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Abstract. We consider a mathematical model which describes the static frictional
contact between a piezoelectric body and a conductive foundation. A non linear
electro-elastic constitutive law is used to model the piezoelectric material. The uni-
lateral contact is modelled using the Signorini condition, nonlocal Coulomb friction
law with slip dependent friction coefficient and a regularized electrical conductiv-
ity condition. Existence and uniqueness of a weak solution is established. A finite
elements approximation of the problem is presented, a priori error estimates of the
solutions are derived and a convergent successive iteration technique is proposed.
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1 Introduction

The piezoelectric effect has important uses in modern engineering because it expresses
the relation between the electrical and mechanical fields. The effect known as piezo-
electricity was discovered by brothers Pierre and Jacques Curie in 1880. They found
out when a mechanical stress was applied on some crystals, electrical charges ap-
peared and conversely, the production of stress or strain when an electric field is ap-
plied. The piezoelectric materials can be divided in two main groups : crystals and
ceramics. The most well-known piezoelectric material is quartz SiO2, also ceramics
(BaTiO3, KNbO3, LiNbO3, etc.). General models for elastic materials with piezoelec-
tric effects can be found in [16-18,22,23] and, more recently, in [4,10,21].

Currently, there is a considerable interest in the study of contact problems involv-
ing piezoelectric materials. Thus, static frictional contact problems for electro-elastic
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materials were studied in [2,5,13,14,20], under the assumption that the foundation is
insulated, and in [15] under the assumption that the foundation is electrically conduc-
tive. Exemple of quasistatic contact model in which the foundation is supposed to be
conductive was investigated in [3,12].

In this paper we investigate a mathematical model which describes the static fric-
tional contact between a piezoelectric body and a foundation. The body is supposed
to be electro-elastic, with a non-linear elasticity operator. Unlike the models consid-
ered in [14,15,20], in the present paper we assume that the contact is modelled using
the Signorini condition, nonlocal Coulomb friction law with slip dependent friction
coefficient and a regularized electrical conductivity condition, taking into account the
conductivity of the foundation as in [12], which involve a coupling between the me-
chanical and the electrical unknowns. This situation leads to a variational problem
which is in form of a coupled system of quasi-variational inequality and non-linear
variational equation. To our knowledge, this model has not been studied yet and no
result has been obtained for this type problem. We establish the existence and unique-
ness of weak solution to this model. Inspired from [8,11], we define the finite elements
approximation of the problem and derive the error estimates on the solutions. Then,
we introduce an iterative method to solve the nonlinear contact problem, which con-
verges under certain assumptions. An important continuation of this paper consists
in the numerical analysis of the model, including numerical simulations will be pre-
sented in a forthcoming work.

The paper is structured as follows. In Section 2 we present the model of equilib-
rium process of the elastic piezoelectric body in frictional contact with a conductive
foundation. In Section 3 we introduce the functional spaces for various quantities, list
the assumptions on given data and derive the weak formulation of the problem. Then,
in Section 4 we state and prove our main existence and uniqueness result, Theorem
4.1. The proofs of these theorems are carried out in several steps and are based on
an abstract result in the study of elliptic variational inequalities and Schauder fixed
point technique. Finally, in Section 5 we study the finite element approximation of the
variational formulation of problems. We prove C'ea’s type inequalities, from which
we can conclude the convergence of the finite element method and derive order error
estimates under appropriate regularity assumptions on the solution. We introduce an
iterative method to solve the resulting finite element system, which converges under
certain assumptions.

2 Problem statement

Let
QcRY, d=2,3,

be the reference domain occupied by the electro-elastic body which is supposed to be
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open, bounded, with a sufficiently regular boundary 0Q2 = I'. In the sequel we decom-
pose I' into three open disjoint parts I';, I'; and I's, on the one hand, and a partition of
I'1 UT;, into two open parts I'; and Iy, on the other hand, such that meas(I'1) > 0 and
meas(T';) > 0. We assume that the body is fixed on I'1 where the displacement field
vanishes. The body is acted upon by a volume force of density fy and volume electric
charges of density o on () and a surface traction of density f, on I';. We also assume
that the electrical potential vanishes on I'; and a surface electric charge of density g
is prescribed on I'y,. On I's the body is in unilateral contact with friction with a con-
ductive obstacle, the so-called foundation. we model the contact with the Signorini
condition and friction. The indices i, j, k, | run between 1 and d. The summation
convention over repeated indices is adopted and the index that follows a comma indi-
cates a partial derivative with respect to the corresponding component of the spatial
variable, e.g.,

Ujj = aui/ax]-.
Everywhere below we use $ to denote the space of second order symmetric tensors
on R while ” - ” and || - || will represent the inner product and the Euclidean norm on

RY and $¢, thatis Vu,v € R?, Vo, T € $4,
U-v=1u; v HvH:(v-v)%, and o7 =0T, ||T||:(T‘T)%.

We shall adopt the usual notations for normal and tangential components of displace-
ment vector and stress,

Oy =0"-7, Or =0—0yV,

o, = (ov) v, Or = 0V — Oy V.

Here and below v denote the outward normal vector on I'. Moreover, we denote by

81']'(1/1) = %(ui,]‘ + Ll]',z'), Divo = (Ui]',]'), and divD = (D],]),
the small strain tensor, Div and div the divergence operator for tensor and vector
valued functions, respectively.

Under these conditions the classical formulation of the mechanical problem is as
follows:

Problem P. Find a displacement field u : Q) — RY, a stress field o : QO — 8¢, an electric
potentiel ¢ : QO — R, and an electric displacement field D : Q) — RY, such that

oc=3Fe(u) — E'E(p), in Q, (2.1)
D = Ee(u) + BE(9), in O, (2.2)
Divo + fo = 0, in Q, (2.3)
div D = g, in O, (2.4)
u=20, onlIy, (2.5)
ov = fo, on I, (2.6)
oy(u) <0, u, <0, oy(u)uy, =0, onTj3, (2.7)
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lo|| < p(llucl))|Rov(u)l, on T3, (2.8a)
o[l < p([Jucl])|Rov(u)| = ur =0, on T3, (2.8b)
Ur
H0M=:—uwuwHRwOﬂwu‘Véur#O, on I3, (2.80)
¢ =0, onT,, (2.9)
D-v =g, only, (2.10)
D-v=y(u,)pL(p — ¢o), on I, (2.11)

Here and below, in order to simplify the notation, we do not indicate explicitly the
dependence of various functions on the spatial variable x€Q). Egs. (2.1) and (2.2) rep-
resent the electro-elastic constitutive law of the material, in which § is a given nonlin-
ear function, E(¢)=—V ¢ is the electric field, £ represents the third order piezoelectric
tensor, £* is its transpose and B denote the electric permittivity tensor. Egs. (2.3) and
(2.4) represent the equilibrium equations for the stress and electric displacement fields,
respectively. Relations (2.5) and (2.6) are the displacement and traction boundary con-
ditions, respectively, and (2.9), (2.10) represent the electric boundary conditions. The
unilateral boundary conditions (2.7) represent the Signorini law and (2.8) represent the
Coulomb’s friction law in which y is the coefficient of friction and R is a regularization
operator. Finally, (2.11) represent the regularization electrical contact condition on T'3,
which was considered in [12], where ¢y, is the truncation function

_L/ lf s < —L,
prL(s) = s, if —L<s<IL,
L, if s>1L,

here L is a large positive constant.
In next section we derive the variational formulation of the problem P.

3 Weak formulation

In this section we introduce the notation and recall some definitions needed in the
sequel, we introduce the following functional spaces

H= Lz(Q)d, H={t=(5j); uj=T1i € LZ(Q)},
H = HY(Q)Y, Hy={c€H; Divec H}.

These are real Hilbert spaces endowed with the inner products
(u,0)y = / u;jv; dx, (0, ) = / 03 Tij dx,
0 0
(w,0)m, = (4, 0)m + (e(u),€(v)),, (0,7T)p, = (0, 7T)3 + (Div o, Div T)y,

and the associated norms || - ||g, || - |#, || - ||y, and || - ||7,, respectively.
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Let Hr = HY 2(Iﬂ)‘;l, and let v : Hy — Hr be the trace map. For every element
v € Hy, we also use the notation v to denote the trace yv of v on T.

Let H’r be the dual of Hr and let (-, -) denote the duality pairing between H’r and
Hr. For every ¢ € Hj, ov can be defined as the element in le which satisfies

(ov,7v) = (0,¢(v)),, + (Dive,v)g, Vo € H. (3.1)

Moreover, if ¢ is continuously differentiable on O, then

(ov,yv) = /rm/-vda, (3.2)

forall v € Hj, where da is the surface measure element. Keeping in mind the boundary
condition (2.5), we introduce the closed subspace of H; defined by

V={veH; v=0, on I},
and K be the set of admissible displacements
K={veV; v,<0, on T3}.
Since meas(I'1) > 0 and Korn's inequality (see [19]) holds,
le(@)llse > cilioll, Vo e, 33)

where ¢ > 0 is a constant which depends only on () and I';. Over the space V we
consider the inner product given by

1

(w,0)y = (e(u),e(v))y,  Nullv = (u,u)j, (34)
and let || - ||y be the associated norm. It follows from Korn’s inequality (3.3) that the
norms || - [|g,and || - [|v are equivalent on V. Therefore (V, || - ||v) is a Hilbert space.

Moreover, by the Sobolev trace theorem, (3.3) and (3.4), there exists a constant ¢g > 0
which only depends on the domain (), I'; and I'; such that

9]l 2y < collvllv,  YoeV. (3.5)
We also introduce the spaces

W={peH(Q)/yp=0 on I,},
W= {D = (D;) € H(Q)/(D;) € L*(Q)), divD € L*(Q)}.

The spaces W and )V are reel Hilbert spaces with the inner products

(@, P)w = (@, )1 ()
(D, E)W = (D, E)Lz(Q)d + (dIV D, div E)Lz(Q).
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The associated norms will be denoted by || - ||w and || - ||)y, respectively. Notice also
that, since meas(I';) > 0, the following Friedrichs-Poincar inequality holds

IVéllw > cellgllw, Vo eW, (3.6)

where cr > 01is a constant which depends only on () and I';. Moreover, by the Sobolev
trace theorem, there exists a constant c;, depending only on (), I'; and I's, such that

1€ll2(ry) < allgllw, VG e W. (3.7)

When D € W is a sufficiently regular function, the following Green’s type formula
holds,

(D, VE) 12yt + (div D, &) ) = /r D.-veda, Ve H(Q). (3.8)

Recall also that the transposite £* is given by
& = (ejj), where e = ey, (3.9a)
Eov=0E, Voe$? veR (3.9b)

In the study of mechanical problem (2.1)-(2.11), we assume that the elasticity operator
§ satisfy the following conditions :

(a) F:Ox8 — 9
(b) There exists Mz > 0, such that

13(x,¢1) = 3(x, &)l < Msll&1 — &, V&1,82 €97, ae xeQ,
(c) There exists mgz > 0, such that

(3(x,81) — §(x,82)) (81 — &2) > mz||&1 — &a|%,

V¢1,60 € 1 ae xeQ,
(d) The mapping x — F(x, () is Lebesgue measurable on Q), V¢ € g,
(e) The mapping x — F(x,0) belongs to H.

(3.10)

We note that the condition (3.10) is satisfied in the case of the linear electro-elastic
constitutive law , o = Fe(u) — E*E(¢), in which

§¢ = (fimln),
provided that f;j; € L*(Q)), and there exists a > 0, such that
fi(X)&& > al|E]?,  VEeS$!, ae xeQ.

Exemple of nonlinear operator § which satisfy condition (3.10) can be found in [20].
The piezoelectric tensor £ and the electric permittivity tensor  satisfy

€= (ep) : Ax 8 = RY, (3.11a)
Cijk = Cikj S LOO(Q) (311b)
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(a) B=(Bij): QxR — R,
(c) there exists mg > 0, such that ;;E;E; > mg||E|]?, '
VEER?, ae x€cQ.

The surface electrical conductivity function ¢ satisfies

(@) ¢:T3xR— Ry,

(b) there exists Ly > 0, such that
|p(x,u1) —p(x,uz)| < Lylug —uz|, VYu,up €R, ae xeTj3,

(c) there exists My > 0, such that (3.13)
lY(x,u)] <My, VueR, ae xelj3,

(d) x — y(x,u)is mesurable on I3, forallu € R,

() x—y(x,u)=0, forallu <0.

The coefficient of friction satisfies

(@) u:T3 xRy — Ry,
(b) there exists L, > 0, such that
(., u) —u(,v)| <Lyju—v|, Yu,o € Ry, ae. x €T3, (3.14)
(¢) 3u* >0, suchthat u(x,u) < u*, Yu e Ry, ae xelj,
(d) the function x — p(x,u) is measurable on I's, for all u € R+

We assume that the body forces, the tractions, the volume and surface charge densities
satisfy

foe L(Q),  freLX(T3), (3.15a)
q0 € L*(QY), g2 € L*(Ty). (3.15b)

Also, the given potential is such that
@0 € L2(T3). (3.16)

Next, we use Riesz’s representation theorem, consider the elements f € V,and g € W
given by

(f,0)y = /Qfo~vdx+/r2f2-vda, Yoev, (3.17a)

(9,8)w = /qué‘dx - /rb q2¢da, VEeW, (3.17b)

and we define the mappingsj: VxV — R,and ¢/ : V x W x W — R, respectively, by
lu,¢,8) = /1_3 Y(uy)pL(p — @o)ida, YueV, Vo, €W, (3.18a)

j(u,v):/r w(lwell) |Rov ()| 0= da, Va0 € V. (3.18b)
3
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Keeping in mind assumptions (3.13)-(3.16), it follows that the integrals in (3.17a)-
(3.18b) are well-defined. Finally, we assume that R: HIQS—>L°°(F3), is a linear and con-
tinuous mapping (see [24]). Using Grenn’s formula (3.1), (3.2) and (3.8), it is straight-
forward to see thatif (1, o, ¢, D) are sufficiently regular function, which satisfy (2.3)-
(2.11) then

(0,e(v) —e(u)),, +j(u,0) = j(u,u) > (f,o—u)y, Vvek, (3.19a)
(D, Vg)LZ(Q)d =L, 9,6) — (9,5)w, Vg eW. (3.19b)

We plug (2.1) in (3.19a), (2.2) in (3.19b), and use the notation E=—V ¢ to obtain the
following variational formulation of Problem P, in the terms of displacement field and
electric potential.

Problem PV. Find a displacement field u € K, and an electric potential ¢ € W, such that

(Be(u), e(v) —e(u))y, + (7Y, e(v) = e(u)) 20 +(u,0) —j(u,u)

>(f,v—u)y, VveK, (3.20a)
(BV 9, V) 12y — (Ee(u), VE) 2y + (1, 9,7)
=(9,5)w, VC cW. (3.20b)

4 Existence and uniqueness

The main existence and uniqueness result, which we establish in this section, is the
following.

Theorem 4.1. Assume that (3.10)-(3.12), (3.13)[(a), (c), (d), (e)], (3.14)[(a), (¢), (d)] and
(3.16) hold. Then :

(1) The problem PV has at least one solution (u, ) € K x W;

(2) Under the assumptions (3.13)(b) and (3.14)(b), there exists L*> 0, such that if L, +
u* + LyL + My < L*, then the problem PV has a unique solution.

The proof of Theorem 4.1 will be carried out in several steps. To present it, we
consider the product spaces X = V x W, and Y = L?(I'3) x L?(T3), together with the
inner products

(v y)x = (wo)v + (9, )w, Vi=(u,9), y= (v €X, (4l
(1,0)y = (& M2y + (2 Dy, Vn=1(g2), 0=WN0€Y, (42

and the associated norms || - || x and [| - ||y, respectively. Let U = K x W be non-empty
closed convex subset of X. We define the operator A : U — X, the functions j, £ on
U x X, and the element f3 € X by equalities :

(Ax,9)x = (§(), €(0)) 5 + (BY 9, VE) 12iens + (E°V9,6(0)) 1o
—(Ee(), V)2, Yr=(1,9), y= (& U, @3
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jxy) =j(wo), vi=(u¢), y= (v eX, (44
Wry)= [ 9w)plo—go)idy, Ve=(ug), y=@OEX, 45
fs=(fq9) €X (4.6)

We start the following equivalence result

Lemma 4.1. The couple x = (u, @) is a solution to problem PV if and only if

(Av,y —0)x +](6y) =6 x) +1(xy —2) = (fay —0)x, (47)
forally = (v,§) € Kx W.

Proof. Let x = (u, ¢) € U be a solution to problem PV and lety = (v,¢{) € U. We
use the test function ¢ — ¢ in (3.20b), add the corresponding inequality to (3.20a) and
use (4.1) and (4.3)-(4.6) to obtain (4.7). Conversely, let x = (u, ¢) € U be a solution
to the elliptic variational inequalities (4.7). We take y = (v, ¢) in (4.7), where v is an
arbitrary element of K and obtain (3.20a). Then for any ¢ € W, we take successively
y=(v,¢+¢),andy = (v,¢ — ¢) in (4.7) to obtain (3.20b), which concludes the proof
of lemma 4.1. O

We define two closed convex set

K1 = {geL*(I3)/g 20, and |gllizr,) <k},
K= {ze€ LZ(FB)/HZHU(Q) <k},

with k1 and k3 to be specified, and we define the functions
&@:/zwm VEew, 4.8)
I3
k@:ﬁgwmm o € K. 4.9)
3

Let = (g,z) € L*(T3) x L?(T'3) be given and consider g3 such that

(93, &)w = (9, )w — £=(8), (4.10)

for all ¢ € W, and note that (3.17b) and (4.8) imply that g3 € W. We consider the
element f, € X given by

fo=(f,33) € X. (4.11)
We extend the functional j, defined by (4.9) to a functional ]Z, defined on U, that is
];(x) =je(u), Vx=(u,¢)ecl, (4.12)
and consider the following intermediate problem
(Axy,y —xp)x +Js(v) —ig(xy) > (fry —x)x, Yy = (v,¢) € U (4.13)

We have the following existence and uniqueness result.
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Lemma 4.2. Forany n € K1 x Ky, assume that (3.10)-(3.12) hold. Then

(i) The problem (4.13) has a unique solution x,=(uy, ¢,) €K x W, which depends Lips-
chitz continuously on 1 € L2(T3) x L?(T3),

(ii) There exists a constant c; > 0, such that the solution of problem (4.13) satisfies

lypl1x < call fyllx- (4.14)

Proof. The proof of lemma 4.2 is based on the following abstract result for elliptic
variational inequalities (see [6]).

Theorem 4.2. Let X be a Hilbert space, and U C X be a nonempty, convex and closed subset.
Assume that A : U — X is a strongly monotone and Lipschitz continuous operator on X, i.e.,

Im >0, (Au— Av,u—0)x >m|u—o|%,
dM >0, ||Au— Av|lx < Mllu—o|x,

and that j : U — (—oo, 00| is a proper, convex and lower semicontinuous function. Then, for
each f € X, the elliptic variational inequality of the second kind, Vx € U,

(Axy —x)x +jly) —j(x) =2 (fy—x)x,  Vyel,
has a unique solution.

Let the operator A and the functional ]z, given by (4.3) and (4.12), respectively. In
order to use this abstract result, we prove that
(a) The operator A : X — X is strongly monotone and Lipschitz continuous,
(b) The functional j, is proper, convex and continuous.
First, consider two elements x1 = (u1, ¢1), X2 = (U, ¢2) € X, using (4.3), we have
(Axy; — Axp, x1 — X2)x
= (Se(u1) — Fe(ua), (1) — e(ua)) 5, + (BV 1 = BV 92, Vo1 = V2) 12
+ (EVo1 —E*V i, e(uq) — 8(“2))L2(Q)d — (Ee(ur) — Ee(u), Ve — Vgoz)Lz(Q)d,

and since if follows by (3.9a) that (£*V¢,e(u)),, = (Es(u),V<p)L2(Q)d, for all x =
(u, ), we find

(Ax1 — AXZ, X1 — XQ)X
:(38(”1) — Je(ua), e(ur) — 8(”2))H + (,3qu1 — BV, V1 — V(PZ)LZ(Q)d'

We use now (3.10), (3.12) and (3.6), there exists c3 > 0, which depends only on §, 8, (2
and I',, such that

(Axy — Axp, x1 — x2)x > e3(|lun — w23 + o1 — @213)),
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and keeping in mind (4.1), we obtain
(Ax1 — AJC2, X1 — xz)X > C3||X1 — XZH%(. (415)

In the same way, using (3.10)-(3.12), after some algebra, it follows that there exists
c4 > 0, which depends only on §, B and &, such that

(Ax1 — sz, y)X
<cy([Jur — wa|lv[|ollv + 91 — @2llwllollv + lur — u2|lvIEllw + [l91 — @2llwl&llw),

forally = (v,&) € X. We use (4.1) and the previous inequality to obtain
(Axy — Axg, y)x < 4ey(flv — xal[x [lyllx), Yy e X,
and taking y = Ax; — Ax; € X, we find
|Ax1 — Axa||x < 4cal|x1 — x2]x, (4.16)

(a) is now a consequence of inequalities (4.15) and (4.16). Next, we investigate the
properties of the functional j, given by (4.12), (4.9). We first remark that j, is proper
and convex on U. Let x1 = (u1, ¢1), x2 = (up, ¢2) € U, we have

sten) =)l = | | sClurell = uarlda

S/ g||”1r — Upc||da
I3
<[Igllr2(rs) llur — w2l 2(ry)-

Using (3.5), we obtain

g (1) = g (x2)| < co llgllizqry) N —ollv.

Now, by (4.1), we find that

s (x1) = jg(x2)| < co llgllizry) llx1 — x2lx-

Thus ]E, is Lipschitz continuous, and therefore, ]Z, is a fortiori lower semicontinuous
function.

Using (a), (b) and abstract results of Theorem 4.2, we obtain that problem (4.13) has
a unique solution. We show next that this solution depends Lipschitz continuously on
n€L?(T3) x L*(T3). Let ;1=(g1,21), 12=(82,z2) €L*(T3) x L?(I3) be given, and denote
the corresponding solution of the problem (4.13) by x;, = (uy,, ¢y, ), and x,,=(uy,, ¢y, )-
Then we have

(Ax,h,y - xm)X +];<y) _]Z<x771) > (fmr]/_ xm)Xr vy e U,
(AxWZIy - x’?z)X +jgz(y) _jgz(xﬁz) > (fﬂz/y - xﬂz)X/ Vy c u.
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We take y = xy, in the first inequality, and y = x,;, in the second inequality, succes-
sively, we obtain

(A.Xyll - Ax,lz, X,h - xﬁz)
< [ (&1 = g2)ltnell = lnyeel) da+ [ (21 =22) (g, = )
3 3

<llg1 — gZHLZ(F3)””f71T - ”172THL2(F3)d + ||z1 — ZZHLZ(F3) Hq’m - 90172HL2(F3)-
Thus, using (3.5) and (3.7), we deduce
(A.Xyll —_ AX,IZ, X,h - xﬁz)X
<collg1 — gall2(ry) g — un,llv + c1llzr — zall 20 | — o llw,
and using (4.1), (4.15), and (4.2)

0y, — 2 lx < 2242AY /2| (g1,21) — (82,22) l12(ry xa(ra)-
thus there exists a positive constant c5 = V2 2max(co, ¢1)/c3, such that

2y, — 2 lx < sl — m2ll 2y x12(rs) (4.17)

whence (i) follows. We turn now to the proof of (ii). Let n=(g,z) €K1 x K, we take
y = 0 in the inequality (4.13), we have

(Axy, xy)x + g (xy) < (i Xy)x, Vx, € X.
As g > 0, we obtain
(Axy, xy)x < (fiy, Xyp) % Vx, € X,
using (4.15), we deduce

1
Iy lx < Il

and the lamma is proved. O]
We now consider the operator A : L2(T'3) x L2(T'3) — L2(T3) x L2(T3), such that
forall 4 € L2(T3) x L?(T'3), we have
Aip = (ulluyelD) IRy (y) |, (g )Pr(@y — o)), Vi € L2(T3) x L*(T3),

it follows from assumptions (3.13)-(3.14) that the operator A is well-defined. In order
to prove that A has a fixed point, we will need the following result:

Lemma 4.3. The mapping 1 — x;, where xy, is the solution to (4.13), is weakly continuous
from L2(T'3) x L?(T3) to X.

Proof. Let a sequence (17, = (gn,zu)) in L?*(I'3) x L?(I'3) converging weakly to
7 = (8 z), we denote by x,, = (uy,, ¢;,) € U the solution of (4.13) corresponding to
#n, then we have

(Axﬂnfy - xﬂn>X —"_]’g\;(y) _}—g\;(x’?n) Z (f”/n'y_ x’?n)X’ vy = (v”é) € u’ (418)
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where
(f’]n’y - xZn)X = <f,'U - uﬁn)v + (q’g - (Prln)w - hzn(g - goﬂn)’
taking y = 0 in (4.18) and using (4.15), (3.5) and (4.15), we deduce

1
e llx < (fpllx + collgnllizqrs))

1
Sg(HfHV + lgllw + |zn I z2(ry) + CngnHLZ(r3))
<c(Ifllv =+ llallw + 117l 25y 2203 )

that is, the sequence (x,, ) is bounded in X, then, there exists X=(ii, )€ X, and a sub-
sequence, denote again (x,, ), such that

Xy, =~ X€X, as n— +oo.

Moreover, U is closed convex set in a real Hilbert space X, therefor U is weakly closed,
then x € U.
We next prove that x is solution of (4.13). First, we prove that

(fpury = Xen)x — (fpy —X)x, as n — +oo. (4.19)

We have

|12, (& — §) — hz, (& — @y,

<lzull 2y 1@ — @yl 2(ry)
HLZ(F3)><L2(1"3) X — xy, ||L2(1"3)><L2(1"3)~

<II 7n
S~~~
bounded

Since the trace map ¢ : X — L2(T'3)¢ x L2(T'3) is compact operator, from the weak
convergence x,, — ¥ in X, we obtain the convergence x,, — X strongly in L?(T'3)? x
L2(T3). so we have (4.19).

Now, form (4.18), we have

(Axy,, y — xy,)x N N N N
>y —23,)x = (g (¥) — g (0)) — (g () — Jou (37,)), Wy =(v,8) € UL

Since

Jign (%) = g (xn,)

SHgﬂHLZ(H) ||ﬁ_ u”]n HLZ(Fs)

<[ #n ‘|L2(r3)xL2(r3)Hf—xnn||L2(r3)xL2(r3)/
bounded

so we obtain

limsup(Ax7711’x’7n _y)X < (fﬂ/f_y)X + (};’;(y) _]ft;(f))’ vy = (UIC) c u. (420)

n—-—+oo
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Then, by (4.20), one gets
limsup(Axy,, x,, — X)x
n—-4o00
= limsup ((Axﬂnrxﬂn —y)x + (Axy,, ¥y — f)X)
n—-+oo

<timsup ((Ax,,, %, = y)x + | Axy, | x]ly - Flx )

n—-4o0

<(fy % = y)x+ (g, () = Jg, () + limsup ([} Axy, [x]ly — ¥]1x),

n—-—+oo

for all y=(v, {)€U. Note that (|| Ax,, ||x) is bounded (according to (3.10)(e) and (4.16)),
and we may then substitute y = X into the previous inequality to obtain

lim sup(Axy,, x;, — X)x < 0.

n—-+4oo
By pseudomonotonicity of A, we get
(AxX,x —y)x < lirﬂigof(Ax,’;n,x,’;n —Y)x- (4.21)
Combining (4.18), (4.19) and (4.21), one gets
xel, (4.22a)
(A%y = Dx+js(y) — (D) = (fry—Dx, W= (2,8 €L, (4.22b)

from (4.22), we find that x is a solution of problem (4.13) and from the uniqueness
of the solution for this variational inequality we obtain x=x;. Since x; is the unique
weak limit of any subsequence of (x;, ), we deduce that the whole sequence (x;,) is
weakly convergent in X to x;, ensures that the weak continuous mapping 1 —x;, from
LZ(I’3) X LZ(T3) to X.

Lemma 4.4. If
ki = czy*coc*<||f||v + |lgllw + MyL meas(l"g)%>, and ky = MyL meas(l“g,)%,
then the operator A has at least one fixed point.
Proof. Lety = (g,2) € K1 x Ky, i.e,,
I8lli2ry) < ki, and  z[[r2(ry) < ko
Keeping in mind (4.2), it follows that

171 L2(ry) x12(r5) < k1 + k2,
from (4.11)-(4.10), we obtain

(fnrxn)X < (fr“r])V + (q, G"r])W - 52(90;7), (4.23)
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using (4.23) in (4.14), we deduce
legllx < c2(Ilfllv + llallw + lzllez(r;))- (4.24)
Since z = ¢ (uyy )L (@, — @o), form the bounds 1 (u,,) < My, and ¢ (¢, — ¢o) < L
I2l] 2(r;) < MyL meas(T3)2, (4.25)
taking (4.25) in (4.24), we find
legllx < ca(I£llv + llgllw + MyL meas(T3)?). (4.26)
From (4.18) and (4.2), we have
HAUHLZ(F;,)xLZ(F3) < “V(||uﬂ7‘|)|R7v(uﬂ)|HLz(FS) + Hlp(ur]v)(PL((P?] — o) HLZ(H)’

using (3.14)(c), (3.5), (4.25), (4.1), (4.26), and the continuity of R, yield that there exists
a constant ¢, > 0, such that

NI—
N—=

A7l < 2(rs) < ca”cocs (11 v+ llqllw + My L meas(T3)* ) + MyL meas(Ts)?,

if one selected for value of
k1 = cop*cocs (Hf||v + |qllw + MyL meas(Fg)%), and ky = MyL meas(T3)?,

then A is an operator of K1 x K, into itself, and note that K; x K is a nonempty,
convex and closed subset of L2(T'3) x L?(T'3). Since L?(T'3) x L?(T'3) is a reflexive space,
K1 x Ky is weakly compact. Using continuity of operators R and ¢, (3.13) and (3.14),
lemma 4.3, we deduce that A is weakly continuous. Hence, by Schauder’s fixed point
theorem the operator A has at least one fixed point. O

Proof of Theorem 4.1.

1) Existence. Let 17* be the fixed point of operator A. We denote by (u*, ¢*) the
solution of the variational problem PV;, for 7=7". Using (4.13) and (4.18), it is easy to
see that (u*, ¢*) is a solution of PV. This proves the existence part of Theorem 4.1.

2) Uniqueness. We show next that, if L, + p* + LyL + My < L*, the solution is
unique.

Let x1 = (u1, ¢1), x2 = (u2, ¢2) € U the solution of problem (4.7), we have

(Ax1,y — x1)x + j(x1,y) — j(xr,20) + Uxn,y — x1) > (f3,9 — x1)x, (4.27a)
(Axz,y —x2)x + (x2,y) — j(x2,%2) + U(x2,y — x2) = (f3,y — x2)x- (4.27b)
We take y = x7 in the first inequality, y = x; in the second, and add the two inequality

to obtain
(A1x1 — Axo,x1 —x2)x < J+G, (4.28)
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where

J =j(x1,x2) — j(x1, x1) +j(x2,x1) — j(x2, x2), (4.29a)
G= Z(xl, Xy — x1) —|—Z(XZ, X1 — xz). (429]:))

From (4.29a), (4.4) and (3.18b), we have

J= /1"3 V(HMUH)(’RUV(M)\ — \R(Ty(uz)’) (HulfH — HuzTH)da
+ [ 1Roy u2)| (el = eleael)) (o] = ze] ) o,

using (3.14), the continuity of R, (3.5) and (4.1), after some algebra, we obtain

J < (1 evd+ 1Roy (i) oy Lych ) 1 = 2, (4:30)

from (4.29b) and (4.5), we find

G= /r3 P (uzy) (4’L(§02 —@0) — ¢r(e1 — (Po)) ((pl — goz)dg
+ /r3 PL(p2 — @o) (lP(uzu) — zp(uh,)) (§01 _ q02>da,

thus by using (3.13), the bounds |¢1. (@2 — ¢o)| <L, the Lipschitz continuity of the func-
tion ¢r, (3.5), (3.7) and (4.1), we deduce

G < (Myct+LLycocr)|x1 — x|k (4.31)
Using (4.28), (4.30)-(4.31) and (4.15), hence there exists a constant ¢4 >0, such that
I = xal% < 6Ly + " + LyL + My) 1 — xa 3

Let L* = 1/cs, then if L, + u* + LyL + My < L*, therefore x1=x». ]

5 Numerical approximation

In this section, we introduce and study the finite element approximation of the vari-
ational problem PV. Assume () is a polygonal domain, let 7" be a regular family of
triangular finite element partitions of () that are compatible with the partition of the
boundary decompositions I'=I'1 UT, UTI'3, and I'=I'; UT', UT3, thatis, any point when
the boundary condition type changes is a vertex of the partitions, then the side lies en-
tirely in Iy UT, UT3, and T, UT}, UT3. Corresponding to each partition 7". We denote
by P1(Q)¢) the space of polynomials of global degree less or equal to one in ()°. Let us
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consider two finite-dimensional spaces V*CV and W"CW, approximating the spaces
V and W, respectively, that is

= {vh € C(Q), v’}Qe eP ()4, Q¢ et " =0, onTy},
={p" € C(Q), ¢hn eP1(Q¥), Qe ¢ =0, onT,}.

Here h>0 is a discretization parameter. Moreover, let us consider the nonempty,
finite-dimensional, closed convex sets of admissible displacements with V", defined
by K"=KN V", ie.,

K'={v" e V" o' <0, onTs}.

In this section, ¢ denotes a positive constant which depends on the problem data, but
is independent of the discretization parameters h. We consider the following discrete
approximation of problem PV:

Problem PV": Find a discrete displacement field u" € K", and a discrete electric potential
(ph e W' such that

(Be(u"), e(0") —e(u")),, + (E7V " e(0") = e(u")) 12 0

+ju, vh>—]< W) > (f, 0" =)y, Vo' ek, (5.1a)
BV, VE") 20y — (Ee(u"), VE") 120

+e(u", ¢, ch> <q,§h>w, vt e wh. (5.1b)

Using the assumptions of Theorem 4.1, it can be shown that Problem PV! has a unique
solution (u", ") € K" x W". Our interest lies in estimating the numerical errors. We
first derive a Céa’s type inequality (see [1,9]).

Theorem 5.1. Let us denote by (u, ¢) and (u", @), the respective solutions to problem PV
and PV". Under the assumptions of Theorem 4.1 with the same value of L*, the following error
estimates are obtained, for all v € K", and ¢" € Wh,

= u"llv + g — ¢"llw

<c inf {u—vh +[l¢ — &lw + [lu—o"
< gDy Ul =l + e =i+l =0 lzqryye

h 3 v N2 3 hz
+ Nl = & liaqes) + (IS0l + 1EVQ 5, + £ )l — 115
3 1
+ (IR () o el ey ) e = 2122 g - (5:2)
Proof. Taking ¢ = ¢"* € W" in (3.20b), and subtracting it to (5.1b), we obtain that

(BV(p—9",Ve") | = (Eelu—u),VEr) | +0lu,9,8" — (¢, =

LZ(Q)d Z(Q)d
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thus, we have
(BV(o-d" V@ =),
~ (getu—u), V(g -2")

+(BV(0 =9, V0=0") .

,— (Eetu—u), Vip—¢")

2(0) 12(Q)f
+ 0,9, — @) + L, 9,0 — ¢") — (", ¢, " — )
— g9 —¢") =0, V" ewW,
and therefore for all & € W", it follows that
(Eetu—u). V(9 =¢") ,
— _ _ _ _ h _ah
~(BV(p— "), Vip—¢ )) L (BV(p—¢") V(g2 ))LZW

+ (Eetu—u"), V(9 -E") e T 99— ") — L0 9 — ")

+ 0w, 9,8 — ) — L, ¢", 5" — ). (5.3)
Next, choosing v = u" € K" in (3.20a), we find
h * h
(e(u), e(u) — e(u ))H+ (Ve e(u) —e(u ))LZW
<jlw ") = ) + (fu = u)y. (5.4)
We rewrite now to estimate variational inequality (5.1a) as follows :
h x h
( Fe(u"), e(u —u ))H+ (—5 Vo' e(u—u ))L2(Q)"’
I w7 (o
(ge( ), e(0" — u))H n (5 Vol e(vh — ”))LZW
+j(u, oMy =l u) + (F,ul — oMy, Vo' € K" (5.5)
Adding (5.4) and (5.5), we obtain
(Be(w) = gel), ew—u)) + (Vg =g Eelw—u))
[ h
< (Se() = Fe(u"),e(u = "))+ (Se(u), e —w))
+(Evehe@ —w) | i) = )+, o)
—ju,uy = (f, 0" —u)y, Vol € K"
Keeping in mind (5.3), we deduce
(Se(w) = Fe(u), elu—u")) +(BV(9—¢"), Vg~ ")

< (elw) — Fe(u"), el o)+ (Se(w),e(e" —u))

L2(Q)d
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* h h _xh
+ (eVgl e(0 u))m +(BV(p— "), Vip—2")

— (Eelu—u), Vi =) o+ i) = () + o)
— (" u") = (0" —w)y — L, 9,0 — ¢") +L(u", ¢", 9 — ")
= {(u, Mh — @)+l g" " —g), WK, VW

Using the assumptions (3.10)-(3.12), and the previous inequality, it follows that,

mg|u—u"||% + mgll¢ — ¢"||3 < Ri + Ry + R + Ry + Rs, (5.6)

LZ(Q)d

where

Ry = (Se(u) — Fe(u"), e(u—o")) +(BV(p— "), V(p—2"))
— (Eelw—u) Vo =EN)

Ry = <3£(u),s(vh - u))H (5 qu ,e(v - u))LZ(Q)d —i—j(u,vh)
— jlu,u) = (f, 0" —u)y,

R = j(u,u") — j(u", u") + j(u", u) — j(u,u),

Ry = j(u", o) — j(u, o) + j(u,u) — j(u", u),

Rs=L(u", ¢", 0 — ") —t(u, 0,0 — ¢") + L(u", @",&" — @) — L(u, ¢, &" — ¢).

Let us estimate each of the five terms. For the first term, and by using the properties
of the operators §,  and £, we have

Rl < e lle(u = u")[llle(u —o") I3+ llo — " lwlle — &"llw
+ [le(u — u") |l — &"llw}, (5.7)
from the property (3.14), it follows
|Ro| <[1Fe(u)llnlleu — ") [l2 + 1€V ¢" llle(u — ") ||
+ | Ray (1) | o) 1Nl 1D 2y 1 = 0" |2y
+fllvlle—o"llv. (5.8)

LZ(Q)d

Since

Ry = /( (el Ry ()| = p(llwg ) [Rov (u)]) (]| = [fuecldy
—/ |Roy ()| G ([l 1) = gl 1) (ol = N[y
+/F3V D) (IR (1) — [Ray () [) (e | = [l |y,

and using (3.14), we have

IRs| < c(|[Rov (1) | gy L + ) | — . (5.9)
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Similarly

Ro = [ (Cl ) 1Raw ()] = el ) R 1) ) (] = et
= [ 1Rou )l () = pClael) ) e = e it
+ ) (1Row ()] = |Raw ()] ) (o el
and then
IRal < ellu = ||yl = 0" 2, o (5.10)

from (3.18a), we find

Rs =~ [ (9(w)gulp — 90) ~ $(ul)u(e" — g))(g — ¢")dy

3

~ [ @e)glp — 90) — w(l)pule ~ )& - )ty
=~ [ 9)@elo— o0) ~ 16" ~ 90)) (9~ ")y

- [ 0@~ 90l ~ plu)) o~ ")y

— [ 9@ (@Llo = 90) = 9o" — 90)) (& — p)aiy

3

__A?4m(¢h_'¢w(¢(”ﬁ“4%”5»(51—qﬁd7,

thus by using (3.13), the bounds |¢1.(¢ — ¢o)| < L, and the Lipschitz continuity of the
function ¢, we obtain

Rel <My [ o~ g Py + 1Ly [ 1g— ¢l — ulldy
3 3
+ My [ g = tlIe — gl -+ LLy [ lu — ullS"  gla,
3 3
therefore

IRs| <Mycrllg — 9”5y + LLycocr[[u —u"|[v |9 — ¢"||lw
+ Mycillg — ¢"lwllg — &"lli2ry) + LLycollu — 1" [yl — "l 2ry-  (5.11)

Applying now the y-inequality

ab < na* + 41171?2,
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and using the bounds (5.7)-(5.11), after some calculations, it follows that
= "I + llg — 9" 1y
<c{llu— " +1lp = &1y + llu = 0" 2agr + 19 = &1y
+ (IBe() I+ 1€V ¢" [l + 1l v) I = o"[lv
+ (I1Rey (@) o) 1 (e D (e ) 1 = vhHLZ(Fg)d}/
so the inequality (5.2) holds. U

The inequality (5.2) is a basis for deriving error estimation and convergence anal-
ysis. In an analogous way, we can improve the estimate (5.2) under the regularity
assumption o €L%(T3)%. In this case, integrating by parts the Eq. (2.3) and using the
constitutive law (2.1), and the boundary conditions (2.5)-(2.8), we obtain

Ro= [ oc(oh—us) + (E"V(g" = @), 60" = 1)) oy + (10, 0") = a0,
3

thus using Cauchy inequality given above, we have

1
Rl < pllg — " [lfy + EHe(u — ")

+ (o=l 2qryya + IR () gy e (e lDll ey 1 = 0l i2qrgge, - (5:12)
to replace (5.12). As a result we have the following variant of Theorem 5.1.

Theorem 5.2. Under the assumptions of Theorem 4.1 with the same value of L*, assume
additionally o € Lz(l“g))d. Then for some constant ¢ > 0, we have

I = u"llv + ¢ — ¢"lw

i _ ol _xh _ _xh
SC(Uhlgh)lglﬁhxwh{Hu o' lv 4+l =& llw + [[u— 0"l 2ry)e + [l — ¢ I 2(ry)

1 1
+ (loellzrye + 1Row () [ o) e leell) 1 2r,)) Ml = vh\IEZ(FS)d}~ (5.13)

To estimate the errors provided by the approximation of the finite element spaces V"
and W", we need to make an additional assumption on the regularity of the solution

u€ HX(Q)Y, uyp, € H*(T3), ¢ € HX(Q), ¢y, € H(T3). (5.14)

Again denoting IT"u and 1" the standard finite element interpolation operators of u
and ¢, respectively, then we have the interpolation error estimate (cf. [7])

lu = Tully < chlul oy,

lg —1"9llw < ch|@|pe (-
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The restriction of the partitions " on T3 induces a regular family of finite-element
partitions of I's. So we also have the interpolation error estimate

Hu — Hh”||L2(r3)d < Ch2’u|H2(r3)d,
lo = 11"@ll 2(ry) < ch|@lpqry).

We notice that for v € KN C(Q)4, IT"v € K.
Therefor, under the regularity assumption (5.14), we have the following error esti-
mate:

lu =y +llo— ¢ lw
<ch{[ulg(ays + 1 @lim() + Bl sy + 119l
1 1
+ (ol iaqraye + IR () oy el ) 2ey)) 2 el -

The finite element system (5.1a)-(5.1b) can be approximated by a fixed point iteration
method. This follows from a discrete analogue of the proof of Theorem 4.1. Given an
initial guess (ull, ¢ft), we define a sequence (ul!, ¢)eK" x W", for all n € NN recur-
sively by

(SE(“I;H),S(ZJh) - 5(”Z+1))H + (5*V¢Z+1,e(vh) B E(uﬁﬂ))ﬁ(ﬂ)d

+ ]'(MZI vh) - ]( }rll/ MZ+1) > (f/ vh - u;rlLJrl)V/ V,Uh € Kh, (515&)
h h h h
(BY 1, V") 0 — (Eetulya), ¥E") |,
+(ul, 9, 8 = (9,8")w, Vet € wh. (5.15b)

We have the following convergence result.

Theorem 5.3. Under the assumptions of Theorem (4.1) with the same value of L*, the iteration
method (5.15a)-(5.15b) converges :
|ul —u"|ly =0, as n— oo,

o —¢"lw —0, as n— oo,
Furthermore, for some constant 0 < k < 1, we have the estimate

h h n
ul —u < ck”,
H r;l hHV = (5.16)
lpn — @"llw < ck”.
Proof. Using lemma 4.1, it is easy to see that
(i) The couple x" = (u", ¢) is a solution to problem PV", if and only if :

(Ax", " — ") x 4+ (", ") = (o) + 2y — 27
>(fy"—"x, Wy = (0" ¢") e KM x W, (5.17)
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(ii) The couple Xl = (ul; qo’,;) is a solution to problems (5.15a)-(5.15b) if and only if

(Axg o, " =) x (a0 ") — (a1 1) + 2, v = xus1)
>(fy—2a)x  Vy=("g") €K' x W (5.18)
We take yh = xZ 41 1n (5.17), yh = x"in (5.18), and adding, we have
(Axh - Axﬁﬂ/ " XZ-H)X

<l ) = O, ) 4 G, ) — G, )
+£(xn/x n+1) g( X xﬁ+1)X~

Then as in the proof of the uniqueness of Theorem 4.1, we can derive the estimate

" = 2 llx < co(Ly + i+ LyL + My) [ — x|,

thus r LoL + My)
+p* + LyL +
[ —xhallx < T
Under the stated assumption, k = (LV +p* + LyL + Mw) /L*<1, and we have the
estimate (5.16). O
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