 =0 (3, 45)
for O=—r<_8.
Uising these esstimates we find that for =14 =17 and 23
B < |
ldJ, | f;.’{:‘ ef i fagll 2+ ! gcf,.u, ¥ {dvy (3. 46
ol ;

and

=

giliod. . A
st jand < c{lerl + loa 4 | a | i o= L

=

- J | & () |f1f} (3. 47
[i]

moreover, all of X, satisfy

a3



| K| =<ef | SF N 2+ || ag | 3 (3. 48)
Subatimting these estimates of dJ, and K.into (3. 28), we have an ineguality

J{i.ﬂflﬂ fiﬂ{ “ r‘i_]rr[*-f" H dy ||| E—f— J; i:.'_'.‘r J; l.-'l_i'—ﬂll:ﬁ,t.d (T+ﬂfﬁ—T)} [l!f-’F

[ l 5
=1 f (1 + __)J:i;.: (=) |dv (3. 49)
i WiEb— T }
it implies the desired result, _
Theorem 3. 4 shows that the free boundary operator & (f. §) is Fréchet

differentiable from E to [0, 7° 7. and the Fréchet differential ig

4 T
I8 (f, ¢) (t) = ds ¢ty — f thJ' du (£) de (3. 50)
a ]

By the previous results we are now able to investigate the Lipschitz continuous
dependence of Su (L) | which is stated in the next theorem. Let 44 () and S (£) be the
Fréchet differential corresponding to f.g) and ¢ foe E respectively,

Theorem 3. § There erisis a comstant N, ™ () | depending only on the Fwen dala and
L5 et N0 Ny Ny, such that

|67 &y — 64 3 | <N, | SFIl + [l g ¢ Ff—rl + | g—gll} (3.51)
Jor 0"+ .
Proof Since jt is similar to the proof of Theorem 2, 5, the details are omitied here,
Thus we have Proved that the free boundary operator § (f. gy is Lipschitz continuous
Fréchet differentiable in jtg domain of definition. This result can be used to construct an
effective procedure for solving the inverse Muskat’s problems of this type.
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