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Abstract. In this paper, a new numerical method for solving the decoupled forward-
backward stochastic differential equations (FBSDEs) is proposed based on some spe-
cially derived reference equations. We rigorously analyze errors of the proposed method
under general situations. Then we present error estimates for each of the specific cases
when some classical numerical schemes for solving the forward SDE are taken in the
method; in particular, we prove that the proposed method is second-order accurate
if used together with the order-2.0 weak Taylor scheme for the SDE. Some examples
are also given to numerically demonstrate the accuracy of the proposed method and
verify the theoretical results.
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1 Introduction

Let (Q), F,P,{Fi}o<t<T) be a complete, filtered probability space on which a standard d-
dimensional Brownian motion W; = (W}, W?,---,W#)* is defined, such that {F; }o<;<T is
the natural filtration of the Brownian motion W; and all the P-null sets are augmented
to each o-field F;. Here the operator (-)* denotes the transpose operator for a matrix or
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vector. We consider the decoupled forward-backward stochastic differential equations
(FBSDEs) on (O, F,P,{F:}o<i<T)

t t
Xt:Xo—i—/ b(s,Xs)ds+/ o (s, X, ) AW, te[0,T),
0 0 (1.1)

T T
Yt:qo(XT)—l—/ f(s,XS,YS,ZS)ds—/ 7AW,  te[0,T],
t t

with the functions b(t,X): [0,T] x RT—RY, o(t,X): [0,T] x R1—R7*4, £(t,X,Y,Z): [0,T] x
R7xR"™ xR"™4 - R™, and ¢(-): R7— R™. Note that the integrals in (1.1) with respect
to the d-dimensional Brownian motion W are the It6 type stochastic integrals. The first
equation in (1.1) is the standard (forward) stochastic differential equation (SDE), and the
second equation is the so-called backward stochastic differential equation (BSDE). A pro-
cess (Xy,Y;,Z;) is called an L? solution of the decoupled FBSDEs (1.1) if it is {F; }-adapted
and square integrable and satisfy (1.1). In the sequel, a solution means a L? solution.
Under standard conditions on f and ¢, Pardoux and Peng [25] originally proved the ex-
istence and uniqueness of solution of nonlinear BSDEs. Since then a lot of efforts have
been devoted to study of FBSDEs [2-6,8-11,13,14,19-24, 30, 32] due to their natural ap-
plications in many fields including mathematical finance, partial differential equations
(PDEs), stochastic PDEs, stochastic control, risk measure, game theory, and so on.

It is well-known that it is often difficult to obtain analytic solutions in the close form
for the FBSDEs, even for the linear case, so that computing approximate solutions of FB-
SDEs becomes highly desired. There are lots of works on numerical methods for numeri-
cally solving BSDEs. Based on the relation between the FBSDEs and their corresponding
parabolic partial differential equations (PDEs) [7,10,12,17,26], some algorithms were pro-
posed to solve FBSDEs in [5,10,11,21-24]. There are also some other numerical methods
for solving BSDEs or FBSDEs, which were proposed based on directly discretizing BSDEs
or FBSDEs [2,4,6,8,13,28,29,33-35]. Many existing numerical methods for the decoupled
FBSDEs (1.1) are half order and one order in time such as those in [3,4,8,10,13,14,20,29].
In these methods, forward or backward trapezoidal rules were often used to approximate
the integrals in (1.1), and the martingale representation was used in their error analysis.
In this paper, based on properties of the It6’s integral and the nature of solution of the
FBSDEs, we will propose a numerical method for solving the decoupled FBSDEs (1.1)
that utilizes the trapezoidal rule and approximations of some reference equations with a
newly defined standard Brownian motion. We rigorously derive error estimates for this
method for general cases. Under certain regularity assumptions on the functions b, o,
f and ¢, we also show that the proposed scheme can be up to second-order accurate in
time.

Now let us introduce some notations which will be used in this paper:

e |-|: the standard Euclidean norm in the Euclidean space R, R7 and IR7*.

e [2=1%(0,T;RY): the set of all F;-adapted and mean-square-integrable processes
valued in R.
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o Fl¥ (t<s<T) be ao-field generated by the diffusion process {x+ X, — X;,t <r<s}
starting from the time-space point (t,x). When s=T, we use F* to denote F7".

e E*[X]: the conditional mathematical expectation of the random variable X un-
der the o-field F!*, i.e., EY*[X] = E[X|F&*]. When s =t, we use E}[X] to denote
E[X|F].

) Cl];k’k : the set of continuously differential functions ¢ : [0,T] x R7x R — R with uni-
formly bounded partial derivatives ailqb and ol 8’;24) for I; <l and ky +ko <k.

. C’g3’k4: the set of functions ¢: (t,x) € [0,T] x R7— R with uniformly bounded partial
derivatives 8i38£§‘q> for I3 <ks and Iy <kj4.

The rest of the paper is organized as follows. In Section 2, we first derive some ref-
erence equations that will be used for numerical discretization. Based on these reference
equations, we propose a numerical method for solving the decoupled FBSDEs in Section
3. In Section 4 we rigorously analyze errors of the proposed method for general cases.
And in following, we present specific error estimates for each of the cases when some
classical numerical schemes are taken in the method for solving the forward equation;
in particular, we show that the proposed method is first order accurate when the Euler
scheme or the Milstein scheme is used, and is second order accurate when the order-2.0
weak Taylor scheme is used. Then in Section 5 we demonstrate through numerical ex-
periments the accuracy of the proposed method and verify the theoretical results. Finally
some conclusions are summarized in Section 6.

2 Reference equations

Let (X%, YY%,Z5) be the solution of (1.1) starting from time ¢ with X; = x, that is,
(XI*, Y,z satisfies

S S
X = x—l—/ b(r,Xﬁ"‘)dr-l—/ a(r, X)) dW,, set,T],
t t
. . (2.1)
Y= (X + [ X Yz [ Ziraw,  selt T,
S S
For the time interval [0,T|, we introduce the following partition:
O=to<---<tn=T.

Let At, =t,+1—t, and At=maxo<,<n-_1At,. We also assume that the time partition have
the following regularity:

0< 3&‘ 1 b

Inn _ A

SN — <y, 2.2
min At 0 22)

0<n<N-1
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where ¢y > 1 is a constant.
Let YfZ'X" = (X X"y and (XX, y[»X", 7InX") be the solution of (2.1) with X" = x for
t € [tn, T]. Denote f(s, X X", Y X" 7tnX") by X" Then it is easy to get that

Xp X =X"4 / b(s, X" )ds+ / o (s, X X" dW, (2.3a)
Yy =y / X ds - / Zb X (2.3b)

forn=0,1,---, N—1.
Take the conditional mathematical expectation lEfin [-] on both sides of (2.3b), we ob-
tain

S o (i / EX'[firX"]ds. (2.4)

Under the filtration F,, the integrand EX" [fiX"] on the right-hand side of (2.4) is a de-
terministic function of time s. Thus some numerical integration methods may be used
to accurately approximate the integral in (2.4). In particular, in this paper, we use the
trapezoidal rule to approximate this integral as

frp n n 1
/t B [0 )ds = i fir™ +2Atn1E§§ X' R, 2.5)
where
tnt1 n n 1 X" 1 n X"
Ry= [ (L =G - SR L s 26)

Inserting (2.5) into (2.4), we obtain the following reference equation for solving Ytt:’xn

DA e B Atnf 4o AtnlEfi” X R 2.7)

2

+1

In order to solve Zf"’Xn, we still need obtain another reference equation from (2.3b). To
proceed, let us introduce a new Brownian motion AW; defined by

S
AW, = 2AW, — > / (r—t,)dW,, 2.8)
Aty Jt,

where AW; =W, —W, (t, <s <t,,1), which is a standard Brownian motion with mean
zero and variance s—t,. By the definition (2.8), AW, = (AWQ,AWSZ,- . ,AWSd)* is a Gaussian
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process with the properties EX" [AW;] =0, EX" [AWgAWg |=0fori#j, and

At, t,
—4(s—t )—E/S(r to)dr+ s [ (r—to)2dr
= n b )i n A% . n
121 9 1

=4(s—t,)——=(s—t,)*+— t,)3

(s—tu) Atn2< ")+At$13<s ")
—4(s—t,)—

(s=tn)=—4p A2

Then when s=t,,11, we have EX'[AW, . ]=0and E}"[(AW, ,,)?] =At,.
Now let us multiply (2.3b) by AVV;; ., and take the conditional mathematical expecta-
tion EX"[] on both sides of the derived equation, then we obtain

" noo Fp1 " "o " [ " -
0=EX" [y{»X"aW; ]+ /t EX [fir X AWE | Jds—E) [ / Zo X AW, AW 1 (2.9)

n tn

For the first integral term on the right-hand side of (2.9), we easily get the identity

t”+1 n n ~ n n ~
/t EX'[fX" AW, Jds = M, EX [fX AW ]+RY, (2.10)
where
tn1 n noa n no
R111:/t ]E?i [ ;,,,X AanH]dS_At”]E?i tt::r)l{ AanH]' (2.11)

n

For the second integral term on the right-hand side of (2.9), we have

n t”+1 n ~ n n ~
~Ef [ /t ZtnX de.Aw;;H] :—z,f:fX EX (AW, AW} ]+ R;
1 .
:—EAthf:'X +R3, (2.12)
where t
1 n n n n ~
Ri=ganZip X B | [z v A (213)

From Egs. (2.9), (2.10) and (2.12), we obtain the following reference equation for solving
Ztn/Xn .
th
1

ZAthfZ'X" =EX" [y AW;

n+1 tny1

J+ALES[fX AW ]+ RE, (2.14)

n+1
where
R} =R!+R3. (2.15)

Based on the two reference equations (2.7) and (2.14), we will propose a new numerical
scheme for solving (Y1,Z;) of the decoupled FBSDEs (2.1) in the following section.
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3 A numerical scheme for solving the decoupled FBSDEs

Now we propose a new numerical scheme for solving the decoupled FBSDEs (2.1). Let
(X", Y",Z") denote an approximation to the analytic solution (X;,Y;,Z;) of (2.1) at time
t=t,, n=N,N—1,---,0. To simplify the presentation, we let f" = f(t,,X",Y",Z") for
n=N,N—1,---,0. Based on (2.7) and (2.14), we propose a numerical scheme, for solving
the FBSDEs (2.1) as:

Scheme 3.1. (Numerical Method for the Decoupled FBSDEs) Given random variables Xo, YN
and ZN. Let AthH (0<n<N-1) be defined by (2.8) with s=t, 1. Forn=N—-1,N-2,---,0,
solve random variables Y" and Z" by

1 1

Y =EX" Y"1+ 5Ot f"+ EAtnlEfi" [+, (3.1a)
%Ath” =EX [YIAWS T+ ALES [TAWE (3.1b)

with
X" = X" (b, X", Dby, AW, ET). (3.2)

Note that (3.1a) and (3.1b) use the trapezoidal rule for approximating time integrals.
We also would like to point out that (3.2) represents any classical numerical schemes
(see [16]) for solving the forward SDE (2.3a) in which &"+1 is a Gaussian random variable
related to AW;,,,, and X"+ is needed in calculations of (3.1a) and (3.1b).

Remark 3.1. Several facts on Scheme 3.1 are given below:

1. The accuracy of Scheme 3.1 depends not only on the accuracy of the discretizations
(3.1a) and (3.1b) for solving the BSDE in (2.1) but also on the accuracy of the dis-
cretization (3.2) for solving the SDE in (2.1).

2. The computation of AW;,,, and AW;, | can be simulated by

{ AW;,., =/ AEN(0,1),

x VAt — (3.3)
AW, =5 (N(0,1)£V3N(0,1)),
where N(0,1) and N(0,1) are two independent random variables with normal dis-

tribution.

3. Scheme 3.1 is an implicit for solving Y", but is always explicit for solving Z". When
f=f(t,x,y,z) is Lipschitz continuous with respect to y, there exists unique solution
(X",Y",Z") of Scheme 3.1 for small time partition step At.
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4 Error estimates

Let us denote by Yf:ﬁn and Z f:jn the approximate values of Yf:ﬁn and Z fzjn at the time-
space (t,41,X"*1), respectively, where X"*! is the approximate solution of Xf:jn calcu-
~ n n+1 ~ n n+1
lated by (3.2), that is Ytt:ff :Ytt::;’x and Zf:j :ZEZI ;’X . To simplify the presentation,
in the sequel, we let
Fty, X" n+1 tn X" ty, X
—f(n 1/X Y ’Zn+l )/

tpy1
and denote Y Xy by et Zi X — 2t by e, Y{r X' — Yt by entl, Zin X' zntlpy et
1 +1
and ft e — " by e?

4.1 A useful theorem

We now present an important theorem that will be useful in our error estimates of Scheme
3.1.

Theorem 4.1. Let (X;,Y:,Z;), t€[0,T] and (X",Y",Z"), n=0,1,---,N, be the exact solution of
the decoupled FBSDEs (1.1) and the approximate solution obtained by Scheme 3.1, respectively.
Assume that the function f(t,X,Y,Z) is Lipschitz continuous with respect to X, Y and Z and the
Lipschitz constant is L. Let cq be the time partition reqularity parameter defined in (2.2). Then
for sufficiently small time step At,, it holds that

14CAt -
+At2 (1—CAt> [l

sc’(IEHeNy ]+At1E[|e;Vyz])
1+CAtyi-n CE[|R}, [*+ (At)?|R}, [*+ R} |*]
()

1—CAt At(1—CAt)
+Z <1+CAt)l n CAHE[(5-)?|RE, [+ |RL 2+ (51)*|RE[] @)
1—CAt 1—CAt '

forn=N-1,---,1,0, where C is a positive constant depending on co and L, C' is also a positive
constants depending on co, T and L, Ry and R’ are defined in (2.6) and (2.15), and

Ry, =E3, [Yf:;f"—‘?f:f"]f (4.20)
Ry, =EX"[f{ —ft:ffn], (4.2)
R? Z]Efi (X =X )AWM] (4.20)

=X [(F X = f ) AW (4.2d)
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Proof. For each integer n such that 0 <n <N —1, subtracting (3.1a) from (2.7) gives us

1 1

el _]EX [Ytn X" Y”H]—l—zAtn( —f”)—i-—AfnlE?in f:ﬁn—f"HHRE
=B (X T T ) S (X )
+%1E U =R A an]Jng
=Ex [”“]+% 7+%1E5§”[e;+1]+1<;]+%R32+R;. (4.3)

Then we have

n At At At
|€;|§’]Ef§ [e;+1” n n“E [n+1”_HR |+ n

’f|+

L(ley|+lez) +—=

At
+|Ry, [+ ”\R LRy (4.4)

Ry, [+ IRy

bn

A
<IE; [y I+ ="  Lle ”“I+|€Z“I]

Using the inequalities

m 2 m
(a+b)> < (1+yAt)a®+ (HW) v, (Zan> <m) a;
n=1

n=1

for any positive real number 7y and positive integer m, we deduce

n 1 At
ey 2 < +yADIEY ey )P+ (14— ) { S2L (e |+ lel])

YAt
B0 e e Ry [+ S Ry Ry
<10 EX e P+ (1) { (B4 e+l
(Y B ey et )2 R, P (2 2 R 2 R )
< +780 B [P+ {22 )
5At22L EX (|l [P+ [l 1[2] + 5| R?. |2+Tt2’R;2|2+5’R;’2}
+%{5A21‘L2(’ y|z e )+¥1E [ n+1|2+|en+1|2]}

1 5AR
-1-7—{5]12 P+ IR; 12+5|R;|2}. (4.5)
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By (2.14) and (3.1b) we have

2

Inserting

=EX (X =Y TAWS 1+ ALES (X — AW J4RE. (46)

" " 7+ ] _mX" W X" b, X" Tk " T
Ei [(Ytt +1 Yn+1)Ath+]] _IE?i [<Yttn+1 _Ytthrl )Awtrwrl] +IE£§ [e;+1Ath+]]
=RI +EX [e) AW .

and
" n, X" * n w X" Fte, X" | Ft
]Egi [( ttn+1 _fn+1)AWn+l] IE;(« [( ttn+1 - ttn+1 +ftn+1 fn+l)Ath+l]
=R +ES [ AW ]

into (4.6), we obtain

2 2

n n ~ 2
X +1 * X +1 *
ey = AL E; ley AW} 1+2E;, [67r AW; 1+ A, R%, +2R%, + AL RZ,
and consequently we have the estimate

2 . ; - 2
eI <5 ]IEX[”lAWtM]I-i—Z]lEfi [e}“Ath]|+A—tn|R |+2|R? y+ |R”| (4.7)

By using Holder’s inequality and the inequality (a+b)2 < (1+¢)a?+(1+ %)b2 for any pos-
itive real number ¢, we obtain the following inequality from (4.7)

. 1 ; -
ef[2< <1+5)(N ) X L A ) (141 ) (21X (AW
2
R? |4+2|R? R
Atn| J+2| r+Atnr '}
2 n Tk 1 n n Tk
§(1+s)(A—tn) B ey AW, P16 (145 ) B [l IEE AW, 2
1\2 1\2
+(A—tn> IR? 2| RE P+ (Atn> ngyZ}. (4.8)

Furthermore, applying

Eiy [[AW:,, []=Aty,
Epy (e PI<EY [IL(ey ™ [+l ) P <2L2EL ey ™ 2 +[el 7],

and
EX [ AWy )= (B (e —EX e AW, 1P
<E{X (AW, PIEY (e —EX ey ™))
=Dty (B [ley ™ 1]~ [E3 e T]I)
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into (4.8), we obtain
2 4 X" ,n+1 n+1712
ez " <(1e) - (s, lley %]~ &2 [ey1I7)
I\ 2 Xt on4112 | | n+1)2
+32(1+E)L ALES e 24 el 2]

+16(1+%){(A1tn)2|R§1|+|R |+( ) IR"|? } 4.9)

Dividing both sides of the inequality (4.9) by (14¢) <, we obtain

At 2 < At
4(1+¢) =l =2t

n n 8L2 n
(B (e P — By [y ]1%) + = At AR [Jey

4Nt
n+12 = 2 2 n|2
e P 2 g R P RS P o RE P
n n 8L2 n
<co(ER"[ley ™ 1) — B [e 1]2) + = APEY [[ey !
4Nt 1
+]eg+1‘ H—{i(Atn)Z‘R ’2—1—]R 12 0 tn)leglz}' (4.10)

Then multiply the inequality (4.5) by ¢y and add the derived inequality to the inequality
(4.10), we get

2 At o X" 12 LA o g2
cle -+ gl o (1-+8) [ e ]+ 5o R (e +let P
L2At? AP
o= 5 E?i[ n+1‘2+‘en+1’ ]"HRn ’2—1——‘1{ ‘Z_HR;‘Z}
co {5L? At 24 SL2At x L2y [t 2
AT (el + 2 (e Pl P
+7—{5]R IZ—I—EAtZ\R;z!z—i—S\R;]Z}
812

+eo (B [|ey 21— B [”HHZH—E
4Nt 1 1
R 2+ R 2 Rn 2
R P+ IRE P+ s R
512 5L2At 8L2At n
>At)1EX [ n+1|2]

<c0<1+<’y+ﬁ+ > + ot

+ (5ﬂ + (520 g) M) L2AEX [|er1 ]

AtzlEfin[ n+1‘2+‘en+1‘2]

JL20k(ley |+ et ?)
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+5¢0 (1+%) {Ir, lz—l-iAtz\R’ylzlz—l- Ry}

4Nt 1
e R" 2 R" 2 Ri’l2
+= {—wn)zr 8P4 IRE P+ g5 REP

which can be further simplified to

co[1—C1AHE[[ey|*]+ C3ALE[ e} )

C 1
< colt+CoAJE[Je 2]+ CaAE[ et 2]+~ |RY, [P+ S AR|R, P+ Ry

(Y Pl () ] w

where

/5 5AE\ 502 5L2At 8L2At
Cl_(EJF 2 ), Cz_(“”a* 7 e )

= 4(11+e) (5;70 i SC(;N>L2'
c4:[52i;+(52ﬂ+§)At]L2, c5:5c01+;“.

Now we choose e =1, 7y large enough, and At sufficiently small, such that if 0 <At <Aty
then C1 <C, C,<(C,C5<(C,1-CAt>0, and C3—C4 > C* >0, where C and C* are two
positive constants depending on cg and L. Then for 0 <At < Atg, we obtain from (4.11)
co(1—CAt)E]|e] 7]+ C3AtE[ e} ]
<co(1+CAE]] "+1\ |+ C4AHE[[ef 1]
N CE[|Ry, [*+1(AH)?[R}, [+ Ry ]
At
1 2
2 2 n|2
+4AﬂE[(A ) IR P+ R P+ tn) IR ] (4.12)

Dividing both sides of the inequality (4.12) by (1—CAt), we deduce

14CAt n+1 n+1
o (coElley P+ CAtEJer ! )

CE[|R}, [*+1(At)?|R}, | +|R} ]
At(1—CAt)
4AﬂE[< -)?IRE P+ |RE P+ (52| REJ]
1—CAt

colE[|ey 2|4 C3ALE[[e!|*] <

(4.13)
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From the inequality (4.13), by recursively inserting e;, i=n+1,---,N—1, we deduce

1+CAt ;
coE ey +c3At2 (G222 " Elel
14 CAt N (1+CAt\i
<<1—CAt> IEHE%ZH_CALN} Z (1—CAt) IEHeZZ’Z]
i=n+1
+N21<1+CAt)iHCIEHR;l!2+%(At)ZIR;2!2+!R;!2]
~ \1-CAt At(1—CAt)
i <1+CAt)l n4AE[ (71 )2 RS, [+ R, P+ (57 IREP
= \1-CAt 1—CAt ’
that is,
14+ CAt i
COIEHey‘ ]+C At Z <1—CAt> Hez’ ]
1+CAt 1+CAt\N-n
<(Toam)  coElelPI+can(Toaz) P
+Nz—1(1+cm>i—nc1EHR;1\2+<At>2!R;2!2+!R;!ZJ
= \1-CAt At(1—CAt)
+N21(1—|—CAt>l n CAPE (57, )[R, P+ RS, [P+ (55,)% R ]
= \1-CAt 1-CAt ’
which leads to the inequality (4.1). The proof is completed. O

Remark 4.1. Theorem 4.1 implies that Scheme 3.1 is stable, and its solution continuously
depends on terminal condition, that is, for any given positive number ¢, there exists a
positive integer J, for different terminal conditions (YN,ZN) and (YN,ZN), if IEH?N—
YN|2] <6 and E[|Z" — ZN|?] <, then for 0<n < N—1, we have

N .
E[[Y'—Y"2]+AtY E[Z' - Z|*] <e
1=n
Remark 4.2. The terms Rg and R’ in (2.7) and (2.14) are the truncated error terms for
solving Y; and Z; in the BSDE in (2.1) by the discretizations (3.1a) and (3.1b) in Scheme
3.1. The four terms R;l, R;Z, R;l and R;Z are determined by the discretization (3.2) for
solving the SDE in (2.1). These four terms reflect the weak errors of the scheme for solving
SDE. Under certain regularity conditions on b, o, f and ¢, as long as the estimates of R},

R?, R;l, R;z, R;l and R;Z are obtained, then it is easy to get error estimates by Theorem
4.1 for Scheme 3.1.
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4.2 Error estimates

In this subsection, under some regularity conditions on the functions b, o, f and ¢, we
will derive estimates for the error terms R;, RZ, R]"/], Rlyz, R%, and R, and then present
the main result on error estimates of Scheme 3.1. We first need the following assumption.

Assumption 4.1. Assume X;, is Aj-measurable with E(|X;,|?) < co. We also assume
that b and ¢ are jointly L2-measurable in (t,x) € [ty,T] xIRY, and are uniformly Lipschitz
continuous and linear growth bounded, that is, there exists a constant L >0 and K >0
such that

b(t,x)=b(ty)| <Llx—yl|, |o(tx)—c(ty)|<Llx—yl, (4.14a)
b(t,x) P <K(1+]x]?), o (t,2) P <K(1+]x]), (4.14b)

forall t,s€[0,T] and x,y €RY.

We also need regularity of the exact solution (Y},Z;) of the decoupled FBSDEs (1.1).
Let us introduce the following lemma.

Lemma4.1. (10,13,15,22,26]) Let the functions b, o, f and ¢ be uniformly Lipschitz continuous
w.rt. (X,Y,Z) and Holder continuous of parameter 3 w.r.t. t. We also assume ¢ is of class

Ci”‘ for some a € (0,1) and the matrix-valued function a = oo™ is uniformly elliptic. Then it
is well-known that the solution (Y;,Z;) of (1.1) can be represented as: Y; = u(t,X;) and Z; =
V. u(t,Xs)o(t,X;), where u(t,x) is the smooth solution of the following PDEs

(0t + Lt )u(t,x)+ f(t,x,u(t,x),Vyu(t,x)o(t,x))=0,

with the terminal condition u(T,x) = ¢(x), where L is the second order differential operator

defined by

I,

Furthermore, for k=0,1,2,---, if b,c € C;+k’2+2k, fe C;+k’2+2k’2+2k’2+2k and @ € Ci”k“‘ for
some a € (0,1), then u€ C, Ho2+2,

The accuracy of Scheme 3.1 obviously also depends on the accuracy of (3.2) for solving
the forward SDE in (2.1).

Assumption 4.2. We assume that the approximation solution X"*! solved by (3.2) has
the stability property: for positive integer r, there exists a constant C € (0,00) such that

max E[|X"|"] < C(1+E[|Xo|"]), (4.15)

0<n<N
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and the approximation properties: there exist positive numbers r1,75,8,7 such that for
any g€ Clz)mz’ n=0,1,2,---,N,

EX [g(X0X") — g (X"1)]| < Cg (L] X" [21) (A1), (4.16a)
EX [(g(XimX") g (X)) AW, ]| < Cy (14| X"[22) (A1), (4.16b)
E[g(X:,) —g(X™)]| < Cq(AH)F, (4.16¢)

where C,; >0 is a constant which does not depend on At. The number $+1 will be called
the local order of the approximation.

In fact, many numerical schemes for forward stochastic differential equations, such as
the Euler scheme, the Milstein scheme, and the It6-Taylor type weak or strong schemes of
order 1.5 or 2 (see [16]) have the approximation properties (4.16a), (4.16b) and (4.16c) with
B=1or B=2, and the stability property (4.15). Under Assumption 4.1, if E(|Xp|*") < o0
for some integer m > 1, the solution of (2.3a) also has the estimate

Ei”qxén,x”‘m) < <1+E§1"<lxn‘2m))ec(s—tn)’ 4.17)

for any s€[t,,T], where C is a positive constant depending only on the constants K, L and
m.

In the following lemmas, we will present estimations for R;"/, R;, Rgl, Rgz, R% and
R?, under certain regularity conditions on b, 0, f and ¢. For the sake of presentation
simplicity, we only consider the case 4 =d =1, and the results obtained also hold true for
general positive integers g and d. In the sequel, we also let L° and L! be two differential

operators defined by
L'=09,, L'=0,4+bo,+ %azaix.

Lemma 4.2. If f(t,x,y,z) € C§’4’4’4, b(t,x),o(t,x) € C§’4, R3S C;f*"‘,oc € (0,1) and |b(t,x)|*> <
K(1+|x|?),|o(t,x) |2 <K(1+4|x|?), then for sufficiently small time step At,,, we have that for any
0<n<N-1,

E[|R} [ <C(1+E[|X"[*])(At)®, (4.18)

where C is a positive constant depending only on T, K, and upper bounds of the derivatives of b,

o, f and ¢.

Proof. Lemma 4.1 tells us that the solution (Y}, Z;) of FBSDEs (2.1) can be represented
as Yy =u(t,X;) and Z; = Vyu(t,X¢)o(t,X;), and if f(t,x,y,z) € C§’4’4’4, b(t,x),o(t,x) €
Citpe cn§+“,oc € (0,1), then f(t, Xp,u(t,Xp), Vau(t, X))o (t, X)) =F(t,X;) € C;*. We denote
F (t,Xf"’X ) by Ff X" From the reference equation (2.5), we have

tn+1 n n 1 X" 1 n X1
R;:/tn (IE;E [FiX ]—EFtt:' —E]Efi [Ftt:;] ])ds. (4.19)
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By the It6-Taylor expansion, we deduce

tn n n
/ TEX X )ds
fn

n n n § n
= ["EX X / LOEDX" dry [ LUEDX dW, ) ds
tn Ey

s / ds+ / / EX' [LOF"X" | drds
ty ty

— A, EX 4 / / EX'[LOFX" 4 LOLOFt"Xdz]drds
tn

1 )
= M F X 5 (A PLOE / / / EX[LOLOFX"|dzdrds,  (4.20)
tn ty

H

and similarly
e t 27 0k, X"
/ EX [Fjr X Jds = Aty F{r™" + (At )*L°F}
tn
n tn T n "
- / U R OO E X azdrds. (4.21)
ty En tn
By (4.19), (4.20) and (4.21), we obtain
tpy1 S [T X" 10700t XN 1 ftavr plap1 pr 01 0mh X
:/t /t CEX (LR ]dzdrds—i/t /t (UL dzdrds. (422

Square both sides of the above equation and take mathematical expectation, we get the
inequality

t, "
IEUR;|2]§21E“/ “/ / EX [LOLOF"|dzdrds ]
tn tn Jity

1 b1 ptayr 7 X700t X" 2
+2E| /t /t EY[LOLOE X dzdrds| | (4.23)

From the definition of the operator L% we have

+b}F,+bF), 4 bV, F.+b?Fl, + %Uzb” Fl

1
EUZF"’t—i-bcm Fll 4+~ bUZF}’(Zx

1 1
50 ()4 50Tl + 0L Flf 4 70" Fih

1
JOEL,

L°L°F=F}j+bF/.+
1

+ 502 bF)l.+oo|Fl.+

L1

2
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Thus by applying the Cauchy—Schwarz inequality to (4.23) and using (4.17), we have

E[|R?[?] gAtn / / / [ILOLOESX" [2]dzdrds
ty Jt,
| ER Y "
+Z(Atn) / / / E[|LOLOEX" 2] dzdrds
ty ty ty

tt s pr "
S%(Atn)3/ ]/ / E[C(1+ | XX |8)|dzdrds
tn En fn

by .

Atn / b / C(1+ | XX 8)|dzdrds

tn n
<C(1+E[|X"®])(At,)®

The proof is complete. 0

Lemma 4.3. Assume that the conditions of Lemma 4.2 hold, then for sufficiently small time step
Aty,, we have that forany 0<n<N-—1,

fry n n ~ n n
( / EX [fi X AW, Jds — At EX [f1 AW, gC(1+1E§j [IX"*])(At,)°,  (4.24)

n+1]

where C is a positive constant depending only on T, K, and the upper bounds of the derivatives of

b, o, fand ¢.

Proof. Under the condition of the lemma, it is easy to verify that F(¢,X;) € C§’4. By the
It6-Taylor expansion, we have

tn+l n n ~ n n ~
/t EX [EX" AW, Jds — At EX [FX AT, ]

y : s . s . -
/t "EX [( /t LOFbX" gz 4 /t L1EtX dwz> AWtHl]ds

[ n ty n b "
- [E [</t VLR dzg [T LR de) AWt"“}d

<A1+ Ay, (4.25)
where
A= /t :"“ (Efj” [ /t s L0 pztn,X”dzAth} ~EX" [ /t :"“ LOPZtan"dzAWtM] ) ds|,
trt1 s N trt1 -
A= /t n <1E>§” [ /t n L'ENX" AW, AW, | — /t n L szan"dWZAWfMDds .

Again by the Itd-Taylor expansion, we deduce

ty . s z " z " .
Alz‘ / " EX [ / ( LOLOF» X dr+ [ L'LOFX dWr>dzAth}ds
ty £y ty

tn

tov1 oo [ [t z ; z ; .
- / " EX { / “< LOLOFX"gry [ L1LOFiX dwr) dzAthH]ds .
ty ty ty ty
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Notice that

tyt1 " S rz n thy1 2 n ~
/ EX [( / LOLOF!X" Gz — / LOLOFmX drdz)Awtm}ds
ty ty Jty ty tn

1
t, " s rz " t, z " 271 2
[ ez [ L0 araz)| s
ty ! ty Jtn b tn
1

t, " s rz " 2 thy1 2 " 2 2
/ X ( / LOLOFtX drdz> +( / o[ LOLOEX drdz) ds
ty " te Jtn b tn

<CO+ES|X"])2 (Aty)2,

Aty

<2At,

and by the Itd’s isometry formula, we have

tyt1 " s rz thyr rz ~
/ EX K / L'LOF,dW,dz— / LlLOFrdWrdz) Awtm}ds
tn t, Jty tn tn

t, s rz .
< / h / EX"[2L LOF,|drdzds
ty ty Jtn

t, s rz "
+ / +1/ / EX [ > LlLOFr(r—tn)}drdzds
tn tn tn " At?’l

tor1 (e .
+ / " / h / EX"[2L1 LOF,|drdzds
ty ty

ﬂ

e [l 3 LR (r—t,)] drdzd
+ /tn /tn /tn Atn (r— n)} rdzds
<COI+ES[|X"P]) (Aty)3.

The above two inequalities lead to the estimate of A1 as
Ar<COA+EX[IX" )2 (M) +CO+EE[| X)) (At ).
Now we turn into estimate A;. Using the identity

tny1

n S - tn+1 -
B /t AW.AW,, ., — /t AW-AW,,, | ds

tn

tn+] n S 3 tn+]
X [
/tn EX [ /t dWZ<2AWtM AL /t (z—t dWZ>

n [ 3 t”+1
~EX'| /t AW, (28W;,,, = - /t z—t,)dW )
n nJin

[ (e )3

=0

/t:"“ (z—tn)dz>) ‘
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and the It6 expansion again, we obtain
n

t .
e [ ([ [ [[pncas ), i

t, n tny1 n n "
N / TEX K / (L / LOLER X" [ LYLYEX" AW, ) AW, )Awfw}d
t ta tn b

bt [ [ (%1071 ph, X i
/ EX [ /t LR drdWZAWtM]ds

tn
by o [t [z . .
- / TES / UL R arawL A, Jds
tn tn tn
<COA+ES[1X"P]) (Aty)>.
By (4.25) and the estimates of A; and A, we complete the proof. O

Lemma 4.4. Assume the conditions of Lemma 4.2 hold, then for sufficiently small time step At,,
we have that for any 0<n <N-1,

1 n n t”+1 n ~ 2 n
‘EAthfZ'X —Ef [(/t ZtnX dWS)AWtM] <CA+EX|X"[F)(AL)S,  (4.26)

n

where C is a positive constant depending only on T, K, and upper bounds of the derivatives of b,
o, f and ¢.

Proof. From the definition of AW;, we have

1 n n tn+l n -
'EAthf;”X ~EY'| /t Zb X AW, - AW, |

‘ 1

n tnt1 n n 3 tng1
=|=At,ZX" —2 EX"[ztnX
2 n<t, , tn[ s ] Atn ;

EX [Zi X (s—t,)]ds)|.

By the It6-Taylor expansion, we obtain

1 n n t”+1 n ~

‘EAthfZ'X ~E'| /t ZvX AW, - AW, |
1, xm b, X"

— ‘tan Bty —2(BtaZp ™' +

s n n
EX" (107t ]drds>

tn tn

3 1 n tnt1 S " "
+ay (A2 [ ) B2 sty Jards)
n . .

tn s n n tn n
:‘2/t H/t EX L0zt ]drdS—F/t " /t EX[LOZIX" (s—t,)|drds|.
n n n n n
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Use the Ito6-Taylor expansion again we then get

1 n n tn n ~
‘EAthfZ'X ~EY'| / 2z X aw, AW, |
tn

thy1 S " - r "
:'_2 [ [0z [ 10007 ] ards
ty ty tn

ty s " . r "
+A3t / +1/ lEfi [LOZIZ’X (s—tn)-l-/ LOLOZQ“X (s—tn)dz} drds
nJity n tn
t”“sr< X707 078, X" _ 3 mX 10700t X"
:/ / 2EX (L0107 | — B (L1071 (s—t,)) ) dzdrds
ty tn J ity ! Atn g
<COA+ES X" (Aty)3.
The proof is completed. O

Lemma 4.5. Assume the conditions of Lemma 4.2 hold, then for sufficiently small time step At,,
we have that for any 0<n <N -1,

[RI]? <COL+E[|X" ) (A)°,
where C is a positive constant depending only on T and K, and upper bounds of the derivatives of
b, o, fand ¢.

Proof. From (2.14), R? = R} + R} with R} and R} defined in (2.10) and (2.12) respectively.
It is easy to show that the lemma is the direct consequence of Lemmas 4.3 and 4.4. O

Theorem 4.2. Assume Assumption 4.2 and the conditions of Lemma 4.2 holds. Then for suffi-
ciently small time step At,, we have that forany 0<n<N-—1,

N-1 ‘
E[lej []+At Z E[lel[*] < Cr(E[ley ]+ AtE[e) )+ Co(APP+APT+ ALY, (4.27)
=n

where Cy is a positive constant depending on co, T and L, Cy is also a positive constant depending
on ¢y, T, L, K, the initial value of X; in (1.1), and the upper bounds of the derivatives of b, o, f
and ¢.

Proof. From the definitions of Rly Rlyz, R;l and R;Z in Theorem 4.1, if Assumption 4.2

holds, under the conditions of Lemma 4.2 we have the following estimates

E[|X ! J<CA+E[Xof]), (4.28a)
E[|Ry, ] < CA+E[IX[*1])(A1)*2 <C(1+E[| X0 *1]) (A1) 72, (4.28b)
E[|Ry, ] < CA+E[IX[*1]) (A1) 2 < C(1+IE[| Xo[*1]) (A1) 242, (4.28¢)
E[|RL, ] < CO+E[IX["2) (A)*72 < C(1+E[|Xo[2) (A1) *12, (4.28d)
E[|RL, ] < COL+E[IX[*2]) (A)*1*2 < C(1+E[| Xo | *2]) (A1) 1+ (4.28e)
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fori=0,1,---,N—1. By Lemmas 4.2 and 4.5, we have that for 0<i <N -1,

E[|R, "] <C+E[IXo*])(A1)°,  E[IRL*] < C(1+E[|Xo[*]) (At)°.

By (4.28) and (4.29), we deduce

Nz—l (1+CAt) i—n CIEHR;] ’2‘1‘ (At)z‘R;z‘z—i_ ‘Rly‘z]
: 1—-CAt At(1—CAt)

1=n

< CI+E[|Xo[*"]+E[| Xo[*)) (A1) + (1)),

and

Nil <1+CAt>i—n CALE[(57, )% RS, [+ RS, P+ (57,)* R[]
= \1-CAt (1-CAl)
< CI+E[|Xo["*]+E[| Xo ") ((AD)* +(A1)*).

Now by Theorem 4.1, the estimates (4.31) and (??), we complete the proof.

4.3 Classical schemes for solving SDEs

637

(4.29)

(4.30)

(4.31)

In this subsection we introduce some classical numerical schemes in the form of (3.2) that
can be used in Scheme 3.1 for solving the forward SDE (2.1) and identify the validity of
Assumption 4.2 for these schemes, and finally conclude the respective error estimates of

the Scheme 3.1 for each of the cases.

4.3.1 The Euler scheme
The Euler scheme [16] for solving (2.1) is given by

xn+H — xn +b(tn, X" Aty +0(t, X") AW,

n+l°

By the It6-Taylor expansion, the exact solution X; of (2.1) at t =t,;; satisfies

Xt :th+b<tn,th)Atn +a(tn/th)Ath+1+RZ/

n+1

where
thy1 s tpy1 s
Rl = /t L9%(r, X, )drds + /t [ Lb(r, X, )W, ds

n tn

[ S th41 s
-|-/ Locf(r,Xy)drdWS —|-/ Lla(r,Xr)dWrdWs.
ty tn tn

tn

Thus we easily have

EX (X = X" = [EX [RY]| < C(At)?,

n+1

(4.32)

(4.33)

(4.34)
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and
[EX [(Xf;’ffn X" AW, |
tpy1 S " the1 s "
— / LB (r, X! X" )drds + L'b(r, X X" ) AW, ds
ty ty tn tn
t ~
+ / L0 (r, XX ) drd W, + / Llo(r, XX AW, dW, ) AW, |
tn ty ty tn

<A1+ Ay + A3+ Ay, (4.35)

where

7

r ity s " ~
A= |EX / 1%, XX drdsa W, |
LJt, ty

7

n T tn 1 B} n ~
Ay=|EX / (X0 AW, dsa, |
LSty ty

r ity s " -
As=|EX / U100 XX drd W, AW |
LJt, ty

4

nl t, S n X
Ay=|EX /t o t Lio(r, XX )dWrdWsAth+1] :

For A; (i=1,2,3,4), the following estimates hold

n+ S n ~
A= ‘IEX" [ /t t LOb(r, XX )drdsAwtm}

< ‘lEfin [(/ttm SLOb(r,Xt" )drds) ]% (AW, )?)?

n tn

/ +1/ drd s/ /]Exn [(L%b(r, X! X" )] drds
ty ty ty

<COA+ES[|IX"4)? (Aty)3,

1

<V Aty

t : _
4o = EX| /t B t “Lp(r, Xt X AW, dsAWY,., |

_ EX" [ Lib(r, X' X")dW, Aw]d
£y

sca+mfnanﬂAm>,

xi[ [ [* 10 £, X" X
As=[EX| /t Lo (r, X} )drdW, AW, |

<CO+EX|IX"P))(at)2,

n n s n ~
A4—‘1EX [ /t h | Llo(r X )dWydWSAWtM] —0.
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By (4.34), (4.35) and the estimates of A; (i=1,2,3,4), we obtain
n n ~ n 1
B (X0 =X D)AWL )| < CO+E [IX[*) 2 (At)?. (4.36)

Thus we conclude that Assumption 4.2 holds true for the Euler scheme with =7 =1.
Furthermore, if E[|Y;, — YN|?] < C(At)?, E[|Zi, — ZN|?] < C(At)? and the Euler scheme is
used in (3.2), then by Theorem 4.2 we obtain the error estimate of Scheme 3.1 as

N-1
Elle) |*]+At )" E[le[)] <C(At)>. (4.37)

The estimate (4.37) implies Scheme 3.1 for solving the decouple FBSDE:s is a first-order
accurate method when the Euler scheme is used for solution of the forward SDE.

4.3.2 The Milstein scheme

The Milstein scheme [16] is given by

X"+l = X" +b(t, X" Aty +0(ty, X") AW,

1
+500 (b, X") (AW, )2 = At), (4.38)
which is obtained by the Itd-Taylor expansion

th+l :th +b(tn’an )Atn +U(tn’th )Awtn+l

1
+ Ecm’(tn,th)((AWfM )2—At,)+RY, (4.39)
where

[ S n Frt1 s n
R = / LO(r, X0 X" Y drds + / LUb(r, X0 X" AW, ds
ty ty tn tn

fupr s . topr s g7 .

+/ Lo (r, XtnX )drdWs—l-/ / L°LYo(z, X! X" dzd W, dW
ty ty tn b J ity
tng1

S r
+ / Lo (z, X0 X" ) AW.AW, dW. (4.40)
ty ty Jt,

It is easy to check that

EX [ =X = [EX [RY)| < C(At ), (441)

n+1
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and

n+1]|

n tuy1 s n fpy1 S n
EX( / / LO(r, Xt X" )drds + / LUb(r, Xt X" )W, ds
ty ty tn tn

B8 (X0 =X AW

Frt1

s " thy1 S ot n
+ Lo (r, XinX )drdWs—l-/ : / LOLo(z, X X" dzd W, d Wi
b It

tn tn

Frt1

S r n -
+ / L'Llo(z, XtX )dWZdWydWS)AWtM]
ty ty Jt,

<A1+Ary+A3+B1+B,, (4.42)

where A1, A; and Aj are the same as those defined in Section 4.3.1, and

" t, s prr " _
Blz‘lE)i [ /t h /t 0Lz, Xl )ddeydWsAme} , (4.43a)

t, s prr " -
Bzz‘IEfin[ /t B /t Loz xi JAW.AW, dW.AW,,., || (4.43b)

From the adapted properties of the solution of SDEs and of the Itd’s integral, we easily

get
By =B,=0.

By (4.41), (4.42), and the estimate of A;, A, and Az, we get
n n ~ n 1
BN (X = X" AW,, ]| S COHEY [|X7*])2 (At)*. (4.44)

Thus from (4.41) and (4.44), we conclude that Assumption 4.2 also holds true for the
Milstein scheme with 8= =1. Furthermore, if E[|Y;, — YN|?] < C(At)?, E[|Z;, — ZN|?] <
C(At)? and the Milstein scheme is used in (3.2), then by Theorem 4.2 we obtain the error
estimate of Scheme 3.1 as

N-1 ,
Ellej ]+t Y E[lel]?] <C(At)%. (4.45)
i=n
The estimate (4.45) implies Scheme 3.1 for solving the decouple FBSDE:s is a first-order
accurate method when the Milstein scheme is used for solution of the forward SDE.
4.3.3 The order-2.0 weak Taylor scheme
The order-2.0 weak Taylor scheme [16] is given by

Xn+1 :Xn—l—b(tn,Xn)Atn"HT(t”’Xn)AWt

n+1

0 " tpy1 s 1 " tpy1 S
4 10(E,, X )/ drds+ L'b(t,, X )/ AW, ds
ty ty tn En

tn S ty s
100 (1, X") / [ drdw, £ Lo (8, X / [ aw,aw, (4.46)
ty ty tn ty
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which is obtained by the Itd-Taylor expansion
th+1 :th + b(tn,th )Atn +U<tn,th )AWt

n+1

0 tpy1 S 1 tny1 S
YL b(tn,th)/ / drds+L b(tn,th)/ AW, ds
ty ty t tn

n

tn s t, s
100 (4, X)) / U drdw, Lo (£, X)) / ! / AW, dW, +R",
tn ty ty tn
where R} = D1+ D3+ D3+ D4+ D5+ De+ D7+ Dg with

tpy1 St n

Dlz/ / LOLOb(z, XX dzdrds,
t ty b,
tpp1 St n

Dy — / / L0 (z, XX AW, drds,
t ty b,
byl St n

Ds— / / LOLYb(z, X! X" dzd W, ds,
t ty b,
tpy1 St n

D= / / LLYb(z, X X" ) AW, dW,ds,
t th b,
byl S pr n

D5:/ / LLO0(z, X! X" dzdrd W,
e Syt
tpp1 S pr n

D6:/ / L0 (z, X X" dW, drd W,
te St i
byl St n

D7:/ / L°Llo(z, X! X" dzdW,dW;,
e St i

bpp1 St n
Dg— / / L LYo (z, XX ) AW, dW, dW..
ty ty Jt,

It is easy to get

BN [xp = X" = [EX[RY]| < C(At ).

n+1

641

(4.47)

(4.48)

Using the similar analysis as that for the Euler scheme in Section 4.3.1 and the Milstein

scheme in Section 4.3.2, we can obtain

and

[EX [DsAW,, ]| =0,  [EX'[DeAW;, ]
[EX'[D;AW,, ., ]|=0,  [EX' [DsAW,
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Thus we also have
n n ~ n 1
IEX (XX = X" AW, ]| < CA+ES[|X[B])2 (Aty)°. (4.49)

Now from (4.48) and (4.49), we conclude that Assumption 4.2 also holds true for the
order-2.0 weak Taylor scheme with B =+ =2. Furthermore, if E[|Y;, —YN|?] < C(At)4,
E[|Zi, —ZN|?] < C(At)* and the order-2.0 weak Taylor scheme is used in (3.2), then by
Theorem 4.2 we obtain the error estimate of Scheme 3.1 as

1E[|e;|2]+Ath;11E[ye;yz] <C(AH)4 (4.50)

i=n

The estimate (4.50) implies Scheme 3.1 for solving the decouple FBSDEs is a second-
order accurate method when the order-2.0 weak Taylor scheme is used for solution of the
forward SDE.

5 Numerical experiments

In this section, some numerical tests will be performed to demonstrate the effectiveness
and accuracy of the proposed method — Scheme 3.1 for solving the decoupled FBSDEs
(1.1) and verify the above theoretical results. We will show that the convergence order of
Scheme 3.1 depends on the numerical method for solving the forward SDE as shown in
our theoretical analysis (Theorem 4.2, (4.37), (4.45) and (4.50)) although the BSDE of (1.1)
is solved by a second-order accurate scheme.

We here consider one-dimensional problems. In order to use Scheme 3.1, space
partition and approximation of lEfin[] at discrete space grid point x; are needed. In
our numerical experiments, with the spatial step size h, the discrete grid points are
x;=1ih,i1=0,£1,42,---. In the calculations of the conditional mathematical expectation
lEfin [-], the Gauss-Hermite quadrature rule is used, and the values of the integrands of
the conditional mathematical expectations at non-grid points are approximated by local
cubic interpolations. Since our goal is to test the accuracy of the scheme with respect to
the time step size, we set the number of the Gauss-Hermite quadrature points to be big
enough so that the error contributed by spacial approximation is very small and will af-
fect the convergence rate just very little. For simplicity, we take a uniform partition with
a time step size At. Then the time partition number N is given by N =L, where T is the
terminal time.

Let |Yo—Y?| and |Zy—Z°| represent the errors between the exact solution (Y;,Z;) of
(2.3a) at time t =0 and the solution (Y",Z") of Scheme 3.1 at n=0. The convergence rate
(CR) with respect to time step At is obtained by using linear least square fitting to the
errors. The time step sizes used in our experiments are N = % (i=4,---,8).

Example 5.1. In this example, we test our scheme for the decoupled FBSDEs which con-
tain a linear BSDE. The considered decoupled FBSDEs are (written in the differential
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form)

dX;=sin(2X;)dt+tcos X;dW;,

2sinXth
t

The terminal condition is chosen to be Y7 =sin(2X7)+ Tcos X7. Then the exact solution
of (5.1) is

(5.1)

3
—dY;= (—coth — +#2cos? X; <2Yt — Etcos&) > dt —ZdW;.

{ Y; =sin(2X;) +tcos Xy, 52)

Zy=tcos X;(2cos(2X;) —tsinXy).
Let the Brownian motion X; start at the time-space point (0,1) (i.e. Xo=1), then the
exact solution at t =0 is (Yy,Zo) = (sin2,0). The errors |Yo—Y?| and |Zy—Z°| and their

convergence rates are listed in Table 1, which clearly match our theoretical results (4.37),
(4.45) and (4.50) very well.

Table 1: Errors and convergence rates of Scheme 3.1 in Example 5.1.

SDE Scheme Euler Milstein Order-2.0 Weak Taylor
N [Yo— YY) 12— 2" [Yo— YY) 12— 2" [Yo— YY) 12— 2"
16 3.4329E-01 | 5.0297E-01 | 1.1522E-01 | 8.7098E-02 | 3.1026E-02 | 6.0657E-02
32 1.6850E-01 | 2.3713E-01 | 6.6925E-02 | 4.7832E-02 | 8.0831E-03 | 1.5890E-02
64 8.3344E-02 | 1.1508E-01 | 3.5356E-02 | 2.8589E-02 | 2.0542E-03 | 4.0718E-03
128 4.1438E-02 | 5.6683E-02 | 1.8054E-02 | 1.5667E-02 | 5.1731E-04 | 1.0310E-03
256 2.0661E-02 | 2.8126E-02 | 9.1381E-03 | 8.1818E-03 | 1.2979E-04 | 2.5946E-04
CR 1.0133 1.0386 0.9203 09116 1.9768 1.9684

Example 5.2. In this example, we test our scheme for solving the decoupled FBSDEs
which contain a nonlinear BSDE. The decouple FBSDEs are given by

3
dX;=sin(t+X;)dt+ Ecos(t—i—Xt)th,

3 (5.3)
—dYt = <—Ytzt—COS(t+Xt)(1+Yt)> dt—Zdet.

20

We choose the terminal condition Yr=sin(T+ Xt). Then the analytic solution of (5.3) is
given by

{m:mw+&L (5.4)

Zy= 3 co8?(t+Xp).

In this example, we still let Xy =1, then the exact solution (Y;,Z;) at the time t =0 is
(Yo,Zo) = (sin1, 2 cos?1). We report the errors |Yop—Y°| and |Zy—Z°| and their conver-
gence rates in Table 2, which again are consistent with our theoretical results (4.37), (4.45)
and (4.50).
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Table 2: Errors and convergence rates of Scheme 3.1 in Example 5.2.

SDE Scheme Euler Milstein Order-2.0 Weak Taylor
N Yo—YO | [Z0—2° | [Yo-Y°| | |Zo—2° | [Y%—-Y°| | |Zy—-2°|
16 4.5572E-02 | 6.4819E-03 | 4.5371E-02 | 7.5672E-03 | 8.5929E-04 | 1.7091E-03
32 2.2241E-02 | 2.8144E-03 | 2.2193E-02 | 3.3407E-03 | 2.0463E-04 | 4.0518E-04
64 1.0986E-02 | 1.3068E-03 | 1.0980E-02 | 1.5669E-03 | 4.9937E-05 | 9.8233E-05
128 5.4598E-03 | 6.2924E-04 | 5.4609E-03 | 7.5926E-04 | 1.2335E-05 | 2.4156E-05
256 2.7216E-03 | 3.0870E-04 | 2.7231E-03 | 3.7358E-04 | 3.0653E-06 | 5.9876E-06
CR 1.0158 1.0945 1.0140 1.0818 2.0314 2.0382

6 Conclusions

In this paper, we first propose a new numerical method for solving the decoupled
forward-backward stochastic differential equations based on some specially derived ref-
erence equations. Then we rigorously analyze errors of the proposed method for general
cases. When some classical numerical schemes are applied in the method for solving the
forward equation part, we discuss specific error estimates for each of the cases. While
many existing numerical methods for the decoupled FBSDEs are of only half-order accu-
racy in time, we in particular would like to remark that the proposed method is overall
1.0 order accurate to Y; and Z; when the Euler scheme or the Milstein scheme is used, and
is 2.0 order accurate to Y; and Z; when the order-2.0 weak Taylor scheme is used. The nu-
merical experiments are also very consistent with the theoretical results and demonstrate
accuracy of the proposed scheme.

Acknowledgments

This research is partially supported by the National Natural Science Foundation of China
under grant numbers 11171189 and 91130003 and the Shandong Province Natural Science
Foundation of China under grant number ZR2011AZ002. The authors also would like to
thank the referees for their valuable suggestions which greatly improved the paper.

References

[1] V.Bally and D.Talay, The law of Euler scheme for stochastic differential equations, Probabil-
ity Theroy and Related Fields, 104(1996), 43-60.

[2] C. Bender and R. Denk, A forward scheme for backward SDEs, Stochastic Processes and
their Applications, 117(2007), 1793-1812.

[3] B.Bouchard and R. Elie, Discrete-time approximation of decoupled Forward-Backward SDE
with jumps, Stochastic Processes and their Applications, 118(2008), 53-75.



W. Zhao, W. Zhang and L. Ju / Commun. Comput. Phys., 15 (2014), pp. 618-646 645

[4] B. Bouchard and N. Touzi, Discrete-time approximation and Monte-Carlo simulation of
backward stochastic differential equations, Stochastic Processes and their Applications,
111(2004), 175-206.

[5] B. Bouchard, R.Elie, and N. Touzi, Discrete-time approximation of BSDEs and probabilistic
schemes for fully nonlinear PDEs, Randon Series Comp. Appl. Math., 8(2009), 1-34.

[6] D. Chevance, Numerical Methods for Backward Stochastic Differential Equations, in Nu-
merical Methods in Finance, Edited by L. C. G. Rogers and D. Talay, Cambridge University
Press, 1997, 232-244.

[7] D. Crisan and K. Manolarakis, Probabilistic methods for semilinear partial differential equa-
tions, ESAIM: Mathematical Modelling and Numerical Analysis, 44(2010), 1107-1133.

[8] J. Cvitanic and J. Zhang, The Steepest Descent Method for FBSDEs, Electronic Journal of
Probability, 10(2005), 1468-1495.

[9] E Delarue, On the existence and uniqueness of solutions to FBSDEs in a non-degenerate
case, Stoachstic Process and their Applications, 99(2002), 209-286.

[10] F. Delarue and S. Menozzi, A forward-backward stochastic algorithm for quasi-linear PDEs,
The Annals of Applied Probability, 16(2006), 140-184.

[11] J. Douglas, J. Ma, and P. Protter, Numerical methods for forward-backward stochastic dif-
ferential equations, The Annals of Applied Probability, 6(1996), 940-968.

[12] L. Evans, Partial Differential Equations, Providence, R.I. : American Mathematical Society,
1998.

[13] E. Gobet and C. Labart, Error expansion for the discretization of Backward Stochastic Dif-
ferential Equations, Stochastic Processes and their Applications, 117(2007), 803-829.

[14] E. Gobet, P. Lemmor, and X. Warin, A regression-based Monte Carlo method to solve back-
ward stochastic differential equations, The Annals of Applied Probability, 15(2005), 2172-
2202.

[15] N. Karoui, S. Peng, and M. Quenez, Backward stochastic differential equations in finance,
Mathematical Finance, 7(1997), 1-71.

[16] P. Kloeden and E. Platen, Numerical Solution of Stochastic Differential Equations, Springer-
Verlag, Berlin, Third Printing, 1999.

[17] O. Ladyzenskaja, O. Solonnikov, and N. Uralceva, Linear and Quasi-Linear Equations of
Parabolic Type, Translations of Math. Monographs, 23, AMS, Providence Rhode Island,
1968.

[18] Y. Li and W. Zhao, L?-error estimates for numerical schemes for solving certain kinds of
backward stochastic differential equations, Statistics and Probability Letters, 80(2010), 1612—
1617.

[19] J. Ma, P. Protter, and J. Yong, Solving forward-backward stochastic differential equations
explicitly-a four step scheme, Probability Theory and Related Fields, 98(1994), 339-359.

[20] J. Ma, J. Shen, and Y. Zhao, On Numerical approximations of forward-backward stochastic
differential equations, SIAM ]. Numer. Anal., 46(2008), 2636-2661.

[21] J. Ma and ]. Yong, Forward-Backward Stochastic Differential Equations and Their Applica-
tions, Lecture Notes in Math., 1702, Springer, 1999.

[22] J. Ma and J. Zhang, Representation theorems for backward stochastic differential equations,
The Annals of Applied Probability, 12(2002), 1390-1418.

[23] G. Milstein and M. V. Tretyakov, Numerical algorithms for forward-backward stochastic
differential equations, SIAM J. Sci. Comput., 28(2006), 561-582.

[24] G. Milstein and M. V. Tretyakov, Discretization of forward-backward stochastic differential
equations and related quasi-linear parabolic equations, IMA J. Numer. Anal., 27(2007), 24-



646 W. Zhao, W. Zhang and L. Ju / Commun. Comput. Phys., 15 (2014), pp. 618-646

44.

[25] E. Pardoux and S. Peng. Adapted solution of a backward stochastic differntial equation,
Systems and Control Letters, 14(1990), 55-61.

[26] S. Peng, Probabilistic interpretation for systems of quasilinear parabolic partial differential
equations, Stochastics and Stochastics Reports, 37(1991), 61-74.

[27] E.Pardoux, Backward stochastic differential equations and viscosity solutions of systems of
semilinear parabolic and elliptic PDEs of second order, Stochastic analysis and related topics
VI (Geilo, 1996), 79-127, Progr. Probab., 42, Birkhauser Boston, Boston, MA, 1998.

[28] S. Peng, A linear approximation algorithm using BSDE, Pacific Economic Review, 4(1999),
285-291.

[29] J. Zhang, A numerical scheme for BSDEs, The Annals of Applied Probability, 14(2004), 459-
488.

[30] J. Zhang, The wellposedness of FBSDEs, Dis. Con. Dyn. Sys. B, 6(2006), 927-940.

[31] Y. Zhang and W. Zheng, Discretizing a backward stochastic differential equation, Inter. J.
Mathematics and Mathematical Sciences, 32(2002), 103-116.

[32] W. Zhao, Y. Li and G. Zhang, A generalized 6-scheme for solving backward stochastic dif-
ferential equations, Dis. Con. Dyn. Sys. B, 17(2012), 1585-1603.

[33] W. Zhao, ]. Wang, and S. Peng, Error estimates of the §-scheme for backward Stochastic
differential equations, Dis. Con. Dyn. Sys. B, 12(2009), 905-924.

[34] W. Zhao, L. Chen, and S. Peng, A new kind of accurate numerical method for backward
stochastic differential equations, SIAM J. Sci. Comput., 28(2006), 1563-1581.

[35] W. Zhao, G. Zhang, L. Ju, A stable multistep scheme for solving backward stochastic differ-
ential equations, SIAM ]. Numer. Anal., 48(2010), 1369-1394.



