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Abstract. The interference minimum in the molecular high-order harmonic gener-
ation is studied by numerically solving the non-Born-Oppenheimer approximation
time-dependent Schrödinger equation. The results show that two kinds of interference
minima appear in the high-order harmonic spectrum when the hydrogen molecular
ion is exposed to the laser pulse. Furthermore, by adjusting wavelength of the laser as
well as initial condition of nucleus, it is found that two kinds of interference minima
are ascribed to the molecular structure and the electronic dynamics behavior induced
by the laser field, respectively. Besides, the time-frequency distributions and the elec-
tron wave packet distributions are calculated to better understand the mechanism of
the minimum.
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1 Introduction

Owing to the rapid advancement of laser technology, the dynamics of atoms or molecules
exposed to an intense laser field [1-4] has become the subject of many theoretical and ex-
perimental investigations. Many nonlinear nonperturbative phenomena, such as charge
resonance enhanced ionization (CREI) [5], above threshold ionization (ATI) [6] and high-
order harmonic generation (HHG) [7, 8] have been discovered. In the past few years,
high-order harmonic radiation has become a very active discussion in this field for the
potential to produce ultrashort pulse (XUV) and X-ray source. The HHG process can be
well understood by the semiclassical three-step model [9]: the electrons tunnel through
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the barrier formed by the Coulomb potential and the laser field, then they oscillate in the
laser field, and finally may recombine with the parent ion and emit a harmonic photon
with energy equal to the ionization potential plus the kinetic energy of the recombining
electron.

In recent years, molecular harmonic generation has been intensively investigated,
since it contains more physical information than atom. On the one hand, as there are
two or more nuclei in molecules, the returning electron experiences the two-center or
multicenter potential, which induces the interference effect on the emission process of
molecular HHG other than the atomic case. On the other hand, the molecular HHG is
sensitive to the rotational [10] and vibrational motion [11] of nuclei, which provides a
measuring means of molecular dynamics in intense laser field. For instance, Lein found
that the harmonic spectra generated from the molecules would be approximately rel-
evant to the nuclei vibrational autocorrelation function [11]. Furthermore, Feng et al.
proved that the harmonic emissions from the H+

2 and D+
2 were sensitive to the initial

vibrational state, with more intense harmonics generated in the lighter isotopes [12]. In
addition, the main discovery in aligned molecular HHG spectra was the double-slit-type
interference effect [13]. This interference effect was experimentally observed in aligned
CO2 molecules by Kanai et al. [14] and this phenomenon was theoretically achieved in
the simplest diatomic molecules H+

2 and H2 by Lein et al. [15]. Most of these studies
indicate the importance of the nuclear motion and molecular structure in molecular dy-
namics. In fact, when molecules are irradiated by intense laser fields, it can be found that
the interference effects have already appeared in many processes. To further research
the interference effect which is caused by the molecular multicenter, the time-dependent
Schrödinger equation (TDSE) is solved in this paper when a model H+

2 is exposed to
an intense pulse. Numerical results show that the minimum in the low-order region
is largely dependent on both the nuclear mass and the initial vibrational level, which
demonstrates that the minimum in the low-order region mostly derives from molecular
structure. In contrast, the minimum in the high-order region is strongly dependent on
the fundamental wavelength, which indicates that this minimum is associated with the
dynamic process caused by laser.

The rest of this paper is organized as follows. The numerical method in this work is
presented in Sec. II. The results and discussions of interference effects are presented in
Sec. III. The conclusion of our paper is given in Sec. IV. Atomic units are used throughout
this paper unless stated otherwise.

2 Theoretical method

In this paper, the theoretical calculation adopts the one dimensional model that elec-
tron and two nuclei were fixed in a straight line. The HHG can be studied by nu-
merically solving the non-Born-Oppenheimer approximation (NBOA) time-dependent
Schrödinger equation via the parallel quantum wave-packet computer code LZH-DICP
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[16-18]. In the dipole approximation and the length gauge, the TDSE for a molecule of
H+

2 can be described as:

i
∂Ψ(R,z,t)

∂t
= Ĥ(R,z,t)Ψ(R,z,t)= [TR+Te+VC(R,z)+VI(z,t)]Ψ(R,z,t). (1)

Among them, R is internuclear distance, and z is the electron coordinate (with respect

to the nuclear center of mass). TR =− 1
mp

∂2

∂R2 and Te =− 2mp+1
4mp

∂2

∂z2 denote the nuclear and

the electronic kinetic-energy operator respectively, where mp is the proton mass. Vc is the
Coulomb potential of molecule H+

2 , which can be written as:

Vc(R,z)=
1

R
− 1

√

(z−R/2)2+1
− 1

√

(z+R/2)2+1
. (2)

The external interaction VI between the laser field and molecule reads:

VI(z,t)=−
(

1+
1

2mp+1

)

zE(t). (3)

The electric field of the driving laser is given by:

E(t)=E0 f (t)cos(ωt) (4)

where ω and E0 are the frequency of the fundamental laser pulses and the peak ampli-
tudes, respectively. In the calculation, a function of the Gauss envelope is adopted:

f (t)= e−4ln(2)t2/τ2
(5)

where is full width of half-maximum.
The initial wave packet can be constructed by diagonalizing the field-free Hamilto-

nian. The time-dependent wave function is advanced using the standard second-order
split-operator method [19-21]:

Ψ(R,z;t+δt)= e−iTδt/2e−iVδte−iTδt/2
Ψ(R,z;t)+O(δt3), (6)

where T̂ is the kinetic energy operator and V is the interaction potential taking all the
potential energy of the system plus a purely imaginary term to produce an absorbing
boundary.

According to the Ehrenfest theorem [22], the time-dependent dipole acceleration can
be calculated:

dA(t)= 〈Ψ(R,z,t)|− ∂Vc

∂z
+E(t)|Ψ(R,z,t)〉. (7)

The harmonic spectra are based on Fourier transforming the time-dependent dipole ac-
celeration:

PA(ω)=

∣

∣

∣

∣

1√
2π

∫ t

0
dA(t)e

−iωtdt

∣

∣

∣

∣

2

. (8)
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Figure 1: (a) and (b) are the sketch of laser field (1000 nm, 5 fs, 9.5×1014W/cm2) and the corresponding
HHG spectrum of H+

2 , respectively.

To study the detailed spectral and temporal structures of HHG, the time-frequency anal-
ysis is performed by means of the wavelet transform [23]:

dω(t)=
∫

dA(t
′)
√

ωW[ω(t′−t)]dt′ . (9)

The mother wavelet is given by the Morlet wavelet [24]:

W(x)=
1√
τ

eix exp

(−x2

2τ2

)

. (10)

3 Results and discussion

In Fig. 1, the laser field (5 fs, 1000 nm, 9.5×1014W/cm2) and the corresponding harmonic
spectrum of H+

2 with initial vibrational state equal to zero (v = 0) are presented, respec-
tively. As shown in Fig. 1(b), the harmonic spectrum of H+

2 exhibits a plateau following
the quick decrease for harmonics lower than the 150th order and a sharp cutoff at about
the 260th order. In addition, from the figure it can be clearly seen that two minima exist
in the low-order region and the high-order region (marked by the arrow), respectively.
Compared the harmonic spectrum in Fig. 1(b) with the atomic harmonic spectra, the
principal difference between them is that the former appears the destructive interference
in the plateau. Because the dynamics of the HHG for the molecular systems are much
more complex than that for the atomic systems, it can be inferred that the minima may
well originate from molecular structure or be caused by other factors.
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Figure 2: (a) The HHG spectra of H+
2 taken at the wavelengths of 800 nm (black line), 900 nm (red line), 1000

nm (blue line), 1100 nm (magenta line), 1200 nm (cyan line), respectively, from top to bottom. (b) The HHG
spectra of H+

2 (black curve), D+
2 (red curve) and HD+ (blue curve) under the 1000 nm laser pulse, respectively.

(c) The HHG spectra from the different initial vibrational states of the H+
2 (v = 0, 1, 3 and 5) under the 1000

nm laser pulse. The harmonic intensities have been multiplied by factors of 1, 10−3, 10−6, and so on from top
to bottom for the purpose of clarity. In all above cases, the duration of the laser pulse is 5 fs, and the peak
intensity of the pulse is 9.5×1014W/cm2.

To clarify the mechanism of the interference minima, the different harmonic spectra
from H+

2 are calculated by changing the wavelength of driving laser pulse in a few-cycle
laser pulse with duration of 5 fs and peak intensity of 9.5×1014W/cm2. The calculated
harmonic spectra with the wavelengths of 800 nm, 900 nm, 1000 nm, 1100 nm, 1200 nm
are displayed in Fig. 2(a). One can find that there is still the destructive interference in
the plateau except for 800 nm. Clearly, the location of the interference minimum (marked
by the straight line) in the low-order region almost keeps invariant, but the position of
minimum (marked by the dotted line) in the high-order region is observably changed,
with the changing of driving laser wavelength. Then it can be considered that there may
be different physical mechanism between the two kinds of minima.

Previous research [25] has already proved that the process of HHG can be impacted
obviously by the nuclear motion and nuclear mass, which are maybe the key factors
of the interference minimum mentioned above. So the mechanism of the minimum is
investigated by adjusting the initial condition of nucleus in the following work. The
HHG spectra of H+

2 and its isotopic variant D+
2 /HD+ at v = 0 are shown in Fig. 2(b) in

the case of the 1000 nm laser field. It is clear that the spectra of H+
2 and D+

2 /HD+ share
the same features: the first few harmonics present a fast decreases, then followed by
the first plateau, finally they cut off through the second plateau where all the harmonics
have the same strength. Moreover, the spectra of D+

2 /HD+ also present the destructive
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interference in the first plateau. However, the distinct difference also exists among the
three cases. The interference minima (marked by the arrow) are located around the 85th,
110th and 100th for H+

2 , D+
2 and HD+ respectively. Compared the harmonic spectra in

Fig. 2(a) with those in Fig. 2(b), the position of the minimum in the low-order region is
more sensitive to the nuclear mass than the wavelength of the laser, which implies that
such a minimum is probably caused by the structure of molecules themselves rather than
by the electronic dynamics behavior induced by the laser field.

In order to give a deeper insight into the mechanism of the interference minimum
mentioned above, the effect of the initial vibrational level on the interference minimum
for the H+

2 with the same laser parameters as Fig. 1 is investigated. The HHG spectra of
H+

2 at different initial vibrationl levels (v = 0, 1, 3 and 5) are provided in Fig. 2(c). One can
clearly see that a remarkable interference minimum around the 85th order appears in the
harmonic spectrum of H+

2 at v = 0, while there is no very conspicuous dip at about the
85th in the harmonic spectra of H+

2 at v = 1, v = 3, v = 5, respectively. Obviously, with the
increase of initial vibrational level, the interference minimum weakens distinctly around
the 85th in the low-order region. As far as we know, the internuclear separation tends to
increase with the increase of the initial vibrational level. And then it opens and enlight-
ens us that the increase of the internuclear separation may be a key factor to affect the
interference minimum. Like the description in the Fig. 5 in Ref. [15], for lower harmonic
orders, the minimum structure at higher internuclear separation becomes irregular and
relatively flat. A possible reason is that HHG at lower orders is complicated by transi-
tions from continuum states into excited states [15]. Accordingly, it is reasonable that
the increase of initial vibrational state is responsible for the weakening of interference
minimum in the low-order region in Fig. 2(c). That is to say, for lower harmonic orders,
the interference minimum is sensitive to the internuclear separation. Hence, it is further
demonstrated that the interference minimum in the low-order region is ascribed to the
molecular structure.

In the following part, it is worthy to notice the interference minimum in the high-
order region. The temporal profiles of the 900nm and the 1200nm laser fields are pre-
sented in Figs. 3(a) and (c) respectively, and the quantum time-frequency analyses in
both cases are adopted to investigate the related physical mechanism. The corresponding
results are presented in Figs. 3(b) and 3(d). One can obviously see that there are two main
photon-energy peaks, marked as P1 and P2 for the two cases, respectively. The two peaks
indicate the maximum emitted energy of the returning electrons, as well as their recom-
bination times in each half-cycle emission. At the same time, the cancellations around
the 85th order marked by the white arrow in Figs. 3(b) and (d) are also observed clearly,
which is well according with the interference minima in the low-order region shown in
Fig. 2(a). However, it is important to note that the considerable suppression of harmonic
emission occurred around time t = 0.1 optical cycle (o.c.) (marked by the red arrow) is
significantly shown in Fig. 3(d) for the 1200 nm case as compared with that shown in Fig.
3(b) for the 900 nm case. This result agrees well with the interference minimum in the
high-order region in Fig. 2(a), in which it can be found that the interference minimum
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Figure 3: (a) and (b) The profile of the laser field and the corresponding time-frequency distribution in the case
of 900 nm pulse. (c) and (d) The results in the case of 1200 nm pulse. The other parameters are identical to
those in Fig. 1.

significantly appears in the high-order region for the case of 1200 nm instead of 900 nm.

To obtain clear insight, the time-dependent electronic probability density distribu-
tions are presented in Figs. 4(a), (b), (c) and (d), respectively. In all above cases, the
electronic density distributions are practically similar. It can be obviously seen that the
electronic wave packets periodically scatter between the two nuclei during interacting
with the intense laser pulse. It can be obviously seen that the electronic wave packets pe-
riodically scatter between the two nuclei during interacting with the intense laser pulse.
Nevertheless, some apparent differences can be still observed. For instance, at about t
= 0.1 o.c. (marked by the arrow), the population of electrons shown in Figs. 4(b), 4(c)
and 4(d) for the cases of 1000 nm, 1100nm and 1200nm laser pulses is more than that
shown in Fig. 4(a) for the case of 900 nm laser pulse. In the following discussion, the
cases of 900 nm and 1200 nm laser pulses are compared and the corresponding physical
mechanism is further investigated. Based on the former research [26], it can be learned
that the electron wave packet distribution is strongly dependent on the changes of com-
bined Coulomb and laser field potential when the molecule is exposed to an intense laser
field. As almost identical strength of external electric field around t = 0.1 o.c. shown in
Figs. 3(a) and (c) for the 900nm and 1200 nm cases, the potential wells in both cases at
this time are nearly same with each other, meaning that the effect of combined Coulomb
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Figure 4: (a)-(d) The time-dependent electron density distributions for the 900 nm, the 1000 nm, the 1100 nm,
and the 1200 nm laser fields, respectively. The time evolution of the nuclear probability densities of H+

2 for the
900 nm (e) and the 1200 nm (f) laser fields. The other parameters are the same as those in Fig. 1.

and laser field potential on the electron wave packet distribution can be omitted. Then,
one can be deduced that the difference of the population of electrons (around t = 0.1 o.c.)
between the above two cases may be decided by the numbers of the ionized electrons.
It is well known that the ionization process for the molecular ion in intense laser pulse
can be affected by the electric field strength and the internuclear separation. To study the
ionization processes of the two cases, the nuclear wave packets of H+

2 for the 900 nm and
the 1200 nm cases are displayed in Figs. 4(e) and 4(f), respectively. It can be obviously
seen that the wave packets in both cases extend to the nearly same internuclear distance
during interacting with the intense laser field. Therefore, the effects of the electric field
strength and the internuclear separation on the ionization process around t = 0.1 o.c. can
be neglected. Accordingly, it can be considered that the difference of ionization process
between the two cases may be caused by other factors. Then, it can understand that there
may be collisions between the recollision electrons and the bound electrons in critical sit-
uation (i.e., the bound electrons will be ionized) at about t = 0.1 o.c. for the 1200 nm case,
so it is difficult for the bound electrons to be ionized, resulting in more electrons located
around the nucleus under this condition. According to the three-step model [9], the in-
terference effects occur in the recombination process of HHG, so the direction of velocity
of returning electron may play a significant role in the interference process. And for all
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we know, the considerable suppression of harmonic emission occurs at times when the
continuum electron and bound electron have opposite average velocities [27]. As a con-
sequence, it is reasonable that there is a conspicuous cancellation of trajectory (returning
around t = 0.1 o.c.) in the high-order region in the 1200 nm case as shown in Fig. 3(d).
That is to say, the suppression of harmonic emission strongly correlates with the direction
of velocity of returning electron for the cases of 1000 nm, 1100 nm and 1200 nm. Based on
the discussion above mentioned, the suppression of harmonic emission in the high-order
region for the 1000 nm, 1100 nm and 1200 nm cases occurs at nearly the same optical
cycle (around t = 0.1 o.c.). However, with the increase of laser wavelength, the returning
electrons gain more energy from the laser field due to the long traveling time of elec-
trons in the continuum, thus the corresponding position of the cancellation of trajectory
(returning around t = 0.1 o.c.) will increases to the higher harmonic. Hence, it is reason-
able that the position of the interference minimum in the high-order region is observably
changed for the conditions of different wavelengths as shown in Fig. 2(a). That is to say,
the position of minimum in the high-order region is sensitive to the wavelength of the
laser. As a result, taken these factors into consideration, it indicates that the interference
minimum in the high-order region is due to the electronic dynamics behavior induced by
the laser field.

4 Conclusion

In conclusion, the interference minima in the HHG have been theoretically investigated
when the H+

2 is exposed to an intense pulse. By numerically solving the non-Born-
Oppenheimer approximation time-dependent Schrödinger equation, the high-order har-
monic spectra under the different conditions can be obtained, and the interference effects
in the emission process of HHG are deeply studied. As a result, with the laser wave-
length changing, the location of the interference minimum in the low-order region keeps
invariant. Furthermore, the isotopes of H+

2 and the initial vibrational state play impor-
tant roles in modulating the interference minimum. On the one hand, with the nuclear
mass varying, the position of minimum in the low-order region also changes. On the
other hand, with the increase of initial vibrational level, the interference minimum in the
low-order region weakens apparently for the H+

2 . It demonstrates that this minimum is
due to the molecular structure. In contrast, as the result of the cancellation of returning
trajectory due to the collisions between the recollision electrons and the bound electrons,
the interference minimum appears in the high-order region and the position of minimum
is sensitive to the wavelength of the laser. It indicates that the minimum in the high-order
region is due to the electronic dynamics behavior induced by the laser field.
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