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Abstract

In this paper, a class of rectangular finite elements for 2m-th-oder elliptic boundary
value problems in n-dimension (m,n > 1) is proposed in a canonical fashion, which includes
the (2m — 1)-th Hermite interpolation element (n = 1), the n-linear finite element (m = 1)
and the Adini element (m = 2). A nonconforming triangular finite element for the plate
bending problem, with convergent order O(h?), is also proposed.

Mathematics subject classification: 65N30.
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1. Introduction

When the conforming finite element is used for numerically discretizing the elliptic problem,
the convergence of the numerical solution to the exact solution depends on the approximation
of the finite element space only. But the strong continuity requirement makes it difficult to
construct such a conforming finite element. The idea of nonconforming finite element lies in
that such difficulty can be overcome by loosing the request on the continuity. However, the
loss of continuity will bring in the so-called consistent error, and some fundamental continuity
of the finite element space is still necessary for well-posedness and convergence. This is the
reason that most of the finite elements, conforming or nonconforming, were constructed case
by case, depending on the order of the problem and sometimes the dimensions (cf. [1-3,5,7,
8,12,14,15,17]). A unified approach of constructing finite elements for general problems is
still of theoretical and practical interest. Recently, a class of finite elements was discussed in a
canonical fashion in [16], for all n-dimensional 2m-th-order elliptic problem with n > m > 1.
The well-known nonconforming linear element for the second-order problem and the Morley
element for fourth-order problem are examples of this class. The class of finite elements is
established on simplices, and makes use of the piecewise polynomials of the lowest degree.
The nodal parameters are the natural ones to guarantee the fundamental continuity, and the
consistency error can be controlled simultaneously.
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In this paper, we will discuss the choice of nodal parameters that can be used to construct
nonconforming finite elements, with admissible consistency error. We will first propose a class
of rectangular finite elements for n-dimensional 2m-th-oder problems (m,n > 1) in a canonical
fashion. The degrees of freedom are the values of function and all derivatives up to (m — 1)-
th-oder at all vertices of n-rectangle. The basic fundamental continuity is guaranteed and an
O(h) convergence rate is shown. The (2m — 1)-th Hermite interpolation element (n = 1), the
n-linear finite element (m = 1) and the Adini element (m = 2) all belong to this class.

As almost all of the nonconforming finite elements are convergent in energy norm with order
O(h), and the consistency error is the main limit, we will discuss the possibility of improving the
convergence rate by strengthening the continuity of the finite element space. We choose the plate
bending problem as an example. There have been successful attempts via other approaches,
like conforming finite element, quasi-conforming finite elements (cf. [4,6,11]) and the double set
parameter element (cf. [9]). But most nonconforming element for the plate bending problem,
such as the Morley element [8], two Veubake elements [12], the NZT element [14], the rectangle
Morley element (cf. [15]) and the Adini element (cf. [1]), are convergent with order O(h). In
this work, a new nonconforming plate element will be given, with a convergence rate of O(h?)
in energy norm.

Finally, based on the new plate element, a new Zienkiewicz-type element will be deduced
and reported for comparison. The new Zienkiewicz-type element is convergent for the plate
bending problem with order O(h). Its consistent error is of order O(h?) which is better than
the two dimensional Zienkiewicz-type element proposed in [14]. In fact, the phenomenon that
the consistency error can perform better than the approximation error has seldom been reported
in literatures.

The paper is organized as follows. The rest of this section gives some basic notations.
Section 2 gives the description of the class of rectangular finite elements. Section 3 gives the
description of the new plate elements. Section 4 shows their convergence. Section 5 gives some
numerical results for the new plate element.

Let n be a positive integer. Given a nonnegative integer £ and a bounded domain G C R"
with boundary 0G, let H*(G), HY(G), | - ||k.c and | - |r.c denote the usual Sobolev spaces,
norm and semi-norm respectively. Let (-,-) denote the inner product of L?().

We will use «, 3,y to denote n dimensional multi-indexes. Define

oled

0% =
- «@ Qp )
T - D

o] = a1+ + .

A finite element can be represented by a triple (T, Pr, Dr) with T the geometric shape,
Pr the shape function space and Dp the vector of degrees of freedom, provided that Dp is
Pr-unisolvent (see [5]).

Let © be a bounded polyhedron domain of R™. For mesh size h with h — 0, let 77 be
a partition of Q corresponding to a finite element (7', Pr, Dr), and let V},, Vi be the finite
element spaces corresponding to the element and 77,. Throughout this paper, we assume that
{7wn} is shape regular.

For a subset B C R™ and a nonnegative integer r, let P.(B) be the space of all polynomials
defined on B with degree not greater than r, and @,(B) the space of all polynomials with
degree in each variable not greater than 7.
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2. A Class of Rectangular Finite Elements

Let m be a positive integer. This section is devoted to the rectangular finite element for the
2m-th-oder elliptic boundary value problem in n-dimension.

Let T be an n-rectangle with each edge parallel to some coordinate axis respectively. Then
there exist n positive numbers hq, ho, - - - , hy,, such that,

T:{Iz(xth,---,xn)T xl:x?+§lhl7_1§€z§15 1§Z§TL}, (21)

where 2 is the center point of T. Define

&= —(x; — 7)), 1<i<n, (2.2)
hi
and set € = (£1,&2,+++,&,)". Denote 2" vertices of T by a;, 1 < j < 2", and (&,&,--+,&)7T
corresponding to a; by Z; = (&1, 825, &ng) T
For £ = (&1,&2,+ - ,&,)T and multi-index a = (a1, g, -+ , @), define

n n
e=1le o =]]a!
i=1 =1

Set

Then ¢;, 1 < j < 2", form a basis of Q1(T'), and

Pryn = spon {pée

p€QuT), |a| <m}. (2.5)

The rectangular finite element of order m is defined by the triple (T, Pr, Dr) as follows,

1. T is the n-rectangle described by (2.1);
2. Pr = Prm;
3. the components of Dr(v) for any v € C™ (T are

9%(az),  laf<m, 1<j<2"

Lemma 2.1. For the rectangular finite element of order m, Dy is Pr-unisolvent and Pay,—1(T)
C Pr.

Proof. It is obvious that the dimensions of Dy and Pr are all 2"03“4__“1_1. For 1 <j5 <27
set

=«

i = b (€ = DU - D™ (G =Dy ol <m. (2.6)
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Write the partial derivative with respect to £ as
N glel
% = 7 o,
EM - e
It can be verified that
1, B=a and j=k,

0 pjalar) = { 0. otherwi 1<j, k<2 [Bl <ol <m. (2.7)
, otherwise,

Define
bja = Pja (2.8)
when |a| = m — 1, and

on

m—1
Vi =Pia— Y D 00pjalar)es (2.9)

k=1]p]=|al+1
when |a] < m — 1. Then

s 1, B=«aand j=k, .
by alar) = . 1<j k<2 Jal, Bl <m.  (210)
0, otherwise,

Therefore, h{' ---h&m 1) o (1 < j <27, |a| < m) are the basis functions corresponding to the
degrees of freedom since 9¢ = h{" - - - h&»0*. Thus, we obtain that D is Pp-unisolvent.
Now we show that Ps,,—1(T") C Prym. Let p € Poy—1(T), then p can be written as

fel
p= E Coz®,
o] <2m—1

with C, constants. For term C,z® with |a| < 2m — 1, define 8 and v by

%, o is even, 0 )
;1 n
Bi=93 4 1 'Yi:{17 al.se‘;;’ 1<i<n
—— o is odd, Q15 0G4,
2 )
Then a = 23 + 7, so that Cpa® = Caa¥2?? € Pr,, by (2.5) and the fact that 27 € Q1(T) and
|8] < m. Consequently, p € Pr . O

For the rectangular finite element of order m, the corresponding finite element spaces V,
and Vjo are defined as follows. V;, = {v € L?(Q) | v|r € Prm,VT € Ty, 0%, |a| < m, are
continuous at all vertices of elements in 7}. Vio = {v € Vj, | 0%, |a| < m, vanish at all
vertices of elements in 77, which are belonging to 99 }.

Remark 2.1. The rectangular finite element of order m is just the (2m — 1)-th-oder Hermite
interpolation element when n = 1, the n-linear finite element when m = 1 and the Adini
element when m = 2. For the 2m-th-oder problems, the rectangular finite element of order
m is conforming when m = 1 or n = 1, otherwise it is nonconforming. The rectangular finite
element of order m can be viewed as the natural and reasonable generalizations of the one
dimensional (2m — 1)-th-oder Hermite interpolation element to higher dimensions or the n-
linear finite element to higher order problems. This generalization shows that the conforming
elements and the nonconforming elements are in same category.
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Now let II7 ,,, be the corresponding interpolation operator to the rectangular finite element
of order m.

Lemma 2.2. For the rectangular finite element of order m,

/ai(aﬁp—nmaﬁp)dx:o, 1<i<mn, |[Bl<m, Vp€ Prm. (2.11)
T 7

Proof. Let p € Pry,, 1 <i < n and || < m. We know by (2.4) that d°p is a linear
combination of the following functions,

Fia=0"((6 — D)™ - 1) (& 1)), 1<j<2% Jal<m.
For 1 <j < 2™ and |a| < m, set

R 2 _ 1)« o
fl dé‘f’ (E'L ) ) g’L dglﬂl

(g2 —1).

Then Fj, can be written as the sum of such terms that each term has two factors, one is f; or
gi, and another is independent of component ;. Define
v

Gi(T) = {v e C%(T) ‘ / gg, Q2 =0, () =0, 1< < 2”}.
T )

a) B; < a;. In this case,

df
d? is just the Legendre polynomial of &; or its integral. Hence

1
dfi
/ / d¢; = 0.
1 d&
On the other hand, f; vanishes when & = £1. Then f; € G;(T).
b) i > a; and «; < 1. In this case, f; € Q1(T).
¢) Bi > a; > 2. In this case, we have

4’ -
fi :W (2%&(&2 —1)™ 1)
dﬁi*Q a .
=g (26(€ = )™ daito - el - 1)
dﬂz—Q 5 1 dﬂ%_Q 9 w2
:CIW(& -1) +02ng -1) )

where C7 and C5 are constants. Repeating the same argument, we can read f; as the linear
combination of terms satisfying case a) or case b). Then f; € Gi(T) + Q1(T).
d) For g;, we have
1 4P+t

2 )tth
2(a; + 1) dgfi“(& )

gi =

Then g, € G;(T) + Q1(T') by the discussion from case a) to case c).

Finally, we conclude that 9°p € G;(T)+Q1(T). Therefore, 9°p—17.10°p € Gi(T)+Q1(T).
Since 9°p — Il7,10°p vanishes at the vertices of T, we have that 0°p — 17 10%p € G;(T), and
(2.11) is proved. O
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3. C° Nonconforming Plate Elements

In this section, we will focus on the plate bending problem, and consider the nonconforming

finite element. Let n = 2.

Given a triangle 7', its vertices are denoted by a;, 1 < ¢ < 3. The side of T opposite to a; is
denoted by Fj, its unit outer normal by vg, and its measure by |F;|, 1 < i < 3. Let A1, A2, A3

be the barycentric coordinates of T'. Denote

G = 2(5()\1 A2 220 — 1)>\1>\2>\3,

Gy = 2(5(>\2 02 200 — 1))\1>\2)\3, (3.1)
ds = 2(5()\3 A2 20N — 1)>\1>\2>\3.
Set
Py (T) = P5(T) + span{qi, g2, G3 }- (3.2)
It is obvious that
@1+ @2 + g3 = —6A1 A2,
so the dimension of P; (T is at most twelve.
The new plate element is defined by (T, Pr, D) with
1. T is a triangle;
2. Pr = P (T);
3. the components of Dr(v) for any C1(T') are:
ds, 1<j<3,
) TE / e J (3.3)
(aJ—aZTVvaL 1<i#5<3,
where V is the gradient operator.
Define, for 1 <i # j £k < 3,
o
AT ot
=322 — 23 4 Ly (3.4)
Z TNl
Pij = )\12)\] + 10)\1'()\]‘ — )\k))\l)\Q)\3-
Let 6;; be the Kronecker delta. It can be verified that g¢;, p;, pi; € P3Jr (T), and
1 Jq;
7 = 07 - Tv i = 0) T ds = 61' ’
qi(ax) (a1 — ax)” Vai(ax) ] Je, Ovmy s = 0ik
(ax) = iy (a1 — ax)"Vpi(az) = 0 L[y 3.5
pilak) = Oik, 1 —ag) Vpilag) =0, Fxl Sy, Ovm, 07 (3.5)
pij(ar) =0, (a; — ax)TVpij(ar) = 0i16; ! ap”d =0,
ij \Uk ) l k ij \Uk k05l |Fk| r 6VFk
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when 1 <i# j<3and1 <k #1[ <3. Hence ¢, p; and p;; are the nodal basis functions
with respect to the degrees of freedom. Therefore, the dimension of P (T) is 12 and D7 is
Pr-unisolvent.

One can verify that

/ U/ L / NP gs — o, (3.6)
FY, Fy,

8VFk 2 aVFk

when 1 <i<3and 1<k #1[<3, and that

P gy [ Wi gy Bl o gy (3.7)

pijl v, Yovn, 12 UFx

when 1<i#3j<3,1<k#i<3and1<1#ki<3.
Given p € P57 (T), it can be written as

p= > 1 mprk§:|FL/-——dz% > (a5 —a)"Vp(ai)pi;.

1<i<3 1<i<3 1<i#£j<3

Then for 1 < i # j # k < 3, it can be computed by (3.6), (3.7) and the above equality that

1 op . L op, o
|E| /Fl AJ 8VF7’ ds o 12 (6VF1 (aj) 8VF 2|F| / 6Z/F d (38)

Given any edge F of T' € Ty, denote its unit outer normal by vz. For any v € L?(f) with
vl € HY(T), VT € Tp,, we define the jump of v across F as follows:

[v]F = v|r — 0|1/,
if F=TNT for some other T" € Ty, and

[v]F = vlr,

if F=Tno".

For the new element, define the corresponding finite element spaces V} and Vg as follows.
Vi = {v € L3(Q) | v|r € P (T),YT € Ty, v and Vo are continuous at all vertices of elements
in 7y, and for any edge F of T with F' ¢ 99 the integral average of v} [Vv]r over F is zero};
and V0 = {v € V}, | v and Vv vanish at all vertices belonging to 912, and for any edge F' of T
with F' C 0N the integral average of %v over F' is zero}.

We claim that Vj, ¢ C°(Q) and Vi C CJ(Q2). Let vy, € Vi, F be a common edge of
T,T’ € Tn. By the definition, [vs]F is in P3(F), and it and its directive derivative along F are
zero at two endpoints of F. Hence [v;]r = 0, that is, v, € C°(Q). Similarly, we can show that
v, € CP(Q) when vy, € Vi.

By (3.8), the definitions of V}, and Vj,o and the fact that V;, € C°(Q) and Vi C CJ(R), we
obtain the following lemma.

Lemma 3.1. If F is a common edge of distinct T, T’ € Ty, then

/ p [Vop|rds =0, Vp e Pi(F), Youp € V. (3.9)
F



222 B.R. GAO, S. ZHANG AND M. WANG

If an edge F of T € Ty, is on 052 then
/ p [V”Uh]p ds = 0, Vp c P (F), Yo € Vio. (3.10)
F

From the new plate element given above, we can deduce a new Zienkiewicz-type element.
For 1 <4 < 3, define

()= [ 9L v, 1
Pilv) = |Fz| /Fl ovr, ds 2 1<j<23,j;éi ovr, (aj)a Yo e CHT). (3.11)
Set
Pi={ e P(T) | 6:(0) = 62(0) = 6s(p) = 0}, (312)

Observing the fact that Po(T) C P; (T) and ¢1(p) = ¢2(p) = ¢3(p) = 0,Vp € Po(T), we have
Py(T) C P:.

The new Zienkiewicz-type element is defined by (T, Pr, Dr) with
1. T is a triangle;

3. the components of Dr(v) for any v € C1(T) are:

”U(a,)v 1<j<3,
{ (a].ji a;))TVu(a;), 1<i#j<3. (3.13)

It is easy to verify that Dp is Pp-unisolvent.

For the new Zienkiewicz-type element, the corresponding finite element spaces V;? and V)3,
are defined as follows. VZ = {v € L*(Q) | v|r € P;,VT € T}, v and Vo are continuous at all
vertices of elements in 73}, V%) = {v € V7 | v and Vv vanish at all vertices belonging to 9Q}.

The difference between the new Zienkiewicz-type element here and the two dimensional one
proposed in [14] is their shape function spaces. The consistent term of the element here is of
order O(h?), while the consistent term of the element given in [14] is of order O(h).

4. Convergence Analysis

Let f € L?(2). We take the following boundary value problem as example to show the

convergent result:
(—=1)"A™u = f, in Q,

ou om—ly (4.1)
uloa = 5’59 T T vl
where v = (v1,vs,--+,v,)T is the unit outer normal to 9 and A is the standard Laplacian
operator. Define
a'mu a?”VL,U
= dex. 4.2
a(t,v) 2 /Q Duj, -0, Dujy Oy, (42)

1<j1, 5 dm<n
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Then the weak form of problem (4.1) is: find v € HJ*(2) such that
a(u,v) = (f,v), Yv € Hy' (). (4.3)
For nonnegative integer s and 7y, define
H*(T) = {v e L2(Q) ‘ olr € HNT), YT eTh }

For v,w € H™(Tp,), define

o™ 0w
_ dz. 4.4
ap(v,w) Z Z /T dz;, -0z, Oz, - Ox;,, x (4.4)

TeTh 1<j1,+ ,jm<n

The finite element method for problem (4.3) is: find up € Vio such that

an(un,vn) = (fivn),  Von € Vao. (4.5)
We introduce the following mesh dependent norm || - ||s,, and semi-norm | - |5 p:
1/2
lelloa = (3 Iol2e)
TETh ;
! Yv € Hé('Th).
, \1/2
lon = (D2 W)
TETh

For the nonconforming elements, the basic mathematical theory has been established (see [5,
7,10,13,18]). We can use them to give the convergence analysis of our new elements.

For the finite elements given in previous two sections, one can verify the following statements
by their constructions, Lemmas 2.1, 2.2 and 3.1:

e They all have the approximability.

e They all have the superapproximation.

They all have the weak continuity.

They all pass the patch test.

They all pass the generalized patch test.

Then by the result in [10] or by the one in [13] we can obtain the following theorems.

Theorem 4.1. Assume that m,n > 1. Let Vio be the finite element space corresponding to the
rectangular finite element of order m, and let w and uy be the solutions of problems (4.3) and
(4.5) respectively. Then

%ii%ﬂu—uhﬂm,h =0. (4.6)

Theorem 4.2. Assume that m =n = 2. Let Vi be the finite element space corresponding to
the new plate element or new Zienkiewicz-type element, and let u and up be the solutions of
problems (4.3) and (4.5) respectively. Then

lim Hu - uh||27h =0. (47)
h—0
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By the result in [13], we know that the error of the rectangular finite element of order m
and the new Zienkiewicz-type are all order O(h). For the new plate element, we can obtain the
following theorem by Lemma 3.1 and the usual technique dealing with the consistent term.

Theorem 4.3. Assume that m = n = 2. Let Vo be the finite element space corresponding to
the new plate element, and let w and uy, be the solutions of problems (4.3) and (4.5) respectively.
Then there exists a constant C independent of h such that

lu — unll2.n < Ch?|ulsq, (4.8)
when u € H*(Q). In addition,

lu —un|i.0 < Ch3|ulaq, (4.9)
when §Q is convex.

Remark 4.1. Let £ > 1. The finite element space V}, corresponding to the rectangular element
of order k is a subspace of H!(f2). Hence the element is convergent with order O(h?*~1) by
Lemma 2.1 when it is applied to solving the second-oder problems. In general, the rectangular
element of order k is a convergent nonconforming element for the 2m-th-oder problem when
k > m, which can be shown by Lemmas 2.1 and 2.2. In this situation, the finite element space
Viho should be defined accordingly.

5. Numerical Examples

In this section, we give some numerical results of the new plate element. Now let m =n = 2,
Q= (0,1) x (0,1) and define

un(2) = 23 — 123 (2 — 17,
(x) (sm may) sin( mcg))2,

ug(x) = e®17%2,

4 T T

O u2(><)=(sm(1t><1)sirv(n><2))2
slope of which is =1.1928.
2F + ug(x)=e"""z i
N o — — — slope of which is ~1.3389.
g U, (08, =121
ok ~ O — — slope of which is -1.2202. | |

log(IIt,u=u,l, )

Fig. 5.1. The error: |IIpu — un|2,n
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For 1 <i < 3, set f; = A2u;. Then u; is the solution of problem:

A%y = f;, in Q,
U= u, oo on 0f).

Problem (5.1) is a homogeneous Dirichlet boundary value problem when ¢ = 1,2, and a non-
homogeneous one when 7 = 3.

For mesh size h = 271,272 ..., O is divided into h x h squares, and each square is further
divided into two triangles by the diagonal with a negative slash.

Let IIj be the interpolation operator corresponding to new plate element and 7, and let uy,
be the finite element solution corresponding to new plate element and triangulation 7;,. The
numerical results of error term |IIpu — upl2,, are shown in Fig. 5.1 with respect to mesh size
h. It is seen that the error terms |IIu — up|2,n are of O(h?) as h approaches 0. On the other
hand, the interpolation error |u — ITyuls is of order O(h?) at least. So that |u — up|a, is at
least two order of h as well.
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