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Abstract

In this paper, we study adaptive finite element discretisation schemes for a class of
parameter estimation problem. We propose to use adaptive multi-meshes in developing
efficient algorithms for the estimation problem. We derive equivalent a posteriori error
estimators for both the state and the control approximation, which particularly suit an
adaptive multi-mesh finite element scheme. The error estimators are then implemented
and tested with promising numerical results.

Mathematics subject classification: 49J20, 65N30.
Key words: Parameter estimation, Finite element approximation, Adaptive finite element
methods, A posteriori error estimate.

1. Introduction

Adaptive finite element approximation is very important in improving accuracy and effi-
ciency of the finite element discretisation because it ensures a higher density of nodes in certain
area of the computational domain, where the solution is more difficult to approximate. By
now the theory and application of adaptive finite element methods for the numerical solutions
of partial differential equations (PDEs)have reached some state of maturity as documented by
a series of monographs. There has been so extensive research on developing adaptive finite
element algorithms for PDEs in the scientific literature that it is simply impossible to give even
a very brief review here.

Recently, there has been intensive research in adaptive finite element method for optimal
control problems, see, e.g., [2-4,16,19-22]. The main existing approaches are the goal-orientated
a posteriori error estimators, see, e.g., [3,4], and the residual based a posteriori error estimators,
see, e.g., [16,19,20], where a posteriori error estimates equivalent to the energy norm of the
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approximation error were derived for several types of optimal control problems. The readers
can refer to the recent monograph [21] for more details.

Furthermore, it has been found that for constrained control problems, different adaptive
meshes are often needed for the control and the states, see [15,16]. Using different adaptive
meshes for the control and the state allows very coarse meshes to be used in solving the state
and co-state equations. Thus much computational work can be saved since one of the major
computational loads in computing optimal control is to solve the state and co-state equations
repeatedly. This will be also seen from our numerical experiments in Section 6.

In this paper, we are interested in the least-square formulation of the following parameter
estimation problem in R" (n < 3):

gleilr;{g(y) + j(u)}, (1.1)

subject to
—div(AVy(u)) + uy(u) = f inQ. (1.2)

where u is defined on Q, and Q) is a bounded and simply connected open sets in R"™ (n < 3)
with Lipschitz continuous boundaries 9. Here j(u) = [, h(u) is convex functional, f € L?(£2),
and K is a closed convex set. We also assume that g and j are convex functionals which are
continuously differentiable, and j is further strictly convex with j(u) — 400 as ||u|ly — oo, g(*)
is bounded below. For the matrix A we assume that A(-) = (a;;(-))nxn € (WH(Q))"*", such
that there is a constant ¢ > 0 satisfying that for any vector X € R", it gives X'AX > || X|%..
The above problem is of course a class of optimal control problem. In comparison with the
standard optimal control problems, there were relatively fewer known results in developing
adaptive finite element approximation for parameter estimation problems due to the lower
regularity of the parameter that often is discontinuous. In [5], goal-orientated a posteriori error
estimators were developed for a class of parameter identification problem, and computational
tests were presented. In [7,8,13], a posteriori error estimators of residual type were developed
for the same problem but with stronger assumptions on the estimated parameter as required
by the techniques used. In particular, these assumptions eliminate any jumps in the estimated
parameter. Very recently a priori error estimates and super-convergence were presented in [26]
for the above estimation problem, although much more work in convexity of the functional,
regularity of the parameter, and a posteriori error estimation techniques was still needed before
a posteriori error estimators of residual type can be rigorously derived.

The purpose of this work is to develop residual a posteriori error estimators for the adaptive
finite element approximation of the above problem. In our work, the estimated parameter is
assumed just in L? so that jumps in value are allowed for the estimated parameter. The plan of
the paper is as follows. In Section 2, we introduce some notations and preliminaries. In Section
3, we will construct the finite element approximation for the parameter estimation problem. In
Sections 4 and 5, sharp a posteriori error estimators are derived for the parameter identification
problem. Finally numerical test results are presented in Section 6.

2. Notations and Preliminaries

2.1. Some notations

We adopt the standard notation W 9(Q) for Sobolev spaces on Q with norm || - [lyym.a(q)
and seminorm | - [yym.a(q) (OF || - [[m,q,0s | - [m,q,0 for simplification). Further we set Wol’q(Q) =
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{w e Wh4(Q) : wlpg = 0} and abbreviate W™2(Q) by H™(Q) (W, *(Q) by HA(Q)). In
addition ¢ and C denote generic positive constant independent of h. We will take the state
space V = HE(Q), the parameter space U = L*(Q) and H = L*(Q) with the inner product
('7 )

Let
a(y,v):/(AVy)~Vv Yy, v eV,
Q
(f17f2)=/9f1f2 Y(f1, f2) € H x H.

It follows from the assumptions on A that there are constants c and C' > 0 such that Vy,w € V,

a(y,y) > cllyly, laly,w)| < Cllyllvwllv-. (2.1)

Then the standard weak formula for the state equation (1.2) reads: find y(u) € V such that
a(y(u),v) + (uy(u),v) = (fv)  YveV. (2.2)

Then, problem (1.1) and (1.2) can be rewritten as: (OBC) find (y(u),u) € V x U such that
min{g(y) +j(u)}, (2.3)

subject to
a(y(u),v) + (uy(u),v) = (f,v) YveV.

2.2. Well-posedness for state equation

In this paper we will consider the case where u may take negative values. Thus the state
equation (2.2) may not be even well-posed. We need the following assumption on K for well-
posedness of the state equation.

Assumption (H): For any u € K and f € H~'(Q), the equation (2.2) admits a unique
solution y = y(u, f) € V. Furthermore there exist a neighborhood @ of v in K and a constant
C(Q) > 0 independent of f, such that

ly(u, Nl < C@ISflla-+ VueQ.

Some examples of K, which satisfy Assumption (H), will be given in Appendix. Also in the
Appendix, we will show:

Proposition 2.1. If 9Q is C! regular or that Q is a parallelepiped. Suppose that Assumption
(H) holds, then for all u € K, the solution y = y(u, f) of (2.2) is in H?(S). Furthermore for
any v € K, there exist a neighborhood O(v) of v and a constant C(v) > 0 such that

ly(u, f)llgz < C@) || flz: YueOwNK.

2.3. Convexity of control problem

We now in the position of examining the convexity of the parameter estimation problem.
Let

J(u) = g(y(u)) +j(u), (2.4)
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where y(u) is the solution of (2.2). Then it follows that J is continuous and weakly lower
semi-continuous on L2(2). The control problem (2.3) can be reformulated as the following
minimization problem: (M)

min J(u).

Let u be a solution of (2.3). We shall further assume that there is a neighborhood of u such
that J is a uniformly convex functional in the neighborhood. This is a strong assumption.
Nevertheless, we notice that there are many cases where this assumption does hold. The
argument is that in many applications, J is regularized. Thus if it is not strictly convex locally,
then the regularization should be further improved.

One of the most frequently met cases is

J(w) = gly() + 5 lula o)

If « is large enough, then J is uniformly convex globally. For some important problems we can
further show that J is convex locally for any o > 0 (thus uniformly convex).
For example, for any « > 0, consider the following regularized parameter (potential) esti-
mation problem (P, ):
.1 a
min {2|y - Z||%2(sz) + 2||u|2L2(Q)} 5 (2.5)

ueK
subject to
—div(AVy)+uy=f inQ, y=0 ondQ,

where K satisfies Assumption (H).
Let us assume that z is identifiable in the sense that there exists u, € K such that y(u,) = z,
where y(u,) is the solution of the equation:

—div(AVy) +uy=f inQ, y=0 ondQ. (2.6)

Under this condition, we will show the convexity of the control problem in Appendix.

From the local convexity any solution of (2.3) is locally unique, and it can be shown that
if (y(u),u) is a local solution of (2.3) then there is a p € V such that (y,p,u) € VxV x K
satisfying

(AVy, Vo) + (uy,v) = (f,v) Yv eV, (2.7)
(Vq, A*Vp) + (up,q) = (¢'(y),q) Vg€V,
(W (u),u —w) — (py,u—w) <0 Ywe K CU,

where A* is the adjoint matrix of A.

3. Finite Element Approximation

3.1. The finite element space

In this section we consider the finite element approximation of the estimation problem. Here
we only consider the n-simplex elements. Also we only consider the conforming finite elements.
For the problem (OBC) we assume Q C R™ (n < 3). Let Q" be a polygonal approximation
to Q with boundary 9Q". Let T" be a partitioning of Q" into disjoint regular n-simplices T,
so that Q" = J . 7 . Each element has at most one face on 99", and 7 and 7' have either
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only one common vertex or a whole edge or face if 7 and 7/ € T". We further require that
P, € 0Q" = P; € 09 where {P;}(i = 1....J) is the vertex set associated with the triangulation
T". For simplicity, we assume that € is a convex polygon so that Q = Q".

Associated with 7" is a finite dimensional subspace W" of C(2"), such that x|, are poly-
nomials of m-order (m > 1) for all y € W and 7 € T". Let VF = WhnV c V.

Similarly, let Tﬁ be a partitioning of Q" into disjoint regular n-simplices 777, so that Q" =
UTU et Ty. Tu and 7{; have either only one common vertex or a whole edge or face if 7y and
i, € Tk

Associated with T is another finite dimensional subspace Wt of L?(Q"), such that x|,
are polynomials of m-order (m > 0) for all x € Wﬁ and 1y € Tg. Here there is no requirement
for the continuity. Let U" = Wg} In this work, we only consider the piecewise constants or
discontinuous linear elements. It is easy to see that U" C U.

Let h; (hr,) denote the maximum diameter of the element 7 (7r7) in 7" (T}), let p,
(pry) denote the diameter of the largest ball contained in 7 (7y7). Assume that there is a
regularity constant R such that 1 < max epn(h-/pr) < R (1 <max cpn(hry /pry) < R). Let
h =max,ern hr (hy = max . cpn hry ).

3.2. The discrete scheme
The finite element approximation of the state equation reads:
alyn, wr) + (upyn,vn) = (f,vn) Yo, € Vit cv. (3.1)
The next lemma follows immediately.

Lemma 3.1. If K satisfies Assumption (H), then (3.1) has a unique solution for h sufficiently
small.

Let K" be a closed convex set in U such that there are v, € K" converging to an element
v € K in U. The finite element approximation of control problem (2.3) reads (M"):

min Jy(u
wneKh h( h)7

where Jy, (upn) = g(yn(un)) + j(up). Or equivalently (OBC™)

min {glon) + jun). (32)

subject to y, € V", and
a(yn, wn) + (upyn,vn) = (fovn) Yo, € VP C V.

Tt is can be shown that the problem (3.2) has at least one solution (yn,uy), and that if a
pair (yn,up) is the solution of (3.2), there is a co-state p;, € V" such that the triplet (y5, pn, un)
satisfies the following optimality conditions:

(AVy;“ Vvh) + (uhyh,vh) = (f7 ’Uh) Yoy, € vh cV, (3.3)
(Van, A*Vpr) + (unpn, an) = (9'(yn),qn) Van € V" CV,
(h/(uh) — YnPh, W, — uh) >0 Ywy, € K" C u" C L2(Q) (35)
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3.3. Some useful lemmas

For the residual type a posteriori error estimates of the control problem, we need the fol-
lowing well-known interpolation error estimates.

Lemma 3.2. ([6]) Let m, be the standard Lagrange interpolation operator. For m = 0 or I,
q>n/2 and v € W24(Qh),

lv — 7ThU|Wm,q(Qh) < Ch27m|’U|W2,q(Qh). (3.6)

Lemma 3.3. ([23]) Let 7, be the average interpolation operator defined in ([23]). For m =0
orl,1<g<ooandwv € Wl’q(Qh),

v — ﬁ'hvlwm.q(,r) < Ch}__m Z |’U‘W1,q(7-l).
FOTAD

Lemma 3.4. ([12]) Forv e Wh4(Qh), 1 < ¢ < oo,

_1 1—1
ollwo.aon < C (h Nollwoagr) + b Q|v|W1,q<T>) |

4. Equivalent a Posteriori Error Estimators

In this section, we will present a posteriori error estimate of the problem (2.7)-(2.9) and its
approximation (3.3)-(3.5), before which, let us give some denotations.
4.1. Denotations
Firstly, we adopt the control set which satisfies the Assumption (H)
K={velL*Q): v>43}
where 3 is a constant. Secondly, divide 2 into three subsets which are not intersected, i.e.
Q:QOUQ(J{LJf_Za7 where

Qy ={z €Q: yp(z)pn(x) > I
Qf ={ze€Q: yu(z)pn(z) <k
Qo ={z €Q: yn(z)pn(z) <W

(B}
(8), un(z) > B},
(8), un(z) = B}.

Thirdly, define J(-) and Jj(-) as before. Then we have that
(J'(u), w) = (W (u), w) = (py, w),

(i (un), wn) = (W (un), wn) = (Phyn, wn),
(J' (un), w) = (W' (un), w) = (p(un)y(un), w),

where (y(up),p(up)) is the solution of the following auxiliary equation:

(AVy(un), Vv) + (uny(un),v) = (f,v) Vv eV, (4.1)
(Va, A*Vp(up)) + (unp(un), q) = (9" (y(un)),q) Yge V. (4.2)
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Fourthly, let us introduce

e? = /Q ((h’(u) —yp) — Pu(h (u) — yp)>27

where P, is the L?-project operator from L?(f2) to U", and U" is the piecewise constant finite
element space. When U”" is piecewise discontinuous linear finite element space, let us introduce

62=/ (W (un) = ynpn)?,
Q.

where

0, = {x € OF: u(x) =B, un(z) > ﬁ}.

4.2. A upper bound

We shall only present the details for the case V = HJ(2), and give the results for Neumann
boundary condition in Section 5. Moreover, we will assume that V" is a conforming piecewise
linear finite element space, and U" is piecewise constant finite element space. For the case of
piecewise discontinuous linear element space U”, we can obtain the same results, and the proof
is similar so we do not include the details here.

Lemma 4.1. Let (y,p,u) and (yn, ph, up) be the solutions of (2.7)-(2.9) and (3.3)-(3.5), respec-
tively. Assume J is locally uniform convex in the sense that there exists ¢ > 0 such that Vw € U
in a neighborhood of u:

(' (w) = J'(u),w = u) > cllw = ul]f o. (4.3)

Moreover, assume that h'(-) is locally Lipschitz continuous in a neighborhood of uw. Then we
have

&+ lu -l < C(n% T lpCun)yCun) —phyhnaﬂ), (4.4)

where (y(up), p(ur)) is the solution of the equations (4.1)-(4.2), e is defined in the last subsection,
and

nt = / W' (un) = ynpnl.
Qg Ut

Proof. Tt follows from the assumption (4.3) that

cllu —unllg.o <J'(w),u —up)u — (J'(un), w — un)
< — (S (un), u —up)
=(Jp(un), un — ) + (Jh(un) — J'(un), u — up). (4.5)

Note that
(Jp(un), un —u)

=/7 . (W (un) = ynpn) (un — u) +/ (W' (B) = ynpn) (B — ). (4.6)
Q5 U

Qo
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It follows from the Schwarz’s inequality and the inequality 2ab < a?/§ + Jb? that

[ 0w =~ g an
Q5 ud

1

)
<oz (P (un) = ynpn)? + 5 llun — ullg o

1 0
o=+ S un — ull} (47)

where § > 0 is a suitable positive constant. Moreover, note that the definition of € implies
that (h'(8) — ynpn) > 0 on Q. Because that § — u < 0, we have that

| @) = w5 -w) <o (48)
Then (4.6)-(4.8) imply that
(T (un)un — ) < e + 2w, — w2 (4.9)
h\Uh ), Uh _26771 ) h 0,0- .

By using the formulas of J’ and J;,, we have that

(Jp(un) = J" (un), u — up)
(W' (un) = ynpn,w — up) — (B (un) — y(un)p(un), w — up)
=(ynpn — y(un)p(un), un — )

1
<—lynpn — y(un)p(un)|

5
=955 o0+ §||uh —ull§.o- (4.10)

Therefore, it follows from (4.5) and (4.9)-(4.10) by setting J to be small enough that
lu = un g0 < CMi + [lp(un)y(un) — pryalls.)- (4.11)

Next let us consider the estimation of e. For all z* € Q. we have that up(x*) > 8 according
to the definition of .. Therefore, there exists an element 775 € T} such that z* C 77 and
uh|T; = up(x*) > B. Then there exists an ¢ > 0 such that v, = up, + €prz > B, where ¢y is
the basis function of U on the element 7r;. Thus we have v € K", and it follows from (3.5)
that

/ (W' (un) = ynpn)d-; = 0.

14
This implies that
Py (R (un) = ynpn) = 0 on 77
Then we have that

P (B (un) — ynpn)(x*) = 0,
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because that P,v € U" is a constant on 77; for all v € L?(£2). Noting that above proof is valid
for all z* € Q,, we have that Py (h'(up) — ynpr) = 0 on Q.. Therefore,

e? = /Q ((h’(u) —yp) — Pu(h' (u) — yp))2

<[ (00 = ) = 0 - yhph>)2 o (1un) - yhph>2

+ C’/Q* (Ph(h'(uh) - yhph)>2 + C’/Q* (Ph(h/(uh) — ynpn) — Pu(h' (u) — yp)>2

2
SC( — Uhl(%}ﬂ) + C/ <h/(uh) — yhph> +0
Q.

c(|yp — pnlBo + lu— uhné,g)

2
<c [ (W) =)+l - momlo+ = wlia). (4.12)
0

where in the last step, we use the fact that Q, C Q;{ according to the definition of €2,. Note
that

llyp — yrprllo.0 < llyp — y(un)p(un)loo + lly(un)p(un) — yrprllo.o- (4.13)

Moreover, it follows from the well known embed Theorem and the equations (2.7)-(2.9) and
(4.1)-(4.2), we obtain that

lyp — y(un)p(un)|lo,0

s0(|p||o,4,n|y ~ yun)llos + lyun)llosallp — plur)

<C(|p||m||y )l + o) alp —p(uh>||1,n)

(4.14)

Therefore, it can be deduced from (4.11)-(4.14) that
e* < C(nt + [lp(un)y(un) — paynll§ o)- (4.15)
Summing up, (4.4) is the direct result of (4.11) and (4.15). O

In order to have the a posteriori error estimates, we only need to estimate the term
[p(un)y(un) = Prynlloq-

Theorem 4.1. Let (y,p,u) and (yn, pn,un) be the solutions of (2.7)-(2.9) and (3.3)-(3.5), re-
spectively. Assume that all the conditions in Lemma 4.1 hold. Moreover, assume that ¢'(-) is
locally Lipschitz continuous in a neighborhood of y. Then,

e+ |lu— UhHg,Q + [ly — yh||§,n +lp— ph”%,Q <Ci+m5+m3), (4.16)
where e and 1y are defined in Lemma 4.1, and

2
Z hl/ AVyn) - 24 Z hz/ (f‘f’diV(Avyh)_Uhyh) )

INOQ=0 TETH

2
n= D hl/ [(A*Vpn) -n]* + ) h2/< (Un +d1V(A*Vph)—Uhph> ,

INoQ=0 TETN
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where 1 is a face of an element 7, [(A*Vpy, - n)] and [(AVyy, - n)] are the A-normal derivative
jumps over the interior face I, defined by

[(A"Vpp - n)li = (A"Vpp|a — A"Vpplr2) - n,
[(AVyp, - n)]i = (AVyplr — AVynl.2) - n,

where n is the unit normal vector on | = 7} N7 outwards 7!, and hy is the mazimum diameter

of the face l.

Proof. By the Assumption (H) and noting that ||p(up)|1,0 < C and |lyn|l1,0 < C when h is
small enough because that ||uy||o,n is bounded, we have

lp(un)y(un) — prynllo.o

<lp(un) (y(un) = yn)llo.q + llyn(@(ur) = pr)llo.o

<lp(un) (un) — (un) — pullo.a0
SCIIp(uh)IImIIy(uh) = ynle + Clynllellp(un) — pallie

<C<y<uh> ~ gl + lpun) —phnm). (4.17)

Let e? = p, — p(up). It follows from [1] that there exists a function ¢ € HZ(Q2) such that

< (Vo, A*VeP) + (upe?, ¢). (4.18)

Let ¢; € V" be the interpolation of ¢ defined in Lemma 3.3. Using the equations (3.4), (4.2)
and Lemma 3.3, we have that

cllePliallolle < (Vo, A*VeP) + (une?, ¢)
=(V(¢ — ¢r1), A*VeP) + (une?, ¢ — ¢r) + (Vor, A*VeP) + (une?, ¢r)

—Z (A*V(pn — p(un))V (¢ — ¢1) + un(pr — p(un))(¢ — 1))

reTh 7

+ (9 () — o (y(wn)), 61)
= 3 [ Tpn) + )@ - 01) ~ (o' (a(wn)). 6~ é1)

TeTh
(6 ) =g ) o0+ X [I(AVm) o - o)
1NON=0
-3 [ A Ton) + = )6~ 00) + (6 () ' ). )
+ ¥ [iarvm) n@—an
1NON=0

<o X 12 [ @na Vi) - wmn + 500 ol

TETh

+o(

S h / (A"Vpn) - ) I8l + Clign — y(un)logll@llon:

1NoQ=0
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Then,

Ip(un) = palli o SC( > hf/(g’(yh) + div(A*Vps) — unpn)?

TETh T
* 2 2
£ 5w IV Al 4 ) - mla). (419
noo=p !
Similarly, it can be proved that
ly(un) = ynlli o
2
<C > / [(AVyn) > +C > B2 / ( f 4 div(AVy,) — uhyh> : (4.20)
noa=0 7! rerh T
Hence, it follows from Lemma 4.1 and (4.17), (4.19)-(4.20) that
e + lu = unllg o + lly(un) — yalli @ + Ip(un) — pali o
< C(f + 113 +113)- (4.21)
Note that
ly = ynllie < lly —y(un)lle + lly(un) = yallo, (4.22a)
Ip = pullie < llp — plun) 1.0 + [Ip(un) = prll1e, (4.22b)
and
ly(un) = yllio + lIp(un) = pllie < Cllu — uallo,o- (4.22¢)
Then, (4.16) follows from (4.21)-(4.22c). O

4.3. A lower bound

In order to derive the a posteriori lower bound, let © and A be the integral averages of v
and A on the element 7 and edge [, respectively, such that

~ A
ol = ﬁ A=

=7

Lemma 4.2. Let (y,p,u) and (yn,ph, un) be the solutions of (2.7)-(2.9) and (3.3)-(3.5), respec-
tively. Then we have

1% < Clly = ynll? o + Cllu — unl§ o, + Ce3, (4.23)

where

G= /hi ((f + div(AVyn) — upyn) — (f + div(AVy,) — Uhyh))2

TETh

+ > hl/[(Af[l)Vy;fn]?

noo=p 7!
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Proof. Using the standard bubble function technique (see, [25], for example), it can be
proved that there are bubble functions w, € Hg(7) N Ps and w; € H} (1} UT#) N P2, where P;

denotes the polynomials of order 4, such that

hi /(f +div(AVy) — uhyh)2 = /(f + div(AVyr) — upyn)w,,

[V - = [(AVi) -

wWﬁﬁscm?/u+dwva»—uwm%

HwT”g,oo,‘r S Ch:QHwT”%,T S Ch?‘ /(f + le(AVyh) - uhyh)27
o e < Ci [[(AV) -

hﬂw&awﬂwmm%

1

o1 e < OOy < i [I(AV) -
It follows from (4.24), (4.26) and (4.27) that for any 7 € T,

hg/ |f +div(AVy,) — uhyh\z

<Ch? /(f + div(AVys) — unyn)?

+ Chi/ |(f 4+ div(AVyn) — upyn) — (f + div(AVy,) — unys)|?

=C /(f + div(AVyn) — upyn)w,

+C%3/Kf+&WAV%)—www—%f+&WAVm)—wwa

aq/mwmvwh—wwmw—uwmwf

+ C/((f + div(AVyn) —upyn) — (f + div(AVyr) — upyn))w-

+ Chi/ (f + div(AVys) — unyn) — (f + div(AVyn) — unyn)|?

< - C/ AV (yn —y)Vw, + C’/(uy — upyp)wr + C5h;2||wT||gyT

+cwm?/Kf+mwAv%)—wwm—wf+ﬁwAv%>—mwwﬁ
<CO)|ly — ynlli.- + CO)lluy — unynllg 1.
+cwm?/Kf+mWAv%>—mwm—wf+mWAv%>—wwmﬁ

+CO(h 2wl + wellf oo - + llwr 1T )

(4.24)
(4.25)
(4.26)
(4.27)
(4.28)
(4.29)

(4.30)
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<CO)lly = yulls - + COulE Ny = ynll3 - + CENynld - lw = unl -

+ 0(5)}13/ |(f + div(AVyn) — unyn) — (f + div(AVys) — unys)|?

+ C(le /(f + le(Avyh) - uhyh)2

T

<COly = ynl -+ CO)u—wunllf ,

+ 0(5)h3/ |(f + div(AVyn) — uayn) — (f + div(AVys) — upys)|?

+ Céhi/ |f + div(AVyr) — unysl,

where § is an arbitrary small positive number. Hence,

> h3/|f+div(Avyh)—uhyh|2

TETh
<Cllly =yl + lu—unlfo)

+C 3 02 [+ dv(AV) = unn) ~ (FF BV — )

T€Th

<C(ly —ynllia+ llu - unll§ o) + Ces. (4.31)

Similarly, it follows from (4.25), (4.28)-(4.30) that for any edge ! such that N 9Q = ), we have
that

hy /l[(AVyh) -n)? < Chy /l[(Avyh) ) + Chy /IKA#DV%,R]Q
=C /l[(flvyh) “njw, + Chy /l[(A — A)Vyn - n)?
¢ /l[(AVyh) nlw; + c/l[(jx  A)Vyn - nlur + Chy /z[(A "
SC/I[AV(yh —y) - njw + C(8)hy /l[(A — A)Vyy - n)? + Con! /lwlz
=C /Tlufz AV (yn —y)Vwr + C/TIUTQ div(AV (yn — y))w;

0@ [((4= DT+ o [ uf
=C /T - AV (yn = y)Vw + C /T . (div(AVys) + f — yu)w,

0@ (4= DT+ [ uf
=C /le AV (yn —y)Vu + C /le (div(AVys) + f — ynun)w;

e /T;UT; (ynun — yuywr + C(E)hy /l[(A ATy -] + Coh /lwlz

<COly =l por + CONE [ 1 +div(AViR) = ung

1.2
T UT]
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+ OOy = s+ COM [[(A= AT

|wl||i‘rllurf + hl_2||wl||g,nlu772 + ”wl”(z),oo,nlurf + hl_lnwl”al)

+05<

<COly =} sy + CONE [ If +div(AVan) = ungn
T, UT;

+ COllu= I s + OO [[(A= D)V + oty [[(AV) -0

Hence,

> i 14 P

1NoQ=0
<C(lly — yh”isz + [Ju — Uh||(2),sz) +Cé
sy hi/ If + div(AVyn) — unyn]?. (4.32)
TETH T

Therefore, it follows from (4.31) and (4.32) that

#<0(ly-mlta+ - wlia) + 3 (4.3
Similarly, we can prove the following lower bound for 73. O

Lemma 4.3. Let (y,p,u) and (yn,pn, upn) be the solutions of (2.7)-(2.9) and (3.3)-(3.5), respec-
tively. Moreover, assume that g'(+) is locally Lipschitz continuous in a neighborhood of y. Then
we have

n; < Clp—pullia+Clly —ynllia + Cllu — unll§ o + Cé3, (4.34)

+ > hl/[(A*—fl*)Vph-n]Q.

noa=p !

Using the lemmas above, we can prove the following a posteriori lower bound.

Theorem 4.2. Let (y,p,u) and (yn, pn,un) be the solutions of (2.7)-(2.9) and (3.3)-(3.5), re-
spectively. Assume all the conditions in Lemmas 4.2 and 4.3 are valid. Then,

3
o< C<62 +llu—unlg o + lly = ynllf o + llp —phllf,g) +Ce?, (4.35)
i=1

where €2 = €3 + €2.

Proof. Tt can be concluded from (2.9) that A'(u) — yp = 0 when u > 8, and h'(u) — yp =
R(B8) — yp > 0 when u = 3. Moreover, we have that (h'(8) — yn(x)pn(x)) < 0 when € Qf
from the definition of ;. Let

QOO = {.T S Qa : ’U,(J}) = ﬁ}, QS = Q(; \Qoo.
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Then we have that (h/(8) — ynpn)? < (B'(8) — ynpn — (B'(B) — yp))? on Qgo. It follows that

/7 (W' (un) = ynpn)®

:/Qo

<Cllu—unllgo+Cllyp — ynpnllg.o +C | (W' (B) = ynpn)?
Qoo

<Cllu—unll§ o + Cllyp — ynpnlls.o + C/Q (W (B) = ynpn — (K'(B) — yp))?

(000 = ) — ) - yp>)2 b () = = )+ h’(ﬁ))2

*
0 00

<Cllu—unllg.o+ Cllyp — ynoulls o

<C(||u a2+ 1pEsally = 9200 + Il ollo - ph|3,4,9)

SC(nuuhnaQ Ty =

Rotlp-mlta) (4.36)
where we used the properties that ||[v]0.4,0 < C|lv|1.0, IPle < C and |ypl1,0 < C.
Moreover, we note that u > 3 and hence h/(u) — yp = 0 on QF \Q.. Furthermore, similarly

to the proof of Lemma 4.1 we have that uj, > 3 and hence Py, (1 (up) — ynpr) = 0 on Q. Then
it can be deduced that

/m(h/(uh) — ynpn)?
= [ 0~ + | g ) =)’
:/Q* <(h’(Uh) — ynpn) — Pu(h (un) — yhph)>2

+ /QJ\Q* ((h/(uh) — Ynpn) — (W' (u) — yp)>2
<C /Q ((h’(U) —yp) — Pu(h (u) — yp)>2

+C /Q <Ph(h’(U) —yp) — Pu(h' (up) — yhph))2

e / 3 ((h’mh) — ynpn) — (M (u) - yp>)2

sc(e2 T llu—unlZe 4y — gl + Ip phnig). (4.37)

Thus it follows from (4.36) and (4.37) that

it < 0(+ = wlia + Iy - i+ o=l ) (4.39)
Then the lower bound estimation (4.35) is proved from (4.38) and Lemmas 4.2-4.3. O

Remark 4.1. It can be shown that e? and €? are of higher order in many cases, see [21] for
the details.
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4.4. Errors estimators in L2-norm

In this section, we bound the errors in the L2-norm to derive sharper estimators.

Lemma 4.4. Suppose Q is convex, and ¢'(+) is locally Lipschitz continuous in a neighborhood
of y. Then,

ly(un) = ynllg. + Ip(un) = pulls.o < C@; +73), (4.39)

where

= > h3/ AVy,) -n)* + ) h4/ (f + div(AVys) — unyn)?, (4.40)

1NoQ=0 TeTh
Z hg/ [(A*Vpp) - n)? + Z h4/ (yn) + div(A*Vpp) — uppn)?. (4.41)
INoQ=0 TETH

Proof. Let e? = p, — p(uy). Let ¢ be the solution of the equation:
(AV, V) + (upd, w) = (e?,w), Yw € H(Q). (4.42)
It follows from Assumption (H) and Proposition 2.1 that
I¢lls@) < Clle? L2 (4.43)

Let ¢; € V" be the standard Lagrange interpolation of ¢. Using the equations (3.4), (4.2),
(4.42), and Lemmas 3.2, 3.4, we have that
eP |50 = (7, €”) = (Vo, A"VeP) + (un, e?)
=(V(¢ — ¢1), A"VeP) + (une®, ¢ — ¢1) + (Vor, A"VeP) + (une”, 1)

—Z (A*V (pn — p(un))V (¢ — ¢1) + un(pr — p(un))(¢ — 1))

reTh 7

+(9'(m) — 9 (y(un)), 61)
= 3 [ (A Tpn) + )@ - 01) ~ (o' (a(wn))o 6~ é1)

TeTh
(o) — g ) o)+ S / (A™Vpn) - )6 — 1)
1NON=0
-3 [ A Ton) + = )6 = 00) + (6 () — ' ). )
+ 3 [lavm)-ale-on

1NoN=0

<o X # [ @na Vi) - wmn + 500 ol

TETH

+c< > [l vim)- ) 1620 + Cllun — ylun)
1NON=0
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Then, it follows from (4.43) that

Ip(un) = pull§ 0

Z h3 A*Vph 24 Z h / (yn +d1v(A*ph)—uhph)2>

1NoN=0 TeTh
+ C(0)[ly(un) — yhllé,g + C6|lp(un) — pallg q-

The estimate about [|y(un) — yall§ o can be proved similarly, so we omit the details.

Theorem 4.3. Let (y,p,u) and (yn, pn,un) be the solutions of (2.7)-(2.9) and (3.3)-(3.5), re-
spectively. Assume that all the conditions in Lemma 4.1 and 4.4 hold. Then,

e+ |lu— UhH(z),Q + [y — th%,Q +lp —Ph||g,9 <C (77% +75 + 77%) . (4.44)

Proof. Tt follows from Proposition 2.1 that ||p|lo,co,0 < C and [|yllo,c0,0 < C (see [14], for
example). We have that ||p(up)]lo,

lp(un)y(un) — prynllo.o
<llp(un)(y(un) — yn)
<lp(un)

<(ly(un) = yolloc + Ip(un) —phnm). (4.45)

(p(un) = pn)llo.c

(un) = ynllo.o + lynllo,co.0llp(un) —

Hence, it follows from Lemmas 4.1 and 4.4 that

&+ lu—unlg o + lly(un) — ynlld o + lIp(un) = pulls.o < C (nf + 05 +193) - (4.46)
Note that
ly = wnllo.o < lly = y(un)llo.e + l[y(un) = ynllo.a, (4.47)
P = prlloe < llp — p(un) (un) — (4.48)
ly(un) = yllo,o + [Ip(un) — pllo,o < Cllu —unllo,0- (4.49)
Then, (4.44) follows from (4.46)-(4.49). O

5. Neumann Boundary Condition

We now consider the parameter problem (1.1) governed by the elliptic problem with the
Neumann boundary condition:

J(u) = min{J(w)}, (5.1)

subject to y € H(Q2) and

a(y(u),v) + (uy(u),v) = (f,v) + /aQ 70, Yo eV =HYQ).

It can be shown that the problem (5.1) has the locally unique solution (y(u), «) and that (y(u),u)
is the solution of (5.1) only if there is p € H(Q) such that (y,p,u) € HY() x HY(Q) x K
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satisfying
(AVy, Vo) + (uy,v) = (f,v) +/ rv Yo e HY(Q), (5.2)
o0
(Va, A*Vp) + (up,q) = (4'(y). q) Vg € H'(Q), (5.3)
(W (u),u —w) — (py,u —w) <0 Ywe K CU. (5.4)

Construct the finite element space as in Section 3, excepted that here we let V* = Wh
(not VP = Wh N H}(Q)). Then, the finite element approximation of (5.2)-(5.4) is: to find
(Yn, pr,un) € VP x Vi x K" such that

a(yn, vn) + (unyn, vn) = (f,vn) +/ ru, Yo, € VP HY(Q), (5.5)
o0

(Van, A*Vpn) + (unpn,an) = (' (yn), an)  Van € V" € H'(Q), (5.6)

(R (un) = ynpn, wp, —up) >0 Vwy, € K" c UM ¢ L2(Q). (5.7)

Using the similar techniques, we can extend the results of Theorems 4.1, 4.2 and 4.3 as
follows.

Theorem 5.1. Let (y,p,u) and (yn, pn,un) be the solutions of (5.2)-(5.4) and (5.5)-(5.7), re-
spectively. Assume that all the conditions in Theorem 4.1 hold. Then,

e+ lu— Uh”g,n +ly — yh”%,sz +lp —Ph”%,sz <Cni+ 1) (5.8)

where e,n1 are defined similarly in the last section, and

Z hz/ [(AVyy) - n]? + Z hz/ f+ div(AVys) — upyn)?

1N9Q=0 reTh
-3 m / ATp) -+ Y B2 / (1) + div(A"Vpn) — upn)?
1NoO=0 TETh
+Zhl/ (AVyp) -n—r) +Zhl/ AVph)~n)2,
1Con 1CO0N l

where 1 is a face of an element 7, [(A*Vpy - n)] and [(AVyy, - n)] are the A-normal derivative
jumps over the interior face l, defined by

[(A*Vpp - n)]i = (A"Vpal1 — A"Vpn|.2) -,
[(AVyn - n)|i = (AVyp|1 — AVys|.2) - n,

where n is the unit normal vector on | = ﬂl ﬂﬂz outwards Tll, and h; is the mazimum diameter
of the face l.

Proof. Let e = pp, — p(uyp,), where p(uy) is the solution of the equations:

(AT (), 70) + (), 0) = (L) + [ v voe HI(@) (59
a9
(Va, A"Vp(un)) + (unp(un), @) = (¢'(y(un)), @) Vg € H' (). (5.10)
It follows from [1] that there exists a function ¢ € H*(Q) such that

< (Vo, A*VeP) + (upeP, ). (5.11)
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Let ¢; € V" be the interpolation of ¢ defined in Lemma 3.3. Using the equations (5.6), (5.10)
and Lemma 3.3, we have that

clle? [l allpllie < (Vo, A*VeP) + (une?, ¢)
_( ((b - d)I) A*vep) (Uhep, ¢ - ¢1) + (V¢Ia A*vep) + (uhepa (bl)

= 3 [ AV = p(w0)) V(6 = 00) + unon — p()) (6~ 1)

TETh

+(9'(yn) — 9'(y(un)), é1)
= Z/ —divA™ (Vpn)+unpn) (¢ — ¢1)— (9" (y(un)), 6—1) + (9’ (yn) — 9'(y(un)), ¢1)

TETH
+ X [V o -en+ 3[4 Tm) m6— o)
INoQ=0 lCoQ
= 3 [ (AT + w5 ) 0 = 60) + (5 () = 5 v01)). )
TETh
+ Z /AVPh (¢ —or) + Z/ (A*Vpp) -n)(¢ — é1)
INoQ=0 1CoQ
<o 30 0 [ v - wan+ o o) )2|¢||m
TETh
s 3 m [l af + 3 b (4T 0 ol
INOQ=0 1CoN

+ Cllyn = y(un)llo.all¢lloo-
Then,

o)~ il <C( 3w [T a4 3w [(4 )

1NOQ=0 1CoN

#3002 [ 6 n) A n) = ) + o)~ B )

T€Th
Similarly, it can be proved that

oo =l <0 (3 b [(A%0) AP+ 3 (AT n— 7

INoQ=0 lcoQ

+ Z h2/ f+div(AVys) —uhyh)2>.

TETH

Then, by following the proof in Theorem 4.1, we have (5.8). O

Theorem 5.2. Let (y,p,u) and (yn, pn,un) be the solutions of (5.2)-(5.4) and (5.5)-(5.7), re-
spectively. Assume that all the conditions in Lemmas 4.2 and 4.3 hold. Then,

BATP <O+ u—wlda+ly—wlEa+p—pall ) + €,
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where

&= Z /h2 (f +div(AVys) — unyn) — (f + div(AVyn) — unyn))?

TETh

+ Z /h2 (div(A*Vpp) — unpn + ¢ (yn)) — (div(A*Vpr) — unpn + ¢'(yn)))?

TETh

+ Z h / [(A— A)Vy, -n)? Z h / — A*)Vpy, - n)?
1NoN=0 1NoQ=0

+ Y hz/ (A= AVyp) n—r+7)>+ > hl/ — A")Vpy) - n)?.
1Con 1coQ

Theorem 5.3. Let (y,p,u) and (yn, pn,un) be the solutions of (5.2)-(5.4) and (5.5)-(5.7), re-
spectively. Assume that all the conditions in Lemmas 4.1 and 4.4 hold. Then,

e+ lu—unllg o + 1y = yulld o + llp = prlld o < Cnf +2%),

where

Z h3/ AViyn) -n]? + Z h4/ (f + div(AVys) — unyn)?

INON=0 TETh
2
Z h?’/ [(A*Vpp) - Z h4/< (yn) + div(A*Vpy) — uhPh)
INON=0 TETH
2
—|—Zh3/<AVyh n—r) Zh3/(A*Vph)'n>-
1CoQ 1CoQ

6. Numerical Experiments

In this section, we carry out some numerical experiments to demonstrate the error estimators
developed in Section 4. Our numerical examples are the following type of parameter estimation

win {3 [ -+ 3 [ -}

problem:

-Ay+uy = f,
s.t. yloo = Yolaa =0,
u > d.

In our examples, Q = (0,1)2, and d is a constant. Let  be partitioned into 7" and Tg as
described in Section 3. We may use different meshes for the approximation of the state and the
control. In all our experiments, we shall use 1; as the control mesh refinement indicator, and
72 + 13 as the state’s and co-state’s.

In solving our discretised optimal control problems, we use the preconditioned projection
gradient method. We now briefly describe the solution algorithm to be used for solving the
numerical examples in this section:
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Algorithm

(i) solve the discretised optimization problem with the projection gradient method on the
current meshes and calculate the error estimators 7;;

(ii) adjust the meshes using the estimators and update the solution on new meshes as
described.

Again, the readers can refer to [21] for the details of such algorithms.

Example 6.1. The first example is to solve the following problem on = (0, 1)%:

2
st.—Ay4+uy=f, u>0,

. 1 2 - 2
min 5/9(:9—?40) d$+*/52(“_“0) du (6.1)

where o = 1072 and

" — { 1.0, =1 +2x2 > 1.0,
0.07 X1 =+ To S 10,
y = sinwxq sin wxs, (6.2)
U =U, Yo =Y,
f=2n%y4+uy, p=0.

We firstly compute Example 6.1 on a uniform mesh. In Figure 6.1, the exact solution u
is plotted. The state and co-state are approximated by continuous piecewise linear elements,
while discontinuous piecewise linear elements are used to approximate the control. In Table
6.1, the mesh information is displayed with L? approximation errors for the control and the
states.

The adaptive multi-meshes presented in Figures 6.1 and 6.2 suggest that the u-mesh adapts
very well to the neighborhood of discontinuities, and a higher density of nodes are indeed
distributed along them. Furthermore the optimal meshes for the parameter and the states are
very different as seen in Figures 6.1 and 6.2. It can be clearly seen from Table 6.1 that on the
adaptive meshes one may use 10 times fewer degree of freedoms (DOF's) in all the variables to
produce a given L? control error reduction.

Example 6.2. The second example is the following one also on Q = (0,1)?:

2
st.—Ay4+uy=f, u>0,

o1 2 a 2
min i/g(y—yo) dx—|—f/Q(u—uo) dz (6.3)

Table 6.1: Computational results of Example 6.1.

On uniform mesh On adaptive mesh
u Y p u y p
# nodes T T T 602 501 501
Mesh | # sides 23008 23008 23008 1556 1416 1416
info | # elements 15232 15232 15232 955 916 916
# DOFs 45696 T T 2865 501 501
L? error 1.85e-02 | 1.17e-04 | 5.64e-06 | 1.67e-02 | 1.52e-03 | 7.11le-05
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Fig. 6.1. Profile of v and mesh for u; in Example 6.1.

0, 0e400.

Fig. 6.2. Meshes for p (left) and for y, (right) in Example 6.1.

where

Yy = ((E%+$% - 1)/47
- { 0.1/a, if 1 +x9 <1,
0, otherwise
p = sin(27x1) sin(27xs), (6.4)
u = max(ug + yp/a, 0),
Yo =y — 87°p — up,
f=uy—1, a=10"2

In Figure 6.3, the exact solution of u is plotted. The state and co-state are approximated by
continuous piecewise linear elements, while discontinuous piecewise linear elements are used to
approximate the control. The mesh information and numerical results are presented in Table
6.2. It was found that these adaptive meshes can further reduce also about 10 times of the
DOFs in all the state variables to produce a given L? control error reduction.

Example 6.3. In this example on = (0,1)? we solve

min l/(y—yo)2d.’/lc—|—g/(u—uo)2dav
2 Ja 2 Ja
st.—Ay+uy=f, u>-1.

(6.5)
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Fig. 6.4. Meshes for py (left) and for y, (right) in Example 6.2.

Table 6.2: Computational results of Example 6.2

On uniform mesh On adaptive mesh
u y P u Yy P
# nodes T T T 2357 603 603
Mesh | # sides 23008 23008 23008 6131 1689 1689
info | # elements 15232 15232 15232 3775 1087 1087
# DOFs 45696 T T 11325 603 603
L? error 7.63e-02 | 1.76e-05 | 3.63e-04 | 5.07e-02 | 1.53e-04 | 5.21e-03

But with «* = u + 1, the problem is changed into:

—Ay+ (W -1y=f
—Ap+ (u" =1)p =y — o,
(a(u*=1)—py,v—u*) >0, Vo >0. (6.6)
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Fig. 6.5. Profile of v* and mesh for up in Example 6.3

Fig. 6.6. Meshes for p, (left) and y;, (right) in Example 6.3.

So, we only need to solve the new system. Here, we choose
y= (23 + 23— 1)/4, uo=0,
u* = max(l + py/«,0),
p = sin(way) sin(mze),
yo =y —2m°p — (u* = 1)p,
f=@-1y—1, a=10""2 (6.7)

Table 6.3: Computational results of Example 6.3

On uniform mesh On adaptive mesh
u” Yy p u” Yy p
# nodes T Yauut T 1639 501 501
Mesh | # sides 23008 23008 23008 4258 1416 1416
info | # elements 15232 15232 15232 2620 916 916
# DOFs 45696 T T 7860 501 501
L? error 5.44e-03 | 1.01e-05 | 1.03e-04 | 5.97e-03 | 2.64e-04 | 1.68e-03

The numerical results are summarized in the Table 6.3. It can be seen that for a given
control error, such adaptive meshes can reduce the numbers of DOFs up to ten times. It is
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clear that the adaptive multi-mesh can save computational work substantially.

7. Appendix

In this appendix, we shall first show Proposition 2.1. Then we show the convexity of the
reduced objective functional for the parameter estimation problem. Let us begin with two
examples of K, which satisfy Assumption (H). Just for simplicity, we use || - ||» to present
|l - lz» () in this section.

Example 7.1. Note that
IVylZe + (uy,y) > [IVylZz + inf u(@)llyllze,

for all y € H}(Q), there exist by Poincare’s inequality constants ¢ > 0 and C' > 0 such that
IV yllie + (uy,y) > CVyli.  Vy e Hy(Q),

and all u € K, = {u € L*(Q): u(z) > —c}. Let ¢ > cand K. = {u € L?(Q): u(x) > —c}.
By the Lax-Milgram lemma for any v € K., exists a unique solution y(u) to (2.2) satisfying
ly(u)llgr < &I f]l -1 Hence K. satisfies Assumption (H).

Example 7.2. Denote by T the operator in H~1(Q) with domT = H{(Q2), and
T(u) p = —div(AVp) + up,

where u € L?(Q). Note that since up € L¥3(Q), for ¢ € HA(Q)(C L*(Q)) and u € L3(Q) it
follows that up € H~1(Q).

Assume that {inf &(z): z € Q} > —oco. Then the resolvent (T'(¢) + A I)~! exists for all A
sufficiently large. Moreover it is a compact operator on H~1(£2). As a consequence, T'(¢) has
only point spectrum. In the follows we show that if 0 is not in the point spectrum of T'(¢), then
for p > 0 sufficiently small

K, = B(¢,p) = {u e L*(Q): |lu—dl| < p}

satisfies Assumption (H).
To this end, note that under our assumptions, T'(¢): Hg(2) — H'(£) is an isomorphism. In
particular, there exists x > 0 such that

lelay < KIT@lla-1 Vo€ Hy(Q). (7.1)
Let B(0,p) = {u € L*(Q): |lu| 2 < p}. Then for arbitrary y € H}(Q) and u € B(0, p) we have
luyllz-2 =sup {(uy,¢): [lollm =1}
< sup {[|lullc2llyllallellpe: ol =1}
Let C denote the embedding constant of H'(f2) into L*(£2). Then by (7.1)
luyll-1 < C?p lyllmg < C?kplIT(@)yllp-1-

Hence the operator u I, with u € B(0, p) is T(¢)—bounded. Let p be such that C?k p < 1. Then
by perturbation analysis, T'(¢ +u)~t € L(H~1(Q)) for every u € B(0, p), and

NT@E+u) ey <G, (7.2)
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for a constant C' independent of ¢ € B(0, p). We now show that {|[y(¢+ u)||g : ¢ € B(0,p)} is
bounded, where
T+ u)y(c+u) = f. (7.3)

Taking the inner product in L?(2) with y = y(¢ + u), we find
(Vy, Vy) = (f = (E+u)y,y).
This implies that
IVl
<2 1Vylle + 1€+ ull 2 ]lyll7
<UFIs + IV + ellze + o)yl
We recall the well-known estimate: For every € > 0 there exists a constant k. such that
lpll7s < ellVellZa +kellell Yo € Hy(Q), (7.4)
where we use that n < 3, see [14]. With e = 1(||¢||z2 + p)~! we find
IVy@+ullis <20 fl7- + 2k]y(@ + )72
By the interpolation inequality [18] there exists a constant ¢ > 0 such that

lelZe < cllellmllella-1 for all ¢ € Hg(Q).
0
Consequently
IVy(@+u)lZe < 20l fll7-2 +2cke|VyE +uw)lllly(@ + w1,

and by (7.2)
IVy(@+u)lL2 < Clfllm-1,

for a constant C' independent of u € B(0, p). Thus K, satisfies Assumption (H).
Furthermore if for any u € K, inf,cqu(x) > —oo and 0 is not in the point spectrum of
T'(u), then K satisfies the assumption (H).

Proposition 7.1. Assume that 9Q is CY' regular or that Q is a parallelepiped. Suppose that
Assumption (H) holds. Then for all u € K, the solution y = y(u, f) of (2.2) is in H?().
Furthermore for any v € K, there exist a neighborhood O(v) of v and a constant C(v) > 0 such
that

ly(w, Ollaz < C) [ fllz Yu € O(v) N K.

Proof. For any v € K, let @) be the neighborhood defined in Assumption (H). We first show
that there exists C7 such that
luyllps> < Cill flla-1, (7.5)

where y = y(u, f), uniformly for v € Q and f € H~!. In fact

2/3 1/2 1/6
(/ u3/2y3/2dx> < (/ u2d;v> . (/ yﬁd;v> ,
Q
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and since H'(£2) embeds continuously into L%((2), estimate (7.5) follows from Assumption (H).
Recall [24], that W13/2(Q) embeds continuously into L3(£2). Hence the set {uy(u, f): u
Q} can be considered as a uniformly bounded family of elements in (W3/2(Q))*. From [24],

for every uy there exists {(go,q1, -+ ,qn)} € (L3(Q))"*! such that

n

(wy, wywis/2(0) wis/2q) = (9o, w) + Z(qu,DiU)) vw € WH2(9), (7.6)

i=1
and

ST laillze < Callfl— Yue Q.

i=0

By global regularity results, see [24], applied to

—div(AVy)=f—uy in Q,

(7.7)
y=0 on 09,
with f —wuy as inhomogeneity and vy as in (7.6), we find
lyllwre < Call - (7.8)

Hence, in the case of dimension two it follows that

[yl < Csl[flla-r-

Consequently by H2-regularity results [14], applied to (7.7) we have y € H*(Q) and

lylzz < Collfllz> + Cs sup lull L2l fllm-+ < Crllfllze,
ue

with C; independent of u € Q and f € L?(Q2). This is the desired estimate for n = 2.
Turning to the case n = 3 we utilize (7.8) and the continuous embedding W13(Q) — L2(Q),

see [24]. Using Holder’s inequality with p = % and p' =7, and (7.8)

luyll, 2 < Csllullzz - Iyl < Collyllwrs < CaCol| fll - (7.9)

Hence uy can be considered as functional on L¥(Q) Since W%/3(Q) embeds continuously
into L' (Q) (for n = 3), {cy(u): u € Q} can be considered as a uniformly bounded family of
functionals on W%/3(Q). Hence for every uy there exists {(go, - ,qn)} € L*(Q2)"t! such that

(u y7w>W1~4/3(Q)*,W1v4/3 = (qo, w) + Z i, Diw) Vw € W1’4/3(Q)7

and
n

> lailles < Caollflla-1, forall ueq,

=0

where ¢; = g;(uy). Proceeding as in the case n = 2 we find

lyllwra < Cullflla- (7.10)

Since for W4(Q) — C() for n = 3, the proof can be completed as for n = 2.
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Remark 7.1. Assumption (H) can be strengthened in the following global formulation: For
any bounded subset @ € L?(Q2), there exists a constant C'(Q) > 0 such that

ly(w, g < C@Iflla— YeeQNK.
It follows from the proof of Proposition 2.1 that there exists C'(Q) > 0 such that

ly(u, Hllgz < C@Q)flle YueQNK.

In the follows we shown that J(u) is convex for any o > 0. To this end, we first need a
lemma.

Lemma 7.1. Let (yq,uq) be the solution of (2.5) for « > 0. Let u, € K be a minimum norm
solution of y(u,) = z. Then
tim a2 = 12 (7.11)

Proof. Note that
Sup |[ua, llz2 <inf||ua, ||z < |lusllrz if a1 > as, (7.12)

where inf (sup) is taken over all solutions to (P,,) (respectively (P,,)). Note here that we do
not know whether or not (P,) has a unique solution. If (7.11) were not correct, then there
would exist a sequence o, with lim,,_, o, = 0 and associated solution u,,, such that

lim ||ua, [|z2 < ||uzllz2-
n—oo

But {ug, }5°, is bounded in L?(£2), and hence there exists a subsequence denoted by the same
symbol, and 4 € L*(Q2) such that lim,,_, ua, = % in L*(Q). We also have y(ua, ) — y(2) in
L?(2). Taking the limit in

1 le} 1 o
SIyua,) = 23 + S llua, 132 < Slly() - 2l3: + Slulle vue K,

we find that ) .
§||y(ﬂ) - ZHsz < Slly(u) — z||%2 Vu € K.

In particular, taking u = u,, we have y(u) = z. From (7.12) and weak lower semi-continuity of
the norm, we have

limy, —ooftta, L2 < fluzllre < allze < lim, o llua, [|z2,

and thus u,, converges strongly to a minimum norm solution of y(u) = z. Thus it follows from
(7.12) that for any e > 0, there exists a(e) such that

a2 — inf luall2: < € Va € (0,a(e)],
where inf is taken over all solutions of (P,). O
Proposition 7.2. Suppose z is identifiable. Let u be a solution of (2.5). Then for allv € L?(Q2)
" (w)(w,v) = 3 ol (7.13)

where J(u) = g(y(u)) + j(u) is defined in (2.4).
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Proof. Tt is easy to see that

J"(w)(v,v) = (v, y') + (y = 2,4" (v,0)) + a(v,v), (7.14)

and

—div(AVy/ (v)) + uy'(v) = —vy,
—div(AVY" (v,v)) + uy’ (v,v) = —2vy'(v).

Let us denote
C(u)y := —div(AVy) + uy.
We have that
W)+ (y—2y"(0,0) = [C (wy) 72 — 2@y — 2, C vy (v)))
|C™ (wy) 72 +2(C (y — 2),vC " (vy))

1C7(
IC™ W)l +2(C7H(y — 2),vC ™ (vy)) + [vC ™y = )12 = [IWC™(y — 2) 122
IC™ (wy) +vC ™y — 2)l[72 — [vC ™ (y = 2)| 72

Therefore, it follows from (7.14) that
_ 1.,
T(u)(0,0) = allolZe — 00~y — 2|2 = afjvlZ (1 Lo 1<y—z>||%w). (7.15)

It follows from Lemma 7.1 that taken € = (1/2”0_1”%@2@0@))%7 we have a «(€) such that for
all a € (0, ()],
1

lusll7e = lluallfe <& = i
zIlL allL 2HC 1”%(L2,L°°)

Note that
1Ya — 272 + alluallis < lly(uz) — 2172 + allulli-.
We have
«
I = 2l < (el =l ) < grmr——
« L z|IL allL 2||C 1||2£(L2,L°°)
That is

_ o
Iy~ =)= < 5

Therefore, it follows from (7.15) that
(W) (w,v) = ol

This proves (7.13). O
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