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Abstract
In this paper we consider approximate eigenvalues and approximate eigenspaces for the
generalized Rayleigh quotient, and present some residual bounds. Our obtained bounds
will improve the existing ones.
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1. Introduction

By C™*™ we denote the set of m x n complex matrices, by A* we denote the conjugate
transpose, and by I we denote the identity matrix. The Frobenius norm and the spectral norm
of a matrix - are denoted by || - [|r and || - ||2, respectively.

Let A and H be diagonalizable matrices with the following decompositions:

Ay 0 Yy ~
_ -1 _ 1 1 _ -1
A=XAX""=( X1 X )<O A, ><Y2 >andH ZNZ7T, (1.1)

respectively, where X € C"*", Z € C"™*™ | X; € C™*™ (m < n),
Ay =diag(A1, A2, Am), Ao = diag(Am1, Amg2, 0 5 An),
/NXZ diag(;q, XQ, e 7Xm)-

Let A and H have the decomposition (1.1). Then §; is denoted by

8 = min A=A, i=1,2. (1.2)
AEA(A),AEXN(A)

Notice that the decomposition (1.1) implies that
Y*
xX't=( L) 1.
(%) (13)

R=AQ, - Q1H (1.4)
be the residual matrix of A with @1, where A € C"*", H € C™*™ and Q; € C"*™ (m < n),

rank(Q1) = m. The spectrum of H is denoted by o(H) = {Xl, Xo, -+ s Am }-

The quantity ||R|| can be used to measure the difference between the spectrum o(H) and
the spectrum o (A7) , and between the subspace R(Q1) and the approximate subspace $(X1).
Some classical results in this topic are listed below:

Let
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1.1. Approximate eigenvalues

If A and H are Hermitian matrices and @1 has orthonormal columns, Kahan proved that
there exists a permutation 7 of (m) such that the following bound

> e = AP < 2[RI (1.5)
i=1
holds (e.g., see [17]), where (m) = {1,2,...,m}.
If A is Hermitian and @ has the orthonormal columns, H = Q7 AQ); is the Rayleigh quotient
matrix, then it holds that [15]

- 3 inO(Q1, X1)|3
M- 2 < IS U2 R2, 1.6
;| | =1_ || sin@(Ql,Xl)H% || ||F ( )

where the angle matrix O(Y, };) between subspaces R(Y) and §R(};) is defined by
o[y, }7) = arccos((Y*Y)—%Y* }7 (};*};)—1 }7* Y(Y*Y)_%)% ,

Y and Ve C™*k(n > k) are full column rank matrices. In particular, if Y and ye C"k(n > k)
have orthonormal columns, then for any unitarily invariant norm || - || we have

Isin@(Y,Y)|| = [|(Ye) Y, (1.7)

where (57,176) is an n X n unitary matrix (e.g., see [13]).
If A and H are diagonalizable matrices with the decomposition (1.1), and @1 has full column
rank, then Liu [11] obtained a result as follows: There exists a permutation 7 of (m) such that

m

Tin(Q1) D [Ny = Nl < KX (D) RIE (1.8)

=1

where oyin(Q1) denotes the smallest singular value of @;. In particular, if A and H are Her-

mitian matrices, then
m

02 (Q1) DA, — M2 < ||RII% (1.9)

i=1

It is easy to see that the bound (1.9) generalizes the one in (1.5).

1.2. Approximate eigenspaces

If A and H are Hermitian matrices and @1 has orthonormal columns, Kahan and Davis [1]
obtained a well-known result, i.e., sin © Theorem:

(2l

[ sin©(Q1, X1)||r < 5
2

(1.10)

provided 62 > 0, where J2 is given by (1.2). If A and H are Hermitian matrices, and @ is a
full column rank matrix, then (see, e.g., [13])

12|

Umin(Ql)”Sin@(Ql;Xl)”F S 5
2

(1.11)
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provided 2 > 0. Notice that if @1 has orthonormal columns, then omin(Q1) = 1, and hence the
bound in (1.11) reduces to the one in (1.10).

Now let A be a diagonalizable matrix with the decomposition (1.1), and let Q1 € C™*™ be
any full column rank matrix. Setting Qo € C"*("~™) such that Q = (Q1, Q) is nonsingular,

Q= < g; ) : (1.12)

The matrix H = @TAQl is called the generalized Rayleigh quotient [13].
In some applications, the column of the matrix @1 in (1.4) may not be orthonormal and

and

the matrix H in (1.4) may be more general. By this motivation, our work in this paper is
to generalize the bound for approximate eigenvalues and eigenvectors, from which one can
understand the accuracy of approximate eigenpairs computed by numerical approaches. As
we know, the residual bounds for approximate eigenpairs in the following cases have not been
studied:

Case 1 A and H are diagonalizable, H is a generalized Rayleigh quotient, and @)1 is any full
rank matrix.

Case 2 A and H are diagonalizable, and @7 is any full rank matrix.

Case 3 A is Hermitian and @)1 has orthonormal columns, but H is an arbitrary matrix.

Hence, in this paper we will consider to bound approximate eigenvalues and approximate
eigenspaces in the cases 1-3.

The rest of this paper is organized as follows. In second 2 we consider the case 1, and give
bounds for approximate eigenvalues and approximate eigenspaces, which extend some existing
bounds; see Theorem 2.1 and Corollary 2.1. In second 3, the residual bounds for approximate
eigenvalues and eigenspaces in the case 2 are also provided; see Theorems 3.1 and 3.2 and
Corollary 3.1. When H is any matrix, the approximate eigenvalue bound has not been discussed
so far, in section 4 we consider the case 3, and obtain some residual bounds for approximate
eigenvalues; see Theorem 4.1.

2. Approximate Eigenvalue and Eigenspace Bounds for the
Generalized Rayleigh Quotient Case

In this section we consider the case 1 and give bounds for approximate eigenvalues and
eigenspaces.

Now let X7 and )N(1€ C"Xk(n > k) have full column rank, and let P and P be the orthonor-
mal projector on to R(X1)* and R(X), respectively. Then (see, e.g., [5]) for any unitarily
invariant norm || - ||,

|sin© (X1, X1)|| = [|PP|l, (2.1)

where R(X1) and R( X 1) are defined the subspaces spanned by the column vectors of X7 and
X1, respectively.

Let X5 be an n x (n —m) matrix such that X = (X7, X2) is nonsingular, and let X1 have
the block form (1.3).
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The following lemma is useful to prove the main result.

Lemma 2.1. ([2]) Let T € C™*" and A; = diag()\gi), ...,,\ﬁf)) eCcmn §=1,2,3,4. Then there
exists a permutation T of (n) such that

01211111(T) Z

where omin(T) is the smallest singular value of T.

2
AN BN < AT A, — AT},

Next we consider to bound approximate eigenvalues and approximate eigenspaces, respec-
tively. Let A € C™*™ and H € C ™*™ be both diagonalizable matrices with the decompositions
(1.1). Let Q1 have full column rank, R, Y3 and Y3 be given by (1.3) and (1.4), respectively.

Left-multiplying by X ~! on both sides of (1.4) gives

X 'R=AX"1Q, - X 'QH.
Substituting H = ZAZ~" into the above equation reveals that
AX'Q1Z - X 'Q1ZA = X 'RZ.

Since X ~! has the block form (1.3), the above equation can be rewritten as in the block form:

MYTQZ=YP@ZA ) oy (2.2)
AY5 Q1 Z — YyQiZA

Set
S1=MY7Q1Z =Y Q1ZA, Sy = AY;Q1Z — Y5 Q1 ZA.

_ S
X 'RZ = )
R (52)

X7 RZ[% = IS5 + 152 (2.3)

By (2.2), we have

Consequently,

It can be verified that,
QIR = QiAQ1 — QiQ1H = Q1AQ: — H = 0.
By the block form of X, we have
Qix=(@Qix1 Qixz ),
and hence Q1 X X 'RZ = 0, which leads to
Qi X151 + Q1 X8, = 0.
Multiplying by ||Qv’{X2||§ on both sides of (2.3) and using the inequality

Omin(M)|[ L] F < [[ML|[p < [|M]]2]| L]l £
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gives
QT X| 3| X RZ[% > [|Q1 Xz 31| S111F + Q1 X217
= lQTX[[31S111% + Q1 X151 %
> (/|Q1Xzll3 + 0% (QT XIS
which implies that

[|QT X |13

1S3 < ——eiXells__
||Q1X2||2+0min(Q1X1)

X' RZ]%. (2.4)

It follows from Lemma 2.1 that
0Lin(Y7Q12) > Ay — Mil* < 118113,
i=1

which, together with (2.4), gives

m B ~*X )
o-r2nin(Y1*Q1) Z |)\7—(IL) — )\,L|2 < = ||2621 z||2 —
i=1 |Q7 Xal5 + 07 (Q71 X1)

Then we have the following theorem:

K2 (Z)|| X R

Theorem 2.1. Let Q1 € C"™*™ have full column rank, and let A and H = @’{AQl be diago-
nalizable matrices with the decomposition (1.1). Then there exists a permutation T of (m) such
that

- 1Q1 X213
. 5 2
Tmin(Y7Q1) D Ay = Aif* € —=—— 22—
i=1 |QT X253 + 0 (@71 X1)

Remark 2.1. If A is Hermitian and (); has orthonormal columns, then Q7 = @{ and H =
Q7AQ:. Hence X and Z are unitary, and thus X} = Y;*. So we have

1Q7Xsll2 = || sin©(Qr, X1)ll2

K2 (Z)|| X R (2.5)

and
0-1211111(Y1*Q1) = J?nin(QTXl) =1- H Sin@(Qth)H%.

Then the bound (2.5) may reduce to a simple form:

m .
N 0(Q1, X1)|3

Aoriy — )\Z 2 < HSHl ’ 2 R 2

;| 7 (1) | = 1_H51n®(Q17X1)H%|| ||F’

which is the Sun’s bound (1.6).
Note that the function f(z) = % is an increased function for x € (0,1) and

R
[ sin©(Q1, X1)||2 < ||sin©(Q1, X1)||r < IRlle _ P
P

It follows from the above result that

Em:p\ (.)7'>\v_|2< 1 ||R||2F
T(2 (2 — )
i=1 L—pp &

and from (1.6) we have prp = ||R||r/d2 < 1 (see [15]).



52 W. Li AND X.S. CHEN

Lemma 2.2. Suppose that X = (X1, Xa2) € C"*™ is a nonsingular matriz, where X; € C"*™,

and its inverse has the block form (1.3). Then for 2-or F-norm ||-|| and any full column matriz
X1 c Cnxm’ N N N
Isin© (X1, X0) || < V5|2l X120 Y5 X, (2.6)

where by MT we denote the Moore-Penrose inverse of a matriz M.

Proof. Let Yo = Q1 Ry and )}1 = Qvlél be QR decompositions, where )1 and @1 have
orthonormal columns, and R; and R; are nonsingular. Then P = Q1Q7] and P = Q1 Q7 are a
orthogonal projectors on to R(X1)+ and R(X), respectively. By (2.1), we have

Isin©(X1, X1)|| = [Q:1Q1Q103 || = Q5 Q1|
= [R5 X Ry |
< 1Ry 2l By Y5 X |
= (1Y |2 | X fl2 Y5 X
which completes the proof. ]

By Lemma 2.2 and an analogical proof as Theorem 2.1 we have the following result.

Corollary 2.1. In the notation of Theorem 2.1. If 65 > 0, then we have

N*X 2 X-1R|I2
Isin0(Q1, X3 < ] 13101 3r2(2) ——1elh X _Flle o)
QT X253 + 07, (@1 X1) 2
where dy is given in (1.2).
Remark 2.2. If A is Hermitian and @; has orthonormal columns, then (2.7) reduces to
. cosO(Q1, X
Isin (@1, X < 10Tl gy (28)

02

In particular, let p = p(y) = y*Ay, r(y) = Ay — yp and 6 = min{|p — A;|, ¢ = 2,...,n}. Then
by (2.8) we have
6%sin? ©(z,y) < (1 —sin® Oz, y))|Ir (y)| |-

Hence
PR [ ]
~ VW)
which is always sharper than the one in [1] (see also [12,17]), i.e.,
sinO(z,y) < 7||T(Q)||F

6
3. Bounds for the Diagonalizable Matrix Case

In this section we deal with the case that H is a diagonalizable matrix. As we know, Liu
gave the bound (1.8) for approximate eigenvalues, however no approximate eigenspace bound
has been given. Here we will provide some alternative bounds for approximate eigenvalues and
approximate eigenspaces, respectively.

Our first result is the residual bound for approximate eigenspaces.
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93

Theorem 3.1. Let A € C ™™ and H €C ™*™ be both diagonalizable matrices with the decom-

position (1.1), and let Q1 have full column rank. If 3 > 0, then

IS
dy

Isin®(Q1, X1)|lr < [|Qf[l25(2)k(Y2)

where k(Ya) = ||Y2H2||Y2T||2 Moreover, if Q1 has orthonormal columns, then

|| RI| <
dy

[Isin®(Q1, X1)||Fr < K(Z)k(Y2)

Proof. By (2.2) we have

[ALYY Q17 — Yy Qi ZA|% + | A2Y5 Qi Z — Y3 Q1 ZA|[3 = || X 'RZ|%.

Thus

> l(Memez-vieuzk) Pri Y ((GQP

iE<n—m>,je<m> ie<n—m>,je<m>
which implies that
S511Y5 Qull: < 127 130142Y5° Q1 Z - Y5 QuZA|I%.
By Lemma 2.2, we have

Isin®(@Q1, X1)llr < 1] 2l Q1121121211 Y5 Qull 7.
which together with (3.2) gives that
93
Y I311QT 131124113
By (1.3) and (2.2) we have

Isin©(Q1, X1)[[F < [A2Y5 Q12 — Y5 Q1 ZA[3..

AY;Q1Z — YyQ1ZA = Y5 RZ,
combining with (3.3) gives
33
15 131Q7 1131121113

from which one may deduce the desired bound.

Isin®©(Q1, X1)|I% < Y5 RZ|%,

Remark 3.1. Let A and its perturbed matrix A be diagonalizable, and let

YA =AYy, AX;= XA,

(3.1)

(3.2)

(3.4)

By Theorem 3.1 we may obtain the bound for || sin ©(Xy, X;)||r. In fact, by (3.4) we have

(A— A)X, = AX; — X1A4.

Now let H = /~\1, Q= )?1 and R=(A— Z))?l Then Z = I. It follows from Theorem 3.1 that

82| sin ©(X1, X1)|p < | X][l26(Y2)|| Rl |
= [|X] 2| X1 |26(¥2)||A = Allp = 5(X1)6(Y2)||E]|F,

where E = A — A and x(X1) = || X]||2]| X1 |2, which is a result of [5].
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Theorem 3.2. In the notation of Theorem 3.1. Then there exists a permutation T of (m) such
that

m

onin(Y7Q1) Y [N = Ay P < #2(2)IYT R, (3-5)

=1

where Y1 is given by (1.3).
Proof. By (2.2) we have
MY Q1Z — Y Q1ZA = Y['RZ.

It follows from Lemma 2.1 that there exists a permutation 7 of (m) such that

m
Tnin(YIQ12) Y i = Ao |* < IIYTRZ|%:,

i=1
which together with the fact that
Umin(yl*QIZ) Z | |Zi1 | |2_10111111(Y1*Q1)

gives the bound (3.5). This completes the proof of the theorem. O
The bound (3.5) can be expressed as follows:

Corollary 3.1. In the notation of Theorem 3.1. Then

m
5 1Q1|21(¥1)r(2)
D =A@l < — AL (3.6)
i=1 V1 - [sin®(Q1, Y2)[13
Proof. Let Q1 = élﬁl and Y] = @1]% be the QR decompositions. Then
Umin(Yi*Ql) - Umin(ﬁféfélél)
> omin(QTQUIEL 15 1R 15
_ Umin(Q’{Ql)
Y7121 Q112
Note that ofnin(éfél) =1— ||sin®(Q1, ¥2)||3. Then by (3.7) we have
1 —||sin®(Q1, Y71)|[2
UIIliIl(Yl*Ql) Z \/ H T (Cg]tl 1)H27
1Y5 [|2]l @112
which, together with (3.5), gives the desired bound (3.6). O

Remark 3.2. Let X; = X and H = g, where A = A + E is the perturbed matrix of A, and
Q1 =1I.Then R=A— A= E. Hence the bounds (3.5) and (3.6) reduce to

n

Y= A2 < R(X)R(2)||E|| - (3.7)

i=1

The perturbation bound (3.7) was obtained by Sun [14] and Zhang [18], which is a generalization
of the Hoffman and Wielandt bound.
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Remark 3.3. Tt is difficult to compare the bound (3.5) with (1.8). But the following example
illustrates that our bound is sharper. Let

1 -1 0 0 2 0 00 1 -1 0 0 2 0 0 0
A701710 0 2 00 01 —-10 102 11
100 1 -1 0 01 0 0 0 1 -1 10010

0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1
and

1 -1
05 1 21 0
= H:
@ 1 ’ (0 1.1)
1
Then
-1 -9
1.95 2.9
k= -1.1 -1 ]’ Z=1
-1.1 —-.1
A simple calculation gives
Y7 R[|%
————— =06.722.
O—Enin(Yl*Ql)
However,
K2 (X)IIRE
——— = 217.97.
Ugnin(Ql)

4. Approximate Eigenvalue Bounds for General Cases

In this section we consider the third case, i.e., A is Hermitian and )7 is column orthonormal,
but H is an m x m matrix. It is known that any matrix can be rewritten as follows:

H - 0
H=U]| : U U*, (4.1)
0 .o H,

where U is unitary, s > 1.
The following lemma is important to deduce our bound.

Lemma 4.1. ([8]) Let H be an m x m normal matriz and H have the decomposition (4.1).
Then there exists a permutation T of (m) such that

> vy = Xl < (m— s+ 1)||H - H||}, (4.2)
=1

where \; € o(H) and \; € o(H).

Let Py, denote the orthonormal projector on to #(Q1). By Pél = I — Pg, we denote the
projection complementary to Pgp, .
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Theorem 4.1. Let A be Hermitian and Q1 have orthonormal columns, and let H be an m xm
matriz with the decomposition (4.1). Then there exists a permutation T of (m) such that

m
D ey = Al < (m— s+ 1)(I(1, Pg,) " RI% (4.3)

i=1
<2(m—s+1)||R|%. (4.4)
Proof. Let Q2 be column orthonormal so that @ = (Q1,Q2) is unitary, and let R =

AQ2 — Q2(Q35AQ2). Then

~ H 0
®m=22-0("y gl )

Left-multiplying by @ on both sides of the above equality gives that

~ H 0
*(R,R) = Q"AQ — .
ew-oae- (1 .0 )
Note that Q5AQ2 is Hermitian. Then there exists a unitary matrix V' such that

a; - 0
QAQ =V [+ . Ve,
0 - Qnem

where «; is a real number, 1 = 1,...,n — m. Let

()

Since H has the decomposition (4.1), we have

H - 0 0o --- 0
H 0 0 .« Hy 0 - 0
=W WH.
( 0 Q;AQQ) 0 e 0 a; - 0
0 0 0 On—m

Applying Lemma 4.1 to matrices Q*AQ and diag(H, Q3AQ2) reveals that there exists a per-
mutation 7 of (m) such that

Y ey = Nl < (m— s+ 1)(1Q (R BRI
i=1

= (m— s+ 1)([Q"RIIZ + Q" RIl%)
= (m — s+ D)(|RI[} + |Q"RI[3)- (4.5)

= QiR
R = -
¢ <Q§R>’

Note that
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Q5R = Q3(AQ> — Q2Q3AQ>) = 0 and QR = Q{AQ2 = R*Q2. Then

1Q" Rl = |Q3RI% = || Pg, RIl%.
Hence
IRl +11Q" Rl
= [IRI% + 1Py, RIIE = ||(1, Pg,) " RI|%.
which together with (4.5) gives the bound (4.3).

The bound (4.4) follows from (4.3) and the fact that ||(I,P5-1)TR||% < 2||R||%. This com-
pletes the proof of the theorem. O

Without any restriction on H, then s > 1, and hence by Theorem 4.1 we have the following
corollary:

Corollary 4.1. Let A be Hermitian and Q1 have orthonormal columns, and let H be any mxm
matriz. Then there exists a permutation T of (m) such that

> ey = Ml < Vmll(L PE)TRIle < V2ml|R|| (4.6)
=1

Remark 4.1. If H is Hermitian, then H has the spectral decomposition, and thus s = m. In
this case the bound (4.4) reduces to (1.5). Taking Q; = I and H = A, then the bound (4.3)
reduces to the bound (4.2), similarly, the first inequality in the bound (4.6) can reduce to the
Sun’s bound (see [16]):

n

> ey = Nil2 < VallR]| .

i=1
If we do some restriction on )1, then we have

Corollary 4.2. In the notation of Theorem 4.2. If R(Q1) is an invariant subspace of A, then
there exists a permutation T of (m) such that

Y ey = Xil2 < Vm— s+ D|IR]|r. (4.7)
=1

Proof. Let Q2 be defined as in the proof of Theorem 4.1. Since )1 is an invariant subspace
of A, we have Q5AQ1 = 0. By the proof of Theorem 4.1 we have QTR = QjAQ2 = 0, and
hence ||Q*R||% = 0, which together with (4.5) gives the bound (4.7). O

Remark 4.2. Many examples illustrate that the bound (4.7) holds without the restriction on
(1. However, we can not prove it, which remains open.
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