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Abstract. Invariant solutions of two-dimensional elastodynamics in linear homoge-
neous isotropic materials are considered via the group theoretical method. The second
order partial differential equations of elastodynamics are reduced to ordinary differ-
ential equations under the infinitesimal operators. Three invariant solutions are con-
structed. Their graphical figures are presented and physical meanings are elucidated
in some cases.
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1 Introduction

Elastodynamics is one of the oldest topics in the theory of elasticity. It began almost
200 years ago when Navier announced the general equations of equilibrium and motion
of an isotropic elastic body in 1821. However, till today, known exact solutions of elas-
todynamics are still very limited. In [1, 2], Kausel and Kachanov collected some exact
solutions for classical and canonical problems in elastodynamics. The group theoretical
method is a very powerful and versatile tool to find invariant solutions of differential
equations, especially partial differential equations. It provides two basic ways: group
transformation of known solutions and construction of invariant solutions. Chand [3]
studied invariant solutions of one-dimensional wave propagation in dissipative materi-
als. For a one-dimensional system of wave propagation equations in linear, viscoelastic
and viscoplastic material, Ames and Suliciu constructed its invariant solutions in [4] and
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Ames obtained its group properties and conservation laws in [5]. Bokhari [6] studied
the invariant solutions of a nonlinear wave equation. It is clear that the group theoreti-
cal method is also very effective in solid mechanics. The above authors studied (1+1)-
dimensional problems in the space R1+1(x,t) by the group theoretical method. In this
paper, we consider invariant solutions of (2+1)-dimensional elastodynamics in linear
homogeneous isotropic materials in the space R2+1(x,y,t).

2 The governing equations for two-dimensional elastodynamics

Two-dimensional elastic body occupies the domain as a plane Ω. Displacement bound-
ary is denoted by ∂uΩ. ρ is the mass density of the elastic body. λ, µ are Lame’s coef-
ficients. In the Cartesian coordinate system (x1,x2), displacement vector is u= (u1,u2).
The theory of elastodynamics specializes in the case when all fields are time-dependent,
t is time variable. In homogeneous isotropic media, the linear theory of two-dimensional
elastodynamics without body force is the following equations in term of displacement
u=u(x1,x2,t)
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In order to facilitate the research invariant solutions of Eq. (2.1), we now non-
dimensionalize Eq. (2.1) with the characteristic length l,

x∗i =
xi

l
, (2.2)

where i, j=1,2. Substituting the dimensionless quantities into Eq. (2.1) and removing the
coordinate’s asterisks ∗, Eq. (2.1) are transformed to
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where
{

τ= t(λ+µ)
1
2 ρ−

1
2 /l,

β=µ/(λ+µ)=1−2ν.
(2.4)

In accordance with the strain energy is positive definite, we deduce the Poisson’s ratio
ν in the range from −1 to 1/2. Thus the range of β is (0,3). Generally ν should be
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positive, because longitudinal stretching often follows transverse shrinkage. Materials
with a negative Poisson’s ratio are rare. Therefore, we generally take β = 1/2 in the
applications.

3 Construction of invariant solutions

The group theoretical method can be used to find all symmetries of differential equa-
tions. First, it requires to solve the local Lie group of transformation admitted by the
differential equations. The differential equations keep invariant under the Lie group of
transformation. Specific description about the group theoretical method can be found
in [7]. Infinitesimal operator admitted by Eq. (2.3) in space R5(xi,uj,τ) will take the form

X= ξi
∂

∂xi
+ηj

∂

∂uj
+ω

∂

∂τ
, (3.1)

where ξi, ηj, ω are unknown functions of xi, uj, τ. Repeated indices mean summation
over the indices.

Partial derivatives of function displacements uj with respect to xi, τ in Eq. (2.3) have
only second order
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We need to extend the space R5(xi,uj,τ) twice. The first extended space will be

R11(xi,uj,τ,uj,i,uj,τ). The second extended space will be R21(xi,uj,τ,uj,i,uj,ki,uj,τ,uj,ττ), i,
j, k=1,2. Let us denote
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The first extended infinitesimal operator of the operator (3.1) is
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The second extended infinitesimal operator of the operator (3.1) is
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where i, j, k=1,2; m, n, φ=1,2,3. Eqs. (3.4) and (3.5) exclude mixed partial derivatives of
displacements uj with respect to coordinates xi and time τ.

According to the invariability condition of the group theoretical method, we obtain
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viz.,
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Solving Eq. (3.9), we can get the following infinitesimal operator admitted by Eq. (2.3)
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Where ci (i=1,··· ,7) are some integral constants.

The base of the Lie algebra L corresponding to the Lie group G admitted by Eq. (2.3)
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is
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and
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where s=(s1,s2) is an arbitrary solution of Eq. (2.3).
The infinitesimal operators in (3.10) determine a five dimensional Lie algebra L5 cor-

responding to a Lie group G5. The infinitesimal operators in (3.11) determine an infinite
Lie algebra L∞ corresponding to a normal subgroup N of the Lie group G. Here, we
provide types of transformation corresponding base of the Lie algebra L5. The results are
shown in Table 1.

Table 1: Types of transformation corresponding base of the Lie algebra L5.

Operators Types of transformation Physical explanation

X1, X2, X3 x∗1 =x1+a1, x∗2 =x2+a2, τ∗=τ+a3 Translation transformations

X4 x∗1 =x1 expa4, x∗2 =x2 expa4, τ∗=τexpa4 Stretching transformation

X5 x∗1 =x1 cosa5+x2sina5, x∗2 =−x1 sina5+x2cosa5 Rotation

u∗
1 =u1 cosa5+u2sina5, u∗

2 =−u1 sina5+u2 cosa5 transformation

We can be taken s as a general solution in the theory of elastodynamics, e.g., Green-
Lame solution, Cauchy-Kovalevski-Somigliana solution, Naghdi-Hsu type solution and
Boussinesq-Papkovitch-Neuber solution in [8]. Thus, according to the properties of the
group theoretical method, general solution also is a kind of invariant solutions under
some infinitesimal operators or combined infinitesimal operators.

We shall solve several invariant solutions below with the help of the Lie algebra L5

admitted by the differential equations (2.3).

a) The infinitesimal operator
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Figure 1: The solution surface of u1 for β=1/2. Figure 2: The solution surface of for Figure 2: The solution surface of u2 for β=1/2.

Under this infinitesimal operator, invariant solution will take the form
{

u1= f (J),

u2= g(J).
(3.12)

Substituting the invariant solution into Eqs. (2.3), we arrive at the following equations
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These (3.13) are second order ordinary differential equations. Let us integrate the above
equation and obtain
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where c1, c2, c3, c4 are integral constants.
The graphical figures of displacements f , g corresponding to ci=1; β=1/2 are shown

in Figs. 1 and 2.

b) Let us denote κ is an arbitrary constant. The combined infinitesimal operator κX3+
X1 and infinitesimal operator X2 give invariant J = τ−κx1. Under these infinitesimal
operators, invariant solution will take the form

{

u1= f (J),

u2= g(J).
(3.15)
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Figure 3: The solution surface of for 

0

Figure 3: The solution surface of u1 for κ=2.

Substituting the invariant solution into Eq. (2.3), we arrive at the following equations
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When κ2 6=1/(1+β) and κ2 6=1/β, we integrate Eq. (3.16) and obtain

{

u1= f = c1(τ−κx1)+c2,

u2= g= c1(τ−κx1)+c2,
(3.17)

where c1, c2, c3, c4 are integral constants. This invariant solution is the solution of one-
dimensional wave propagation equations, namely traveling wave solution. According
to the solution (3.17), wave displacement field has nothing to do with the media. The
graphical figure of displacement u1 correspond to ci = 1; κ = 2 is shown in Fig. 3. The
graphical figure of displacement u2 is similar in form to displacement u1.

c) The combined infinitesimal operator κX3+X1 and infinitesimal operator X4 give
invariant J = (τ−κx1)/x2. Under these infinitesimal operators, invariant solution will
take the form

{

u1= a1F(J)+a2G(J),

u2= a2F(J)+a1G(J),
(3.18)

where a1, a2 are arbitrary constants.



H. Li and K. Huang / Adv. Appl. Math. Mech., 5 (2013), pp. 212-221 219

The invariant solution are substituted into Eq. (2.3), thus

G(χ)=−κ
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F(χ)=
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(3.19b)

Here, we show that invariant solution u(x1,x2,τ) is a stationary self-similar solution
when τ = 0. The graphical figures of displacements u1 correspond to a1 = a2 = 1; τ = 1;
β=1/2; κ=

√
2,2,0.5 are shown in Figs. 4, 5 and 6.

Figure 4: The solution surface of u1 for βκ2 =1.

Figure 5: The solution surface of u1 for βκ2
>1.
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Figure 6: The solution surface of u1 for βκ2
<1.

Figs. 4, 5 and 6 showed discontinuities of the invariant solutions. Regarding this,
we hereby make the following explanations. In continuum mechanics, the displacement
field u will be a continuous function of the coordinate vector x at any time and no frag-
mentation and overlap of media micelle. As we known, sudden jump or discontinuity of
some physical variables on both sides of the shock surface in fluid mechanics, there may
be one or more discontinuity surfaces in solid mechanics, their physical variables also
have some discontinuities on both sides of the discontinuity surface. For example, an im-
pulse load acts on the plate side and it is parallel to middle plane of the plate. In the plate,
stress, strain and displacement fields show some discontinuities in wave fronts. The plate
is divided into two regions by the shock wave. But stress, strain and displacement fields
are continuous in each region. It should be noted, this analogy also has its limits, because
a quasilinear PDE governs the system in fluid mechanics, but in the current setting, we
considered a fully linear PDE.

4 Concluding remarks

Construction of solutions is effective one of the ways to find invariant solutions of dif-
ferential equations. In this work, we have shown how to construct invariant solutions
of two-dimensional elastodynamics using the group theoretical method. We know that
the governing equations for two-dimensional elastodynamics are second order partial
differential equations. The symmetries of elastodynamics, via their infinitesimal op-
erators, reduce the governing equations to ordinary differential equations. Difficulty
in solving the governing equations is lowered. We construct some invariant solutions
of two-dimensional elastodynamics in linear homogeneous isotropic materials, present
their graphical figures, and elucidate physical meanings of invariant solutions in some
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cases. For example, the invariant solution under operators κX3+X1 and X2 is a traveling
wave solution.
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