Journal of Computational Mathematics http://www.global-sci.org/jcm
Vol.29, No.2, 2011, 227-242. doi:10.4208/jcm.1009-m3113

ERROR ESTIMATES OF THE FINITE ELEMENT METHOD
WITH WEIGHTED BASIS FUNCTIONS FOR A SINGULARLY
PERTURBED CONVECTION-DIFFUSION EQUATION"

Xianggui Li
School of Applied Science, Beijing Information Science and Technology University, Beijing 100101,
China
Email: lizg@bistu.edu.cn
Xijun Yu and Guangnan Chen
Institute of Applied Physics and Computational Mathematics, Beijing 100088, China
Email: yuzj@iapem.ac.cn, chenguangnan_-6@yahoo.com.cn

Abstract

In this paper, we establish a convergence theory for a finite element method with
weighted basis functions for solving singularly perturbed convection-diffusion equations.
The stability of this finite element method is proved and an upper bound O(h|Ine[*>/?)
for errors in the approximate solutions in the energy norm is obtained on the triangular
Bakhvalov-type mesh. Numerical results are presented to verify the stability and the
convergent rate of this finite element method.
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1. Introduction

It is known that singularly perturbed convection-diffusion problems contain sharp boundary
layers so that the application of a standard finite element or finite difference method to such a
problem often results in spurious oscillation. To avoid non-physical numerical solutions, many
special finite element techniques have been developed, including upwind finite element [1, 4],
Petrov-Galerkin finite element [7], streamline diffusion finite element methods [2,8, 9], and
exponentially fitted finite elements [18,21-23]. However, these methods do not always give
accurate results, especially when a diffusion coefficient has the same magnitude as that of
mesh size. In [12], Li et al presented a weighted basis finite element method. Since the basis
functions with weighted factors are consistent with the direction of flow and have the nature
of exponential fitting near the boundary layers, numerical solutions obtained by applying this
finite element method is non-oscillatory. Although the method proposed in [12] is promising
from its numerical performance, except for a simple error bound of order O(h'/?|In¢l) in [14]
the mathematical understanding of the method is very limited. Regarding about the convergent
results on layer-adapted meshes, streamline diffusion finite element or standard finite element
methods can give uniformly optimal convergent rate, the reader is referred to [2,3,11,16,24-28)].
Moreover, spectral methods have been proposed to resolve the bounding layers, which are shown
very effective, see, e.g., [29,30].
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In this work, a combination of the standard linear finite element method and the weighted
basis finite element method is investigated for solving two-dimensional convection-dominated
problems. This combination is used in conjunction with an anisotropic mesh refinement tech-
nique, i.e., a convection-diffusion equation is discretized by the weighted finite element method
in a region containing the boundary layers and by the standard finite element method on a
regular triangulation of the subregion away from the layers. As shown in [12], the standard
basis function can be regarded as a special case of the weighted basis function. Therefore, this
combination of two finite element methods is framed as a weighted basis finite element method
which reduces to either the standard finite element or the weighted basis finite element method
by a judicious choice of weights. Because the weighted basis functions are continuous across the
interface between the two subregions, the resulting finite element space is conforming. This con-
formity allows us to analyze the method using conventional finite element analysis techniques.
This is in contrast to a nonconforming method with which a sophisticated technique needs to
be used to deal. In this paper, we will prove the stability of this finite element method and
establish an upper error bound for the approximate solutions by the method on the triangular
Bakhvalov-type mesh. We will also show that the error bound is almost independent of €. We
comment that, although the problem considered in this work is two-dimensional and linear, the
idea can be extended to higher dimensional and/or nonlinear problems [5, 13].

Throughout this paper, we use C' as a generic positive constant which is independent of the
small parameter € and the mesh size. The rest of our paper is organized as follows. Section
2 describes the continuous problems and some preliminaries. The finite element formulation
with weighted basis functions is presented in Section 3. In Section 4, the stability of this finite
element method is shown and the error estimate in an energy norm is established. The numerical
examples will be given in Section 5 to demonstrate the convergent rate and the stability of this
finite element method.

2. Weighted Basis Functions on the Triangular Mesh

Consider the following singularly perturbed problem with a small positive parameter ¢ in
two-dimensional space,

V- (—eVo+b(X)v) + pu(X)v = f(X), X € QCR? (2.1)

v]g0 =0, (2.2)

where X = (z,y)T, Q= (0,1) x (0,1) and 9 denotes the boundary of .

In what follows, we will use conventional notation for function sets and spaces. More
specifically, we use L?(Q2) to denote the space of all square-integrable functions on 2 with the
inner product (-,-) and C*(Q) (or C*()) to denote the set of functions which, along with its
up to kth derivatives are continuous on 2 (or Q. The usual kth order Sobolev space is denoted
by H*(Q) and we put H}(Q) = {v € H*(Q) : v(X) = 0 on 90Q}.

For the coefficient functions, we assume that b(X)e(C1(Q2))%, u(X) € C(Q) N H(Q) and
f(X) € L>(0). We also assume that b(X) satisfies

1
5V-b+u(X)2a>0, X eqQ, (2.3)

where « is a positive constant. This condition (2.3) has been used in many existing works on
uniform convergence analysis such as [18-20,22,25]. In fact, when ¢ is sufficiently small, the
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condition (2.3) can be easily satisfied by a simple transformation v(x,y) = exp(Kx+ Ky)u(x,y)
for a suitable positive constant K, see [19,25]. Although the existence and uniqueness of the
solutions to both of the continuous problem and the finite element problem do not need this
condition, it will be used in the definition of the energy norm and the proof of the error estimates.
For simplicity, we also assume that two components of b are bounded below by two positive
constants b;, b, such that

bi(X)>by >0, by(X)>by,>0, in. (2.4)

In this case, the solution to (2.1) and (2.2) has two exponential boundary layers with width
O(e) at boundaries x = 1 and y = 1. However, to avoid the appearance of singularity at the
corners of  [10], f is often assumed to satisfy the following compatibility conditions

f(0,0) = f(0,1) = f(1,0) = f(1,1) =0,
aiJrjf
Ozt OyI
see [15, Theorem 5.1] and [25, Lemma 2.1] for details.
The variational problem corresponding to (2.1) and (2.2) is illustrated below.

0,00=0, 1<i+j<3,

Problem 2.1. Find v € H} () such that for all w € Hg (L),
A(v,w) = (faw)a (25)
where A(-,-) is a bilinear form on (H}(Q))? defined by

A(v,w) = (eVv — bv, Vw) + (u(X)v, w). (2.6)

Let || - ||c be the norm defined on Hg () by

ol = <5(W,W) + (@v : b+u(X)) v,v>>% .

It is easy to see that the norm || - || is true on H{(Q2) due to the condition (2.3). For any u €
H(Q), we have

A(u, u) = &(Vu, Vau) + <<%v : b+u(X)> uu> = ||ul|2.

Then the condition (2.3) guarantees that the bilinear function A(:,-) is coercive and therefore
the variational problem 2.1 has a unique solution in H}(Q).
For a triangle T" with vertices X;, X;, X}, in the anti-clockwise direction, the standard linear
basis functions satisfy
@l(Xm) = 5lm7

where d;,, is the Kronecker delta function. By virtue of the Bernoulli function

s
, ifs#0

B(s)={ e —1 ’
(s) {61, 50,

for a given function b(X) we can define the weighted factor m;(X) corresponding to ¢;(X)
(l=1,4,k) as N
my(X) = B(~=b"(X — Xi)/e). (2.7)
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Using these weighted factors, one obtains weighted basis functions on T

50X — mu(X)ei(X) i
2 = R X Ty (Ko () T K@) Lk 28

where @; has the same support as ¢;.
By the definition (2.8), &; (I =1, 4, k) have the following properties (see [12]):

©i(X1) = du, 0<9; <1,

and on T
@i +¢; + o =1 (2.9)
For a smooth function u, we define a flux g(u) corresponding to the function b(X) as

g(u) = —Vu + bu. (2.10)

As shown in [12] , we can give the approximations g; to g(¢,) (I = 1,7, k):

s (w—x oy-y | ( BO(X-X;)/
& = E(Jc—xk y—yk) (B(bt(X—Xk)/s)

-~ y—y  —(y—uy) B(b'(X - X;)/e) \
=m0 T ) (b xirm ) BORE0),
wectm( 20, ) (S Yormvim
- y—y;  —(y—ui) B(b'(X — X;)/e) \ -
B (5/25T)( —(rx—z) - ) ( B(b'(X - X;)/e) ) (Pu(X)/0n(X)). (211¢)

In the above definitions, St is the measure of the element T'. It can be shown that fluxes and
their approximations satisfy the following [12]:

(%) + 8(%)) + B(@x) = b, (2.12a)

g +8;+8:=Db. (2.12b)

3. The Galerkin Finite Element Formulation

In this section, we consider the weighted basis finite element method on a triangular mesh
with the refinement in boundary layers. Let

01 = ﬁ5|ln5|, dg = é5|1n5|, (3.1)
by by
where 8 > 2 is a constant. As shown in Fig. 3.1, we divide the region €2 into four subregions
Q1,09,Q3, €y given respectively as

Ql 2(0,1—51)X(0,1—52), 92:(0,1—51) X(l—ég,l),

Qg 2(1—51,1)X(1—52,1), Q4=(1—51,1)X(0,1—52).



Error Estimates of FEM for a Singularly Perturbed Equation 231

Fig. 3.1. Q and its subregions.

The region () is triangulated as in Fig. 3.1. The subregions Q; and Qy U Q3 U Q4 are
triangulated separately. We assume that the triangulation of Q;with the mesh parameter h is
regular. Let (N7 +1) be the number of nodes on ;NQ,. Then x—direction subinterval [1—4d7, 1]
of €4 is partitioned into N; mesh intervals by inverting the function exp(—b,(1—x)/(Be)). We
specify the z; in Qq, for i = Ny,--- 2Ny, so that {exp(—b,(1 — z)/(B¢))}; is a linear function
in 7, i.e., we set

exp (— by(1 - 2:)/(52)) = Ai + D

and choosing the unknowns A and D so that zny, = 1 — §; and oy, = 1. This gives

1— —1
:cilJrﬁsln( ¢ i+2@11>, 1i=Ny+1,---,2Ny.
b, N

An analogous formula can be given for the mesh points y; in subinterval [1 — d2,1] of Q,. To
triangulate the L-shaped subregions Qe UQ5 U 54, we first divide it into rectangles using lines
x = x; or y = y; parallel or perpendicular to one of the axes. Note that, in this partition, the
y—coordinates of the latitude lines in Qs and the z—coordinates of the longitude lines in Q4 are
determined by the mesh nodes of the triangulation for Q; on the boundary segments Q; N Q;
and Q; N Q4. As shown in Fig. 3.2, each of the rectangles is then divided into two triangles by
one of its diagonals. The triangulations for Q1 and Q5 U Q3 U Qy form the mesh T3, on Q. This
global triangulation satisfies that it is regular on ; and Q3 and it contains long, thin triangles
on Qy and Q4. A typical case is displayed in Fig. 3.2. Moreover, The triangular refinement
in boundary layers Q, U Q3 U Q4 must be of Bakhvalov-type such that the projection of the
diameter of any triangle in Qs U Q3 onto the y—direction is O(ch|In¢|), and the projection of
the diameter of any triangle in Q3 U € onto the z—direction is O(eh|Inel).

As the width d2 of Q5 U Q3 is defined in (3.1), the projection of the diameter of any triangle
in 9 U Q3 onto the y—direction is smaller than d5. Similarly, the projections of the diameters
of triangles in €4 U Q3 onto the x—direction are smaller than §7.

Although the weighted basis finite element method adopted in [12] can deal with boundary
layers well, it costs more CPU time than the standard finite element method in smooth solution
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Fig. 3.2. A sample mesh with boundary layer refinement.

subregions. An efficient method is the combination of the two methods. This strategy is carried
out by giving different weights m;(X) in (2.7) and choosing different b(X) in the four subregions.

b(X) =0, if X € Qy, (3.2a)
b(X) = (0,b5(X))", if X €0y, (3.2b)
b(X) = b(X), if X €03, (3.2¢)
b(X) = (b1(X),0)", if X e Q. (3.2d)

Lemma 3.1. The basis functions (2.8) with weights defined by b(X) in (3.2) are continuous.

Proof. If the node X; is in Qq,Qs, Q3 or Qy, it is easy to see that the basis function @;(X)
defined by (2.8) with the weights (3.2) is continuous. Therefore, only the case for node X; on
the interface between different subregions is shown. Without loss of generality, we consider that
X; is on the intersection between Qsand Q3. Let triangle T} with vertices X;, X i> X, and To
with vertices X;, Xy,, X; belong to Qs and Qs, respectively. The two triangles have a common
edge X;X;. From (2.8) and (3.2) we have

B(ba(y —vi)/e) i
ba(y — yi)/e) i + B(ba(y — y;)/€) s + B(b2(y — Yx, ) /) pry
B(b'(X *Xi)/f)%
B(b-(X — X;)/e)pi + B(b:(X — X;)/e)p; + B(b-(X — X,)/e)pr,

Qi(X)‘TQ =

If X e Xin, then

cpkl(X) = 90]92(X) =0,
b-(X — Xi) = ba(y — w1), l=i,j.

We then have
(X)), = 2(X)|y,, if X € X;X;.

If X ¢ X;X,, then ¢(X) is continuous at X due to the continuity of ¢(X)|nand ¢(X)|r,. O



Error Estimates of FEM for a Singularly Perturbed Equation 233

Remark 3.1. Although different weights are adopted in different subregions, all weighted basis
functions are continuous. Therefore, our finite element method is still conforming.

Replacing b by b in (2.10), the flux corresponding to u and b is denoted by g, i.e.,
g(u) = —eVu + bu. (3.3)

Let B
gl = gl + (bib)glv l= iaja k. (34)

Then g; is also regarded as an approximation to g(¢,;). By g; defined by (2.11a)-(2.11c) we
have

Lemma 3.2. The flux g(¢;) and its approzimation §; satisfy
|g(¢l)_gl| < ChTa l= i, 7, kv (35)
where hp the shortest edge of the element T'.

Proof. If X; € Q; and X € Qy, then b =0 and @y is reduced to ;. By computation we get
8 = —eVyg = —eV@. So g(4;) =8, i-e. the inequality (3.5) holds.
If X; € Q3 and X € Q3, then b = b and g, = g;. Following Theorem 4.3 of Li et al. [12],
we have |g(4;)—8;| < Chr. N
Furthermore, for the case in 29, we have b = (O,bg)t. By the definition of flux g(¢,;) and g;
in (3.4), we get
2(2)—81| =|(—V@ +bg1) — (8 + (b—b)Z1)|
=|(—eVa +b3) — gl
:‘g(@)*gd.
It follows from Theorem 4.3 in [12], that

|8(?)-8| < [8(&)—&| < Chr.
For the case in €y, its proof is similar. This completes the proof of Lemma 3.2. O
Moreover, by (2.8) and (2.12) we can get
g(%i) + 8(%5) + 8(@k) = b, (3.6a)

Let T, denote a triangular mesh on 2. The set of vertices of T, not on 9N is de-
noted by {X;}¥. Corresponding to the partition 7}, the finite element space is Vj, =
span{p1, P2, ,@n} C HE(Q). The finite element method corresponding to (2.1)-(2.2) is
define as follows.

Problem 3.1. Find a v, € V} such that for any wy € V,
A(vn, wn) = (g(vn), Vwn) + (u(X)vn, wn) = (f, wn), (3.7)

where A(-,-) is the same bilinear form defined in (2.6).

The following assumption is needed for error estimates.
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Assumption 3.1. The solution v to problem (2.1)-(2.2) can be decomposed into four parts v
(1=1,2,3,4), i.e.

v = v1 + vy + v3 + V4, (3.8)
where vy satisfies
[lv1]]k,00,0 < C, for k=0,1,2, (3.9)
and v (I =2,3,4) satisfy
ity , by (1 —y)
2| <Ce™V =2 J 1
9070y <Ce 7exp ( . , (3.10)
"ty —i—j by (1 —x) by(1—y)
0z 0y <Ce exp ( f) exp ( f)’ (3.11)
Oy, —i bi(1—x)
— | < v - 12
9770y <Ce"exp ( . ), (3.12)

for0<i+j<2.

In the above assumption, vy is globally smooth and uniformly bounded in €2, while vy, v3
and vy contain boundary layers in {29, 23 and €1y, respectively. Sufficient conditions for the
existence of this decomposition have been discussed in many literatures [6,11,15,17,22, 25].
The following lemma shows that v and all its first and second partial derivatives are uniformly
bounded in ;.

Lemma 3.3. if 8 > 2, then the solution v to (2.1)-(2.2) satisfies

v][k00 < C, k=0,1,2. (3.14)

||Ul||k,oo,§21 <C, 1=1,2,3,4, k=0,1,2; (3.13)
Proof. The proof of this lemma follows directly from (3.9)-(3.12) in Assumption 3.1. O

4. Error Estimates

Let v; = v(X;) and v! be the Vj-interpolation of the exact solution v to the problem (2.1)-
(2.2), ie.,

N
V(X)) =D udi(X).
=1
Then we have
Av —vp,v —vp) = A(v — v, v — v + A(v — vp, 0T —vp). (4.1)

Furthermore, because v and vy, satisfy the variational problems (2.5) and (3.7) respectively, one
can get the following statement

A(v — vy, vl =) =0
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by noting the fact (v! —v) € V. So the term A(v — vp,, v — v!) in (4.1) is needed to estimate.
For the first term on the right-hand side (RHS) of (4.1), we have

A(v —vp,v — ') =(eV(v = vp), V(v —v")) = (b(v — v3),V(v — v'))

+ (u(X) (v = o), (v = v"))

=(eV(v—v), V(v —v")) + (b(v — v1), (4.2)
V(v — o)) + (1(X) + V- b)(v = wp), (v — 7).

To obtain upper error bounds on the RHS of (4.2), we first analyze the error between v and
its interpolation v! which is given in the following lemma.

Lemma 4.1. Let v be the solution to (2.1) and v’ be the interpolation of v in Vi,. Then
10(X) = 0" (X)]] o g < Chllne], (4.3)
where ﬁi =05 UQ5UQy.

Proof. Without loss of generality, we assume that X belongs to a triangle T in Q5. The
proofs for other cases are similar. Let X;, X; and X denote the three vertices of the triangle
T, as depicted in Fig. 4.1, we have

[0(X) = o' (X)] <[o(X) = vi] + Jvi — 0" (X))
=[v(X) —vi| + |(vj — vi)@;| + [(vk — vi)Pr|-

By the properties of weighted basis functions, we know that 0 < ¢; < 1(I = 4,7, k). Therefore,
we have from the above inequality

[0(X) =" (X)] < Ju(X) = vl + (v = vi)| + [(vr = vi)- (4.4)

As shown in Fig. 4.1, we assume, without loss of generality, that X;X; is the horizontal
edge in T' let X’ denote the intersection of X;X; and its perpendicular passing through X. By
Assumption 3.1, we have

[0(X) = il <[o(X) = v(X")] + [0(X') = vil (4.5)

—d:L'
‘/X’X Jy } ‘/XX’ Ox

§0(|X X|/e + |X: X' |) < Ch|lnel.

Applying the above result to the two special cases when X = X; and X = X}, we obtain

lvj —vi| < Ch, (4.6)
|vg —v;| < Ch|lnegl. (4.7

Substituting (4.5)-(4.7) into (4.4), we get the inequality (4.3). This competes the proof of the
lemma. g

Lemma 4.2. If B3 > 2, then v and v’ satisfy the following
[lo(X) —v(X)
[lo(X) — o' (X)

<Ch?, (4.8)
<Ch?*|In¢l®. (4.9)

llo.e,

o
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X X

X
J
Fig. 4.1. The projection of X.

Proof. By Bramble-Hilbert lemma and Lemma 3.3, one gets (4.8). To show (4.9), we
consider the element 7" in Q3. Let X;, X; and X} denote the vertices of the triangle T'. For X
in T', we have

[0(X) =" (X)llo,r < Hallo,r + [12]]o,7, (4.10)

where I; and Iy are defined as

I =v(X) — (vips + 05 + vipr),

L =[vi(pi — i) +vi(p; — @5) + vi(er — Pr)]-
For I, we have

I =v(X) — (vipi + vjp; + vepr)

1% 0% (z — a;)(y — .)+l&
2022 N T BN Y 20y%|

(y - yi)27
=¢

_ )2
(x —x)* + 920y .

where £ € T. Using Assumption 3.1 and the fact | X — X;| < eh|Ing|, one gets

1llor < Ch?In*e\/Sy, (4.11)

where St is the measure of T and St < Ch2&2 In?eif T € Q3.
For I, using the definition of the weighted basis functions in (2.8) one can obtain

(mi —my)pip;(vi —vy) + (my —mg) k(v — vk) + (Mg — ma)prpi (Vg — vi)

I, =
Mip; +Mmjp; + Mrpk

Noting that |m, — my| < Ch|lne|, |v, — vq| < Chllne| (p,q = 1,7, k), we have
|Io] < Ch?Ine.

Furthermore,
I2llor < Ch?In*e\/Sy, (4.12)

Substituting (4.11)-(4.12) into (4.10) , one obtains
[[v—v!|jor < Ch?In%ey/Sr.
Then we have

=[50, = Y [lv=20"|l5r < Ch*In*e Y Sp < Ch*e®|Inel’,
TeQs TeNs
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which implies
v —v||o.0; < Ch%e|Inel>.

It is an analogue to show that
v —v||o.0, < Ch%e|Inel®, 1=2,4.
Following the above two inequalities, we get the inequality (4.9). |
If ¢ < 1, then ¢|Ine|® < C. In this case, so (4.9) becomes
||v7v1||06§ < Ch. (4.13)

I

By Lemmas 4.1 and 4.2, the interpolation error estimate of v — v* in the energy norm is

obtained as follows.
Theorem 4.1. The interpolation error v —v! satisfies
I|o — o |2 §0h<h+s|lns|). (4.14)
Proof. Considering (v — o) € H}, we have
[o = o"|2 =((V(= V(= v") + blv—v")) + p(X) (@ =v")), (v-0"))
=(f,(v=v")) = (V- g©"), (v =) = (X', (v-2")), (4.15)

where the flux g(v?) is defined by (3.3).
Considering that f and p(X)v! are continuous and uniformly bounded, by Lemma 4.2 and
the inequality (4.13) one gets

I(f, (v —v1))q,| < CH2, (i=1,2,3,4), (4.16)
(X', (0= v"))e,| < CR?,  (i=1,2,3,4),
(V- gw"), (v—v"))a,| < CH. (4.17)

Furthermore, the flux g(v!) in Q3 can be decomposed into two parts g(v!) and R(v!). Due
to equalities (3.6a)-(3.6b) and the fact that v!|r = v;$; + v;@; + VP, E(v1) in an element T
with vertices X;, X; and X can be written as

8"y =vig; + vs8; + kB
=v;b + (v; — v;)8; + (vk — V)8, (4.18)

Let

Then, by Lemma 3.2 it satisfies

R(W)(X) =0, 1=i,jk, (4.19)
IIR(v")|lo,0, < Che?|Inel?.
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Combining (4.18) and (4.19), we have

(V- g0, (v = o))l

=|(V B!, (v - )) HVRE), (0~ 01)ay|

<|(V - B(01), (0 = v1)g, R0,V (0 — v ))ay | + Che| Ine]

< (117 - (wb) ||0T+||< o)V - @)z + NIk = 0)V - @lo.r)
€Q3

o=l + IR o 0 190 = ") llo2, + Chel e
<3 (19 @bl +11(0; — 00 - @)llor + 10k~ )V - @l r)
TEQ3
v = v'|Jo,0; + Che|Ine|.
In the above deduction, we have used the fact that ||V(v — v!)||o., is bounded, see [15,

Theorem 3.2]. By Lemma 4.1 and direct computation, one can verify that V- (v;b),(v; —v;)V -
(g;) and (vg —v;)V - (g),) are bounded. Therefore, following Lemma 4.2 we have

(V- ("), (v = v"))ay| < Ch(h+ellne]). (4.20)
Similarly, we can show that
(V- g(0"), (v = v))eu| < Ch(R+ellne]),  1=2,4. (4.21)
Combining (4.17), (4.20) and (4.21), we have
(V- g(!), (v — o)), < Ch<h+s|lns|). (4.22)
Substituting (4.16) and (4.22) into (4.15), one obtains the estimate (4.14). O

By Theorem 4.1, the first term in (4.2) can be rewritten as
le(V(v—wp), V(v — ful))| < Ch(h+e|lne|) + (/4)|lv — vnl[} q- (4.23)
Then we continue the error analysis in (4.2) and turn to the convection term,

|(b-V (v —vp),(v —2"))]

:‘(b-V(v —vp),(v — vI))Ql‘ + |(b-V(U —op),(v — ’UI))E% . (4.24)
Considering that ||V (v —v)||g, is bounded in the smooth solution region {1, one gets
|(b-V(v—wvp),(v— ’uI))Ql| < ClV(v—wn)llg, l|lv— vIHQl < Ch*. (4.25)

Furthermore, we have
|(b-V (v —vp),(v — o))
<Cllo = 0] e e IV (v = o)l 1
<Cllv = v"[] yoo g (el D)2V (0 = v8) || 2 5
<Clnelllv = v|[} . + (&/DIV(v—vn)l[]2 5
<Clnelllv —v'|[7.. o + (/D@ —wa)ll} & (4.26)

af
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By Lemma 4.1, (4.26) can be rewritten as

|(b-V (v — vp), (v — vl))ﬁf < Oh*|Inel* + (e/4)||(v — ’uh)||?§ (4.27)
Substituting (4.27) and (4.25) into (4.24), we get
|(b-V (v — ), (v — vI))Q‘ < OR?*|Inel* + (e/4)||(v — ’uh)||?§ (4.28)

Furthermore, combining (4.28), (4.23) with (4.2) and using the condition (2.3), we obtain

‘A(v — Up, v 7v1)|
<Ch(h+¢|lne| + h|Inel?) + §||(v fvh)||f§+ (4 V -b)(v—wvp), (v —ovl)

€ a
<Ch(h+¢|In¢| +h|1ng|3) + §||(U —vh)||i§+ §||v —vh||g7§+0||v _”IH(Q),ﬁ

1
<Ch(h+¢|lne|+ h|Inel?) + §||’u — vp| |2 + CH2.
Finally, by the equality (4.1) and the definition of energy norm || - ||, we obtain

llv — w2 < Ch2(1 +|nef +€|1n5|/h).
Summarizing the above analysis, we have the following theorem which contains the main
result of the error analysis.

Theorem 4.2. Letv and vy, be the solutions to Problems 2.1 and 3.1, respectively. If v satisfies
Assumption 3.1, then v and vy, satisfy

5 1/2
||v—vh||a<0h(1+|lng| +g|ln5|/h) .

As can be seen, the upper error bound in Theorem 4.2 depends very weakly on . In terms
of computation, |Ine| can be approximately treated as a bounded quantity. For example, when
e =107 |Ing*? < (34.6)>/2. Therefore, the theorem implies essentially that the error of
v — vy, is almost e-uniformly bounded.

5. Numerical Results

To demonstrate the theoretical results, numerical experiments on two examples have been
performed.

Example 5.1. Let us consider the two-dimensional convection-dominated problem defined by

Oyt (4= 2y P)0) + (4 — 20 = flay),

0
_(—gvl.—i—(?)—x)v) +8y

ox

V]go =0,

where 2 = (0,1) x (0,1) and

3 .
flzy) = §7rcos7r—; +yssin% — W—;COS% +12y2 — 633 + 3yt
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Fig. 5.1. The numerical solution of Example 5.1.

In our computation, we choose ¢ = 1073. The triangulation with refinement is similar to
that in Fig. 3.2. In this mesh, there are 275 nodes and 488 elements, of which 135 nodes and
250 elements are used to refine the subregion Q2{. We solve this example by the weighted basis
finite element method and the numerical solution is depicted in Fig. 5.1.

Example 5.2. Counsider the following advection-diffusion problem with the boundary condition
U|aQ =0.
—V - (eVv —bv) +2v = f(z,y), in Q=(0,1) x (0,1),

where b = (1,1)!, and

fla,y) =z(1 — == D/E) (1 +eW /ey (1 - e(yﬂ)/s))

+y(1— ew=D/e) (1 +elr /e (1 - e(w—l)/e)).

Its exact solution is
v(z,y) = zy(1 — 6(171)/5) (1- e(yfl)/e).

In this example, the triangulation of the computational region with the refinement is also
similar to that in Fig. 3.2. The errors in energy norm for different values of ¢ are listed in
Table 5.1 from which one can see the convergent rate of this finite element is about one.

Table 5.1: Computed errors for Example 5.2.

Error h=1/5 h=1/10 h=1/20 h=1/40
e =0.01 0.1975 0.0719 0.0375 0.0189
e =0.001 0.2378 0.0881 0.0461 0.0247
€ =0.0001 | 0.2847 0.1054 0.0550 0.0273

6. Conclusion

In this work, we presented an error analysis for a weighted basis finite element method on
the triangular Bakhvalov-type mesh applied to a two-dimensional singularly perturbed problem.
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This method is based on choosing different weights in the smooth solution domain and the
boundary layers. The error bound of order O(h) is obtained which is almost independent of
the diffusion coefficient €. Numerical results were presented to demonstrate the accuracy and
convergence of the method.
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