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AN e-UNIFORM FINITE ELEMENT METHOD FOR
SINGULARLY PERTURBED TWO-POINT BOUNDARY VALUE
PROBLEMS

Q. S. SONG, G. YIN, AND Z. ZHANG

Abstract. This work develops an e-uniform finite element method for singu-
larly perturbed two-point boundary value problems. A surprising and remark-
able observation is illustrated: By inserting one node arbitrarily in any element,
the new finite element solution always intersects with the original one at fixed
points, and the errors at those points converge at the same rate as regular
boundary value problems (without boundary layers). Using this fact, an effec-
tive e-uniform approximation out of boundary layer is proposed by adding one
point only in the element that contains the boundary layer. The thickness of
the boundary layer need not be known a priori. Numerical results are carried

out and compared to the Shishkin mesh for demonstration purpose.

Key Words. finite element method, singular perturbation, e-uniform approx-
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1. Introduction

This paper is concerned with linear Galerkin finite element method for singularly
perturbed boundary value problems (BVPs). Consider a one-dimensional BVP
problem

(1.1) —eu —bu +cu=f, x€(0,1); u(0)=u(l)=0.

For simplicity, let b < 0, ¢ > 0, and 0 < ¢ < 1 be constants such that not both
b and c are 0. If b > 0, by using substitution w(z) = u(l — ), it reduces to the
case with b < 0. All results presented in this paper can be readily generalized to
smooth and non-vanishing functions b(z) and c(x).

If the exact solution u(-) of (1.1) is “bad” in the sense that ||u” ||~ is not bounded
uniformly in ¢, the standard h-version finite element method (FEM) generates huge
errors through the whole domain when ¢ is very small. Typically, it is caused by a
small interval of width O(e) or O(y/¢) (called boundary layer), in which «” rapidly
changes.

To overcome this difficulty for the h-version finite element method, there are
roughly two types of methods in the literature: 1) stabilize the approximation by
modifying the variational form under quasi-uniform mesh (if we are only interested
in the overall behavior of the solution); 2) use anisotropic meshes by putting more
grid points in the boundary layer region (if we want to resolve the solution inside
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the boundary layer region as well). Many such schemes are extensively studied
in the context of singularly perturbed problems since the 1970s; see [1], [3]-[20],
and references therein. Among those, upwinding schemes and streamline diffusion
finite element methods (SDFEM) are in the first group, while Bakhalov mesh [1]
and Shishkin mesh [19] belong to the second group.

Given a partition (or grid)

(1.2) T ={z;|0=2g <1 <+ < Xpy1 =1},

we denote the FEM solution of (1.1) on T™ by u™, and the interpolation of the
exact solution on T" by uf. If there is only one boundary layer, both Bakhalov
mesh and Shishkin mesh have n + n grid points, with n uniform grids outside the
boundary layer region and n grids inside boundary layer region. The n grids inside
the boundary layer region are uniform for Shishkin mesh and properly graded for
Bakhalov mesh. The a priori error estimates are

(1.3) lu — u™||o < Cn~2
under Bakhalov mesh, and
(1.4) u— 1"l < Cn~2In*n

under Shishkin mesh. Here C' > 0 is independent of ¢, and the convergence rates
are e-uniform.

In this article, we propose and analyze a recovery method under uniform or quasi-
uniform mesh. This recovery yields e-uniform convergence in all elements, except
the one containing the boundary layer. The convergence rate is the same as using
Bakhalov mesh. In addition, we are able to locate a point in each element where
the approximation is extremely accurate. The analysis in this article is elementary
and the scheme is surprisingly simple. Here is our first algorithm.

Algorithm 1.

e Step 1. Solve the problem by the standard finite element method with n
uniform grids. This step is likely to produce an oscillatory solution.

e Step 2. Add an extra grid point anywhere in the element containing the
boundary layer, and solve the same problem again. This step produces
another solution.

e Step 3. Find intersections of the two solutions in Step 1 and Step 2 in all
elements and link those intersections by straight lines.

The above algorithm will produce a highly accurate solution in all but one ele-
ment. The theoretical foundation will be discussed in Section 3. The key observa-
tion is that adding one grid point alters the direction of the oscillation. Therefore,
the two solutions always have an intersection in each element except the one con-
taining the boundary layer.

An astonishing discovery is that the intersection point in each element is invari-
ant, i.e., it is independent of the location of the extra grid point in the boundary
layer element (the element that contains an boundary layer) and independent of
the number of grid points added to the boundary layer element. In other words,
no matter how many grid points we add to the boundary layer element and no
matter where we put them, those intersections outside the boundary layer element
are always the same.

Now let us explain precisely the above description. Without loss of generality,
we assume the boundary layer is at x = 1. Starting from T", we add m points
81, .-, 8m arbitrarily in (x,,1) and denote the new partition as T"*™. Then FEM
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solutions associated with T™ and T"™*™ intersect at a fixed point (z(Q;), y(Q,)) in
(zj—1,2j), j =2,...,n. Note that the intersection in the first element is at 2o = 0.

Proposition 1.1. The location of (2(Q;),y(Q;)) is independent of m and the
distribution of sq,..., Sy,.

Figure 1-a and Figure 3-a in Section 5 illustrate this fact. Consequently, the
following hold.

a) The accuracy at those intersections are as good as FEM solutions on the
grid T?t™ with m — oo, denoted by T"*°°, provided the boundary layer
is covered by (zn, 1).

b) All FEM solutions on T"*™ including solutions with Shishkin mesh and
Bakhalov mesh, intersect at the same point in each element (x;_1,z;),
j=2,...,n.

The above properties provide a basis for our recovery method. Among all dif-
ferent FEM solutions, the cheapest one is the solution with T?*! partition. The
recovered approximation value at z; can be obtained by linear interpolation:

o) = (0w Qi) (@) o - .
(15) uh(m]) *ZJ(QJ)‘F x(Q]«H)_JJ(Q])( J (Q]))7 J 23"'? 1.

Since the FEM solution associated with Bakhalov mesh passes (z(Q;),y(Q;)), we
have

lu(z(Q5)) = y(@i)lloo <Cn7% j=1,2,....m,
due to (1.3).

Our recovery method does not need any stabilization procedure nor does any
anisotropic mesh. Even two oscillatory solutions can produce a good recovery.
However, we may place the extra grid point in (z,,1) cleverly to achieve a better
effect.

It has been known for some time that a finite element scheme can be stabilized by
having two grid points sufficiently close. In context of the p-version FEM, using only
one element at the boundary layer with measure O(p+/€) [16], a robust exponential
rate was established for the reaction-diffusion case (b = 0, ¢ # 0) a decade ago. As
for the h-version, a theoretical explanation of two grids distance O(e) stabilizing
the FEM for the convection-diffusion equation can be found in [4].

In lieu of interpolating these intersections, we present a better way to obtain an
g-uniform approximation. By adding one specific point §; € (x,,1) with §; —x,, =
O(e) when b # 0 or §; — x,, = O(y/€) when b = 0, the interval (x,, $1) completely
blocks the error impact from boundary layer. Furthermore, §; can be obtained
precisely by coefficients €, b, and c¢. The theoretical result shows that the FEM
solution with grid T U {3;} in (0, z,,) is the same as the FEM solution of

(1.6) —ew” —bw' +cw=f, x€(0,5), w0)=0, w($)=mu(s),

where u(+) is the exact solution of (1.1), and thus w”(+) is uniformly bounded. This
enables us to use all kinds of standard FEM error analysis in (0, s1), no matter how
huge the errors are generated in (§1,1); see Remark 4.4. In doing so, we do not
need to know the thickness of the boundary layer, since §; is not necessarily in the
boundary layer.

Based on the above observation, here comes our second algorithm. This proce-
dure will produce an e-uniform convergence approximation on (0,x,). The theo-
retical explanation will be provided in Section 4.

Algorithm 2.
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Under the uniform partition T}, add a special grid point $; (as obtained
from Lemma 4.1) in the element containing the boundary layer, then solve
the problem.

2. Formulation

Let H! = {v : v € L?} and Hi = {v : v € H',v(0) = v(1) = 0}. The weak
solution of (1.1) is a function u € H} satisfying
(2.1) a(u,v) = e(u’,v") + b(u,v') + c(u,v) = (f,v), Yo € H},

where (-, ) is the L? inner product.

For a positive integer n > 2, let T™ be the partition defined by (1.2) and let
h; = x;—x;_1. By ¢;(x), we denote the nodal basis function at z; for 1 < i < n. The
finite element space is defined by V" = Span{¢1, ¢2,...,¢,}. The finite element

n

discretization of (2.1) is to find u™ = Z u¢; € V" such that

i=1
(22) Zu?a((bia(bj):(qusj)a j:172a"'7n
i=1
Let A be an n X n matrix having entries a;; = a(¢;, ¢;) with
1 1 c
i =& =(hi+h;
a g(hi+hz+1) 3( + hit1),
e b
Qji—1 = tots hu
(2.3) hy
€ b + Ch
Q4 =37 T 5 Tzl
T hi 206
aij :07 lf|l*]|22,

and let U™ = (ul,...,ul) and F = ((f,¢1),...,(f, ¢n))" be column vectors. Then,
(2.2) is equivalent to the linear system of equations

(2.4) AU"™ = F.

Throughout this paper, unless otherwise explicitly mentioned, we assume the
solution u of (1.1) has a boundary layer at « = 1 and z,, is located outside the
boundary layer. This is a reasonable assumption due to the very short interval of
boundary layer depending on 0 < ¢ < 1. All the results below can be obtained
analogously for any other layer located in [0, 1].

Let T" ™ =T U {s1,...,8m}, where z,, < s1 < +++ < 8, < Zn41. Denote the
nodal basis functions on T"*™ by {¢1,...,dn_1, b, @Dsys- -y s, }, Where ¢y, and
¢, are nodal basis for x,, and s;, respectively. Note that the first n — 1 nodal basis
functions of T"™™ are the same as those of T". Let V™™™ be the function space
with basis {¢1, ..., Gn_1,Pn, Ps,»---,ds. }. It is obvious that V" C V™ Write
u"*t™ the FEM solution of (1.1) in V™  as

n—1 m
(2.5) utT =Nt g+ un g, + Y Ul gy,
i=1 i=1

In the next section, we fix T", and start with observation on the intersections
of u™ and u™t™ for different T"T™. For convenience, we use @; € u™ Nu™*™ to
denote the intersection of v and u™™™ in the interval (z;_i,z;), we denote by
z(Q;) and y(Q;), the x- and y- coordinates of @Q;, respectively. The result shows
that the intersections {Q; : 2 < i < n} are independent of m and distribution of s;.
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Therefore, by adding only one point {s;}, we can compute {Q; € u™ Nu"*'}, and
the accuracy of @; has the same accuracy as u™°.

3. Intersections of u” and u"*™

Theorem 3.1. Fix T". By adding one point s; € (z,,1) arbitrarily, we obtain
a new partition T"*!. Then the intersection @Q; of u™ and u"*! in the interval
(z;—1,z;) is independent of the choice of s; for any ¢ = 2,3,...,n. That is, those
coordinates of intersections do not depend on the choice of s1 € (2, Tpi1)-

Proof. Analogous to (2.2), we have a system of linear equations with respect to
{u?+1,i =1,...,n;ul"'} given by
(3.1)

n—1
Zu?“a(gzﬁi,gzﬁj) + UZJrla(a)na(bj) + U?fla(qﬁsw(ﬁj) =(f.95), i=12,...,n—1,
=1

n—1

(3.2) Z u?+1a(¢iv (E)n) + UZJrla(ﬁgna an) +u n+1 a(Ps, ¢n) =(f, an)a

i=1

and
n—1

(3.3) D uitla(i, ¢s,) + up T a(dn, bs,) + ul albs,, b)) = (f bs).
i=1

Note that for 1 < 7 < n —1, a(q@n,qu) = a(¢n, ¢;) and a(¢s,,¢;) = 0, and (3.1)
leads to

(3.4) Youptta(gi ) = (fid), G=1,2...,n—1.
i=1
On the other hand, for 1 <i <n —1, a(¢;, én) = a(¢;, ¢n), and (3.2) yields

n—1
(35) > uita(di én) +upta(bn, én) = (f dn) — ul M a(ds,, bn)-

i=1

For 1 <i<n-—1,a(¢;, ¢s,) =0, so it follows from (3.3),

(36) u2+1a(q~5m ¢Sl) (fa ¢51) - un+1 (¢S1 ? (bsl)'
Let p = (1 — $1)/hny1. Observe ¢, = bn + pos,. Combining two equations above
according to (3.5)+p+(3.6), we have

n—1

(3.7) D ulta(gi, dn) + uptal(Gn, dn) = (f dn) — ul M (s, dn)-

i=1

Hence,

(3.8) Yo uittaldi dn) = (f, 6n) —uialds,, 6n) + punT alds,, dn)-
i=1
Let U™ = (uf*, ... u"*!) be a column vector with length n. By (3.4) and
(3.8),
(3.9) AU = F

)
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where F is a column vector with left-hand side of (3.4) and (3.8) as elements.
Subtracting (3.9) from (2.4),

(3.10) AU™ = U™ =F — F = C; 1ep,
where e; = (1,0,...,0), ..., e, = (0,...,0,1)" are standard unit vectors, and
(311) Cs,l - U?{'—la((psla(ﬁn) _puZ+1a’(¢)Sl’¢n)

is a scalar depending only on sy, since u”*1 in (3.11) can be determined by s; from

a’(¢na ¢S1 )u2+1 + a’(¢81 ) ¢81 )u?;rl = (fv ¢81)'

We see from (3.10) that U™ — U™T! = Oy 1¢", where g™ = (g7, 9%, ,g") is the
nodal-value vector of the discrete Green’s function g"™ € V" that solves

(3.12) a(g™,v) =v(r,) YveV™
The difference u™(z) —u"*!(x) = 0 if and only if g"(z) = 0. Since g" is independent
of s1, so is the intersections of u™ — u™*1. O

Remark 3.2. If g and g}, ; have opposite signs, then u™ and u™t! have an inter-
section in (x;, x;+1). Moreover, if there is no intersection in some interval (x;, ;1)
for a choice of s1, then there will be no intersection for any choice of s;.

The following Lemma guarantees that gi* and g7, ; have opposite signs under the
assumption ¢ = 0 for uniform grids and € < 1. The case ¢ # 0 can be established
by perturbation argument for sufficiently small h.

First we simplify the problem. Denote

e b b e

hTaT 2w
and assume that s > 0. For a convection dominated problem, s > 0 for a large
range of h. Therefore, it is not a restriction in practice.

Dividing each term of the matrix A by s, we end up with an n X n matrix

t 1
—-1—-t t 1

(3.13) A, =
—1-—t t 1
—1—-t t
For convenience, we say a vector Z = (z1,...,2,) is an oscillation vector, if

ziziy1 <Oforall 1 <i<n—1.

Lemma 3.3. Let n > 2 be an integer, ¢t € (0,1), and Z = (21,...,2,)" be the
solution of linear system A, Z =e,. Then Z is an oscillation vector.

Proof. Let n = 2, the solution of AyZ = ey is oscillation, with z5 > 0. Next we
use mathematical induction. Assume the solution Z of AnZ = e, is an oscillation
with nth element is positive.

Consider the solution Z = (21, ..., 2n41)" of

(314) An+1Z =€n4t1-

Denote (z1, ... ,_zn)’ by Z. Then Z is the solution of A,Z = —z,,1€,. By assump-
tion of step n, Z is an oscillation.
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(1) If 2,41 = 0, then A, Z = 0, and we know A,, is a full rank matrix. So Z =
0, that is Z = 0. This is a contradiction to (3.14).

(2) If 2,11 < 0, by assumption for step n, Z is oscillation with z, > 0. Hence
Api17Z is a vector with last element (—1 — ¢)z, + tz,41, which is strictly
less than zero. This is a contradiction to (3.14), since the last element of
left-hand side of (3.14) is 1.

(3) The last case is z,4+1 > 0. Then Z is oscillation with z, < 0 by assumption
for step n. This implies Z, the solution of (3.14), is an oscillation with last
element being strictly positive.

This completes the proof. O
Theorem 3.4. Fix T™. Let T" " =T"U{s; < 53 < -+ < 8}, where s; € (zy,,1).

Then the intersection @Q; of u™ and «™*™ in the interval (z;_1,z;) is independent
of m and distribution of {s;} for any i = 2,3,...,n.

Proof. Let V™™ be a function space with nodal basis functions

{¢17-~-7¢n717éna¢815"'7¢8m}

associated wit T, ,,. Analogous to (3.4), we have

(3.15) > ultalgi,¢5) = (f.¢5), F=12...,n—1

i=1

Since VT 5 V™, there exists a linear combination

¢n:$n+zpzésw plap2a"'apm€[071]'

i=1

Applying similar arguments as that of Theorem 3.1, we obtain

(3.16) S uftma(gi dn) = (frdn) + Y (poul ™™ — ul™)a( s, bn)-
=1

=1

Define Cs ,, = Dot ) (u2F™ — pult™)a(¢s,, ¢n). We have

(317) A(Un - Un—i_m) = Cs,men-
Hence, the result follows. O

Corollary 3.5. Fix T™. Let T"™™ = T"U{s; < 53 < -+ < 8, }, where s; € (0,z1).
Then the intersection @Q; of u™ and «™*™ in the interval (z;_1,z;) is independent
of m and distribution of {s;}, and is fixed for any i = 2,...,n.

Proof. We rearrange the order of the index from {0,1,2,...,n,n 4+ 1} to {n +
1,n,...,1,0}, and change the coordinate linearly from [0, 1] into [1,0]. Using the
same line of argument as that of Theorem 3.4, the result holds. O

Corollary 3.6. Fix T". Let T""™ = T" U {s; < s3 < -+ < 8y}, where s; €
(xg_1, 1) for some 2 < k < n. Then the intersection of u™ and ¥™*™ in the interval
(xi—1, ;) is independent of m and distribution of {s;} for any i € {2,...,n}\ {k}.

Proof. This is straight forward by virtue of Theorem 3.4 and Corollary 3.5. O
The following theorem is a direct consequence of using the Bakhalov mesh.



134 Q. SONG, G. YIN, AND Z. ZHANG

Theorem 3.7. Assume T" is a uniform grid in [0, 1], and the boundary layer is at
x = 1. Then

(3.18) max |u™(z(Q;)) — uf (2(Q;))| < Cn~2,

1<i<n—1

where C' is independent of €, and v} € V"™ in the interpolation of u on T".

Proof. We put m = O(n) grid in (z,, 1), so that T"*™ forms Bakhvalov grid. The
uniform convergence of u™*™ on T"*™ is well known (see, e.g., [8, 12]) as

(3.19) [u*™ — " < Cn72,

Also, we have Q; € u™™™ Nu" by Corollary 3.6. So

(3.20) ™ (2(Q4)) — up T (2(Qi))] < Cn 2

Note that u}"|(0,z,) = u}](0,e,)- On the other hand, u"(z(Q;)) = u" ™™ (2(Q;))
by Theorem 3.4. Thus, the conclusion follows. (]

Remark 3.8. From the result of Theorem 3.7, we have estimation of O(n~2). For
non-uniform cases, we can obtain an error bound O(n~1) directly from [4].

4. An e-uniform Approximation v"*! in (0,x,)

In the previous section, by arbitrarily choosing a point s; € (z,,1), we can
determine Q; € u™ N u"*! in each interval, and the result shows u"(z(Q;)) has
the same accuracy as that of ©™+°°. In this section, by choosing appropriate 3; €
(2,1), we obtain 4"*!, which has e-uniform accuracy not only at some isolated
points z(Q;) but also on the whole interval [0, z,,]. For simplicity, we slightly abuse
notation by letting an_ s, = a(ds;, Pn)-

Lemma 4.1. There exists §; € (z,,1) such that a, 3, =0 for T+l = {zog <21 <
s <y < 81 < Typg e

Proof. By (2.3), to establish the desired result, it is equivalent to prove that there
exists 0 < hz, <1 — x, satisfying
5 b ¢
— =+ =hg, =0
hs, 2 Tt =

where h;, = §; — x,,. By eliminating the denominators in the equation (4.1), we
have

(4.2) ch?, — 3bhs, — 6e = 0.

(4.1) -

Write h;z, using quadratic formula,

(4.3) 0 < he 3D+ V9% + 24ec 12¢
) 51 2¢c 3[b| + V9b% + 24ec

2 6
hm|—b€| for b0 hglz,/f for b=0.

The proof is thus concluded. O

Thus,

Remark 4.2. The essence of Lemma 4.1 is to find such a h;, with a,, 5, =0. If b
and c are not constant, we can compute hz, in which integrations are involved. It
is also possible to find it by discretizations.
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Theorem 4.3. Given T", take T"*! and 3; as in Lemma 4.1. Use 4" to denote
the FEM solution on T"*! of (1.1). Consider another boundary value problem

(4.4) —ew” —bw' +cw=f x€(0,5), w(0) =0, w($)=u(5),

where u(+) is a solution of (1.1). Using w™ to denote the FEM solution of (4.4) on
Tn+1\ {1}, then

(4.5) w(z) =u(z), Vrel0,3s],

and

(4.6) 0"t (x) = w"(z), Yz €0,z

Proof. Note that (a1 a3 ... 4"*1) is a solution of the system of linear equa-

tions

(4 7) ai,i—ll&?_-‘rll + ai,iﬂ?+1 + ai,i-i—llll:':-i—ll = (f7 ¢l) 1= 17 2a ceey N — 17
dn,nflaZi} + dn,nﬂerl = (fv (bn) - an,§1a21+13

where @p p—1 = a(Pn_1, &n) and ap,n, = a(qzn, (Z)n) Let w"™ = Z?;ll Wi ¢; +qu~5n +
wy, ¢z, where ¢ = b3, [j0,5,). Then w]® for i € {1,2,...,n,51} is a solution of the
system of linear equations

(liﬂ;l’w:'l_l + ai,iw? + ai’iﬂwgbﬂ = (f, qbl) 1= 1, 2, e, = 1
(48) &n)n_1w271 + dn,nwﬁ = (f7 ¢n) - an,élwgl

wy = u(81).
The solutions of (4.7) and (4.8) are precisely the same, since a, s, = 0. O

Remark 4.4. From Theorem 4.3, we can separate the boundary layer by adding
a special point §; € (z,,1) and make it equivalent to solving a non-singularly
perturbed BVP by the FEM on (0, x,,). Therefore, the standard FEM error analysis
applies as if there were no boundary layer. For example, if T}, is a uniform partition
of (0,zy), then

lu = 8" M loo fo,2) < C 724" |oo 0,2, +0(v2)

and [|u" || 0,2, +0(/2) 18 e-uniformly bounded.

0,zn

5. Numerical Results

In this section, we present two examples. One is a convection-diffusion equation,
another is a reaction-diffusion equation.

Example 5.1. Consider the convection-diffusion equation:
(5.1) —eu +u =z, wu(0)=u(l)=0.

The exact solution is

T 1 e(xfl)/e _ 671/6

The solution u(-) has a boundary layer at = 1, and is nearly quadratic outside
the boundary layer.

First, we use the linear finite element method on two different grid T'® and
T+ for ¢ = 1073, where T'® is a uniform mesh on [0, 1] with 16 intervals, and
T+ is a modified T'® with one point added at the center of the last interval. The
intersections of finite element solution u'® and 4!%*! are almost on the interpolation

of exact solution u}SH, as shown in Figure 1-a.



136 Q. SONG, G. YIN, AND Z. ZHANG

Second, we use the grid T3+ to compute for the same e, where T'5+! is modified
from T by adding one specific point 1 € (2, 1) with §; —,, = 2¢, see Lemma 4.1.
The finite element solution 4'°*! is almost overlapped with interpolation of the

exact solution u!® in [0, z,], as seen from Figure 1-b. This verifies Theorem 4.3.

(a) u'® and w51 (dotted lines); (b) a!5*t1(dotted line) and ui®
u}5+1(solid line) (solid line)

FIGURE 1. FEMs with ¢ = 1073 for Example 5.1

To compare with the well-known Shishkin mesh, we construct T?*", which
divides both [0,1 — 6] and [1 — 0,1] into n equidistant subintervals, where 6 =
min{271,2¢|b| 7! In(2n)}. u?T™ is used to denote the FEM solution on T?*". Table
1 shows the maximum norm of u7™! — 4"+ and u}*" — w?*" in [0,2,]. Appar-
ently, both 4" "1 and u?*" have e-uniform accuracy. Moreover, 4”1 has the same
accuracy as that of u?™" by using less grids. The reason is that 4" is completely
isolated from the impact of errors from boundary layer; see Table 1. This also
verifies Theorem 4.3.

e=10"° e=10"10

oo luf Tt =a ) gt ] e At -t
4 6.663e-003 1.117e-002 6.667e-003 1.117e-002

8 2.054e-003 1.567e-003 2.058e-003 1.569e-003
16 5.734e-004 3.480e-004 5.767e-004 3.500e-004
32 1.498e-004 8.384e-005 1.530e-004 8.569¢-005
64 3.637e-005 1.948e-005 3.941e-005 2.115e-005
128 7.569e-006 3.928e-006 9.974e-006 5.221e-006
256 1.340e-006 1.340e-006 2.482e-006 1.292e-006
512 3.102e-007 6.738e-007 5.919e-007 3.208e-007

TaBLE 1. 4"+! and u?*" are FEM solutions on T"*! and Shishkin
mesh T7+" for Example 5.1; || - || denote || - [|s,[0,2,,]
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Let ¢ = 107'°, Table 2 shows the accuracy of @;, the intersections of u® and
u¥1. Denote x- and y- coordinates of Q; by z(Q;) and y(Q;), respectively.
For ¢ = 107 and € = 107'°, we compute discrete maximum norm of errors
at {Q;} for various n, that is, max |(uf T — T (Qy)| for various n. At those

intersections {Q;}, the errors are normally less than 10710,

i z(Q:)

ly(Q:) — u(z(Q:))]

|y(Q:) — uf(z(Qi))]

0.2499999996000000
0.2500000004000000
0.4999999992000000
0.5000000008000000
0.7499999988000000

N S Ot s W N

0.7500000012000000

7.499999579718697e-011
2.500008533523612e-011
3.500000012035542e-010
5.000011515932101e-011
6.625580639685325e-009
7.500006171667906e-011

4.999999719812465e-011
8.326672684688674e-017
2.999999970665357e-010
1.110223024625157e-016
6.700580590379701e-009
1.110223024625157e-016

TABLE 2. Errors at Q; with e = 107'% on T® and T®*! for Example 5.1.

Plotted in Figure 2-a are the convergence curves (loglog chart) in the maximum

n+l

norm ||uf 0" | o j0,2,,] for € = 107° and € = 10~'Y based on the errors shown
in Table 1, respectively. They clearly indicate the convergence rate is proportional
to n=2. It verifies Remark 4.4. Moreover, Figure 2-b are the convergence curves in
the discrete maximum norm at {Q;}. The curve for e = 10™° is not parallel to that
of n~2, since the errors of digital computer error is dominant over the algorithm

error within 10~12.

Although 4" is uniformly convergent on (0,x,), u"*1(x(Q;)) is nevertheless

much more accurate.

(a) [luf ™ — @™ oo [0,2,,) for various n

1<i<n
n

(b) max |(u] ™t —u"t1)(Q;)] for various

FIGURE 2. Convergence curves with ¢ = 107° and ¢ = 1071° for Example 5.1
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Example 5.2. We examine the problem of a reaction diffusion equation as another
example of (1.1).

(5.3) —eu’ (x) + u(z) = =,

u(0) =u(l) =0.
The exact solution is
elz—1)/Ve _ o—(x+1)//E
(5.4) u(z) =x — [ o2/ve

The exact solution u(-) has a boundary layer at © = 1, and is nearly linear
outside the boundary layer. Also, reaction diffusion equation has relatively stable
matrix A compared with convection diffusion equation. Due to these reasons, the
FEM solutions of (5.3) is more accurate than the FEM solutions of (5.1).

For ¢ = 107'°, we compute the FEM solution u* and u**! on the grid T* and
T4*t1) where T* is a uniform mesh on [0,1] and T**! is modified by adding one
point at the center of the last interval; see Figure 3-a.

By adding one point 8 € (z,,1) with §] — x, =v/6¢ as in Lemma 4.1, we use

new grid T+, and denote its FEM solution as 4**!. As shown in Figure 3-b, 44+

is almost overlapped with u?}, the interpolation of exact solution; see Figure 3-b.
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(a) u* and u*t*(dotted lines); u‘;"'l(solid

(b) 441 (dotted line) and u%(solid line)
line)

FIGURE 3. FEMs with ¢ = 10719 for Example 5.2.

Let 6 = min{ 271, \/2/cIn(2n)}. We construct shishkin mesh T?*" by dividing
[0,1—6] and [1 — 6, 1] into n equidistant subintervals. Table 3 present the errors of
4", Compared with 47", the errors of the FEM solutions using Shishkin mesh
T?*" are smaller and e-uniform. We omit the convergence curve and error table of
Q;, since all those errors are within computer errors (around 10~1%).

6. Concluding Remarks

This paper has been devoted to finite element methods for singularly perturbed
boundary value problems. An interesting behavior is discovered: One can add ar-
bitrary many points in one element, while the corresponding FEM solutions always
have the common intersections {@;} in all other elements. Based upon this phe-
nomenon, a practical and efficient e-uniform mesh is developed. The FEM solution

under this mesh can be viewed as a non-singularly perturbed BVP problem, and
all general FEM error analysis can be applied.
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e=10"5 e=10"10
no -ttt -] gt - e gt - e
4 1.665e-016 1.517e-004 1.110e-016 4.980e-007
8 1.110e-016 5.415e-005 2.220e-016 1.868e-007
16 2.220e-016 2.161e-005 3.331e-016 8.451e-008
32 2.220e-016 7.391e-006 3.331e-016 4.054e-008
64 3.331e-016 1.300e-006 5.551e-016 1.984e-008
128 4.441e-016 1.159e-009 5.551e-016 5.551e-016
256 2.459e-013 2.948e-007 6.661e-016 9.795e-009
512 5.440e-015 2.865e-007 7.772e-016 4.847e-009

TABLE 3. 4"*! and u”t" are the FEM solutions on T"*! and
Shishkin mesh T7?*" for Example 5.2; || - || denotes || - ||sc,[0,2,]-

It should be noted that if the exact solution has several layers, our method can be
generalized to isolate each layer. Finally, to generalize the idea to isolate boundary
layers in higher dimensional problems remains to be a very challenging task.
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