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Abstract

Based on the low-order conforming finite element subspace (Vi, M) such as the Pi-Po
triangle element or the @Q1-Py quadrilateral element, the locally stabilized finite element
method for the Stokes problem with nonlinear slip boundary conditions is investigated in
this paper. For this class of nonlinear slip boundary conditions including the subdifferen-
tial property, the weak variational formulation associated with the Stokes problem is an
variational inequality. Since (Vi, M}) does not satisfy the discrete inf-sup conditions, a
macroelement condition is introduced for constructing the locally stabilized formulation
such that the stability of (V4, M) is established. Under these conditions, we obtain the
H' and L? error estimates for the numerical solutions.

Mathematics subject classification: 35Q30.
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1. Introduction

Numerical simulation for the incompressible flow is the fundamental and significant problem
in computational mathematics and computational fluid mechanics. It is well known that the
mathematical model of viscous incompressible fluid with homogeneous boundary conditions is
the Navier-Stokes equations which can be written as

%—uAu—i—(u-V)u—&—Vp:f in Qr,

divu =0 in Qr

u(0) = ug in Q

u=0 on 00 x (0,77,

where Qr = (0,T]x0Q,0 < T < 400, Q2 C R" n = 2,3, is a bounded convex domain; u(t,z) and
f(t,x) are vector functions representing the flow velocity and the external force, respectively;
p(t, z) is a scalar function representing the pressure. The viscous coefficient x> 0 is a positive
constant. The solenoidal condition means that the fluid is incompressible.
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Note that the velocity u and the pressure p are coupled by the solenoidal condition divu = 0
which makes that it is difficult to solve the Navier-Stokes equations. Some popular techniques
to overcome this difficulty are to relax the solenoidal condition in an appropriate way which
leads to a pesudo-compressible system, such as the penalty method, the artificial compressible
method, the pressure stabilized method and the projection method, see, e.g., [1,2,10-14,18-21].

In this paper, we will consider Stokes problem

—pAu+Vp=f in Q,
{ divu =0 in Q (1.1)

with the nonlinear slip boundary conditions

{uzO, onT,

un =0, —o.(u)€gdlus| onS, (12)

where Q C R? is a bounded convex domain; I'NS = (,T US = 09; g is a scalar function;
Uy = u-n and u; = u — u,n are the normal and tangential components of the velocity, with n
the unit vector of the external normal to S; o,(u) = o — o, n, independent of p, is the tangential
components of the stress vector o defined by

oi = 0i(u,p) = (pey;(u) — pdij)n;.
Here

ou; Ou;
eij(u) = oxI + axz’

ij=1,2.

The set 91 (a) denotes a subdifferential of the function v at the point a, whose definition will
be given in next section.

The boundary conditions (1.2) are introduced by Fujita in [4], who investigated some hy-
drodynamics problems under nonlinear boundary conditions, such as leak and slip boundary
involving subdifferential property. These types of boundary conditions appear in the modeling
of blood flow in a vein of an arterial sclerosis patient and in that of avalanche of water and
rocks. Fujita in [5] showed the existence and uniqueness of weak solution to the Stokes prob-
lem with slip boundary conditions (1.2). Subsequently, Saito in [17] showed the regularity of
the weak solution by using Yosida’s regularized method and finite difference quotients method.
Other theoretical results about the Stokes problems with nonlinear subdifferential boundary
conditions can be found in [6-8,16]. We remark that the steady homogeneous and inhomoge-
neous Stokes system with linear slip boundary conditions without subdifferential property have
recently been studied from the theoretical view point by Veiga in [22-24].

The aim of this paper is to extend the locally pressure stabilized finite element method, which
is introduced by Kechkar & Silvester in [14] and developed by He et al. for the Navier-Stokes
equations in [10-13], and to the problem (1.1)-(1.2). This method bases on the lower order
conforming finite element subspace (Vj,, My) such as Pj-P, triangle element (linear velocity,
constant pressure) or the Q1-Py quadrilateral element (bilinear velocity, constant pressure).
Since (Vj,, M}) does not satisfy the discrete inf-sup conditions, a macroelement condition is
introduced for constructing the locally stabilized formulation such that the stability of (V3,, M},)
is established. Under these conditions, we show that if the true solution (u,p) € H*(Q)>NV x
H'(Q) N M, then the following H' and L? error estimates hold:

[u = unllv + | — pall < ch?, (1.3)
[u — up| < ch?, (1.4)
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which are not optimal and are similar to the error estimates for the flow of Bingham fluid (see,
e.g., [9,15]).

This paper is organized as follows: in next section, we will introduce some function spaces
and describe the well-posedness of the weak solution to the problem (1.1)-(1.2). The locally
stabilized finite element method and the relevant error estimates will be given in the last two
sections.

2. Stokes Problem with Nonlinear Slip Boundary Conditions

Firstly, we give the definition of the subdifferential property (see, e.g., [3]). Let ¢ : R? — R =
(—00, +00] be a given function possessing the properties of convexity and weak semi-continuity
from below (¢ is not identical with +00). We say that the set 9i(a) is a subdifferential of the
function ¥ at the point a if

o(a) = {b eR%:(h) —v(a)>b-(h—a), Yhe R2}.
We introduce some spaces which are usually used in this paper. Denote
V= {ue H'Q? ulp =0, u-nls =0}, Vo= H}()?,

H = {u € L*(Q)?, divu =0, u-nlpg = 0}, M =Li(Q) = {q € LQ(Q),/qux = 0}.

Let || - ||z be the norm in Hilbert space H*(Q2)2. Let (-,-) and || - || be the inner product and
the norm in L?(2)2. Then we can equip the inner product and the norm in V by (V-,V-)
and || - ||v = ||V - ||, respectively, because ||V - || is equivalent to || - ||;. Let X be the Banach

space. Denote X’ the dual space of X and < -, - > be the dual pairing in X x X’. Introduce the
following bilinear forms

a(u,v) = p(Vu, Vo) YV u,v eV,
b(v,p) = (p,divv) YveV,pe M.

The weak formulation associated with problem (1.1)-(1.2) is the following variational inequality:

Find (u,p) € V x M such that
a0 =) + j(0r) = (ur) —b(v —w,p) = (fv—u)  VveV, (2.1)
blu,q) =0 VgeM,

where j(1) = [ g|n|ds. For the variational inequality (2.1) and problem (1.1)-(1.2), we have

Theorem 2.1. If (u,p) is the solution of (1.1)-(1.2), then it satisfies the variational inequality
(2.1). Conwversely, if the solution (u,p) of the variational inequality (2.1) is sufficiently smooth,
then it also satisfies (1.1)-(1.2).

Proof. 1f (u,p) satisfies the problem (1.1)-(1.2) for all v € V, then multiplying the first
equation in (1.1) by v — u and integrating over 2 yield

a(u,v—u)—b(’u—u,p)—/son-(U—u)d3: (f,v—u).

Since
on =0"n;, v—u= (v, —up)n+ (v —us),
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we have
/ On * ('U - u)ds = / Uljnj(vn - un)nz +op - ('UT - UT)dS
S S
= / Uijnjni(vn —Up) +0op - (vr —ur)ds
S

= /(an -n)(vn — up)ds + oy, - (v — ur)ds. (2.2)
s
Observe that u,, = v,, = 0 on S. Thus we have

/San (v —wu)ds = /San - (vr — ur)ds. (2.3)

From the definition of the differential, we obtain
9|UT| - 9|Ur| Z —Op - (UT - u‘r) on Sa (24)

which gives the variational inequality (2.1). Next, we show that if the solution (u,p) is suffi-
ciently smooth, then it also satisfies (1.1)-(1.2). For all w € C§°(Q), let v = v £ w in (2.1).
Then we have

a(u,w) - b(va) = (fa 'LU)
Integrating by parts for the above equation gives the first equation in (1.1). Using integration
by parts again in (2.1), we have

(—pAu+Vp — f,o—u)+ / On - T(0r —ur)ds + j(vr) — j(ur) > 0. (2.5)
s
According to the first equation in (1.1), we obtain

/ glvr| — glur|ds > —/ O - (vr —ur)ds, (2.6)
s s

which gives the nonslip boundary condition (1.2). O
Define the bilinear form B : (V, M) x (V,M) — R by
B(u,p;v,q) = a(u,v) — b(v,p) + b(u, q). (2.7)

It is well-known that for all (u,p), (v,q) € (V, M), the bilinear form B satisfies the following
stability property:

B(u, p;u,p) = pllull?, (2.8a)
1B, p; 0, )| < 0(llully + oIl + lal) (2.8h)

B(u,p;v,q
aolluly +lpl) < sup  Blopiv.0)

LT (2.80)
wayew,an Ivlv + llall

where 79 > 0 and o > 0 are some constants. Introduce the operators J : (V, M) — R and
F:(V,M)— R by
J(u,p):j(u), (F’ (UaQ)):(f,U)

Under above notions, the variational inequality (2.1) reads as follows:

{ Find (u,p) € (V, M) such that
B(’U,,p;’l} *U,Q*p) + J(UTaQ) - J(u‘hp) Z (F7 (’U *U,(]*p)) v (’LL,q) € (V,M)
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3. Locally Stabilized Finite Element Approximation

In this section,we will give the locally stabilized finite element method for problem (1.1)-
(1.2). Let 7, be a family of regular triangular partition (or quadrilateral partition) of € into
triangles (or quadrilaterals) of diameter not great than 0 < h < 1. Moreover, assume that 7, is
regular, i.e., there exists two positive constant ¢ and w with ¢ > 1 and 0 < w < 1 such that

hKSUpK7 VKET}U
| cosbix |<w, i=1,2,3,4, VK€,

where hg is the diameter of element K, px is the diameter of the inscribed circle of element

K, and 0;i are the angles of K in the case a quadrilateral partitioning. The mesh parameter

h is given by h = max{hx}, and the set of all interelement boundaries will be denoted by T'j,.
Introduce the finite element space:

Ry(K) = Pi(K) if K is triangular,
BT o) if K is quadrilateral.

Then the finite element subspaces of V and M in this paper are defined by
Vh:{vev . vk € Ry(K) VKeTh},
th{qu : qlx € Py(K) VKETh}.

Note that the finite element spaces V}, and P} are not stable in the standard Babuska-Brezzi
sense. In order to define a locally stabilized formulation of the problem (2.1), we introduce the
macroelement partitioning Ay in [14]. Given any subdivision 75, a macroelement partitioning
Ay, may be defined such that each macroelement M is a connected set of adjoining elements from
7. Every element K must lie in exactly one macroelement, which implies that macroelement
do not overlap. For each M, the set of interelement edges, which are strictly in the interior of
M, will be denoted by I'js, and the length of an edge e € '), is denoted by h,.

With these addition definition, we can define the locally stabilized finite element formulation
of (2.1) as follows:

Find (up,pn) € Vi, x M}, such that
a(un, v — up) — b(vn — un, pn) + j(vnr) — j(uns) > (fion —un) Yo € Vi, (3.1)
b(un,qn) + BCh(Pr,qn) =0 Y qn € My,

where

M), = {qh e P, NL2(M) ¥ Me Ah},

Crlpnoan) = Y, Y he/[ph]e[%]e V' Phsgn € M,

MeAy, eel'

and [-]. is the jump operator across e € I'y; and 8 > 0 is the locally stabilized parameter. In
[14], Kechkar & Silvester proved that there exist two positive constants a; and s, independent
of h, such that

|Ch(pns an)l < aallpullllanll ¥ pa,an € Ma (32)

Ch(phspn) > az|lpnl® V pn € My, (3.3)
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If we denote

B (un, pr;vn — un, qn) = a(un,vp) — b(vn, pr) + b(un, qn) + BCH(PR, qn)s

then the locally stabilized formulation (3.1) can be written as

{ Find (uh,ph) € Vi, X My, such that for all (vh,qh) € Vi x My, (3 4)

Br(un, pr;vn — Un, qn — pr) + J(Vne, qn) — J (Unr, pn) > (F, (Vn — un, gn — pr))-

A general framework for analyzing the locally stabilized formulation (3.1) or (3.4) can be
developed using the notion of equivalence class of macroelements. As in Stenberg in [19], each
equivalence class, denoted by &, containing macroelements which are topologically equivalent
to a reference macroelement M.

The following stability theorem of these mixed methods for macroelement partitioning de-
fined above was established by Kechkar and Silvester [14].

Theorem 3.1. Given a stabilization parameter § > [y > 0, suppose that every macroele-
ment M € Ayp, belongs to one of the equivalence classes Eg;, and that the following macroele-
ment connectivity condition is valid: for any two neighboring macroelement My and Ms with

fM1 0 Ma ds # 0, there exists vy, € V}, such that

supp v, C My U My and / vp -n # 0.
M;NM;
Then

[Bn(uuns pn ons an)| < 7 (lunllv + Ipal)onlly + llanll) ¥ (unspn), (nsan) € (Vi Ma),

B u b ;/U7
vo(lunlly + loal) < sup (U, Phi Vn, Gh)
(vh,qn)€(Vin,Mp) thHV + ||CIhH

|Ch(p,qn)| =0, VpeH (Q)NM,q, € M,

v (uhaph) € (Vh7Mh)a

where y1 > 0,772 > 0 are two constants independent of h and B, By is a fixed positive constant
and n is the outnormal vector.

Throughout this paper, we will assume that § > Gy > 0. For the existence and uniqueness
of the solution to the discrete problem (3.1) or (3.4), we have

Theorem 3.2. If f € H and g € L*(S), then the discrete problem (3.1) or (3.4) admits a
unique solution (up,pp) € (Vi, My,).

Proof. By the definition of By, using (3.3) we have

By (vn, i vn, qn) = a(vn,vn) + BCh(qn. an) > pllonlly + Bazllan . (3.5)

Hence Bp,(vp,qn;vn,qn) is coercive in (V},, My). Consequently, by the existence theorem of
the solution to elliptic variational inequality of the second kind in finite dimensional space
(see, e.g., [9]), we conclude that the discrete problem (3.1) or (3.4) admits a unique solution
(uh,ph) S (Vh,Mh). Il
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4. Error Estimates

In order to obtain the error estimates, we define the Galerkin projection operators (Ry,, @) :
(V,M) — (Vh, Mp), by

B (Ruv, Qug; vhy qn) = Br(v,q;vn,qn) Y (vn, qn) € (Vi, Mp)

for each (v, q) € (V, M). Using Theorem 3.1, He et al. [10,11] proved the following approximate
property:

v = Ruvl + hllvo — Ruollv + hllg — Qngll

<Ch*(|[vllz + llallt) ¥ ve H* () q€ H(Q). (4.1)

Theorem 4.1. Let (u,p) € V. x M and (un,pn) € Vi, X My, be the weak solution of (2.1) and
(3.1), respectively. Furthermore, if u € H*(Q)? and p € H'(2), then we have the error estimate

1
lw = unllv +[lp = pall < ch?, (4.2)

where ¢ > 0 is independent of h.

Proof. By the triangular inequality, we have

pllu — unlf3 + Bozllp — pall®
<2u|lu — Rpully + 2ul|Rpu — up |3 + 2Bazllp — Qupll* + 2Ba2(|Qnp — pall*. (4.3)

It follows from (3.5), that

pllun — Ryull$ + Bas|lpn — Qupll?
<Bp(un — Rpu, pn — Qup; un — Ryu, pr — Qnp)
=B (un, pri un — R, pr — Qnp) — Br(Rpu, Qnp; un — Rpu, pp — Qnp)
=a(up,up, — Rpu) — b(up, — Rpu,pr) + b(up, pr — Qnp)
+ BCL(ph, pr — Qnp) — Br(Ryu, Qnp; un — Ry, pn — Qnp)
<(f,un — Rpu) + j((Rpu)r) — j(unr) — Br(Rru, Qup; un — Rpu, pp — Qnrp)- (4.4)

Setting v = up, and v = 2u — Rpu in (2.1), gives

alu, up —u) = b(un —u,p) + j(unr) = j(ur) = (f;un —u)
a(u,u — Rpu) — b(u — Rpu,p) + j((2u — Rpu),) — j(ur) > (f,u — Rpu),

which yields

a(u, up, — Rpu) — b(up, — Ryu,p) + 5((2u — Rpu),) + j(uns) — 25 (ur) > (f, un — Rpu).
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Substituting the above into (4.4) yields

pllun = Ryully + Bazllpn — Qupl?
<a(u,up — Rpu) — b(ur, — Rpu,p) + j((2u — Rpu). ) + j((Rpu)r) — 25 (ur)

— a(Rpu,up, — Rpu) + b(un — Rpu, Qnp) — b(Rpu, pr — Qnp) — BCh(Qnp, pr — Qnp)
=a(u — Rpu,up, — Rpu) — b(up, — Rpu,p — Qnp) + b(u — Rpu, pr — Qnp)

+J((2u — Rpu) ) + j((Rpu)7) — 2j(ur) — BCL(p — Qnp, pr — Qnp)
<pllu = Rpullvllun — Ruully + [[un — Rpullv|lp — Qrpll + lu — Ruullv[lpn — Qupll

+ Bailp — Qupllllpn — Qupl| + cllu — Ruully

1% 1% 1
SZHUh — Ryully; + pllu — Ruull + Z\luh — Ruull}, + ;Hp —Qnpl?
Baz 9 1 2, B 2
— - R —
+7 lpn — Qnpll” + ﬁa2Hu nully + 1 lpn — Qrpl|

Bai

+——p = Qupl? + cllu — Ryullv.
Q2
Consequently,

15 Bas
§||Uh — Rpulli; + Tth — Qnpl?
1 1 Ba?
<pllu = Rpulli + =llp = Qupl® + 7—llu = Rpully + == |lp — Quoll* + ¢llu — Ryullv-
1 Baz a2
Substituting the above inequality into (4.3) yields
pllw = unlli; + Bozllp — pul®
4
Ba

2
Lo — Qupl* + 2Bz |p — Qupl|* + 4c|lu — Ryullv,

4
<6pllu — Ryull¥, + ;HP*QhPHQ + o |lu— Ryully,

4B
Q2

+

which together with the approximation property (4.1) yields
pllu = unlfy + Bazllp — pul|* < ch® + ch < ch.
This proves the desired result (4.2). O

Remark 4.1. We remark that the error estimate (4.2) is not optimal, which is similar to the
H?! error estimate for elliptic variational inequality of the second kind, see, e.g., [9,15]. The
reason is that |j(u,) — j(v,)| < ¢|]Ju — v||y for some positive constant ¢ > 0.

Next, we will give the L? error estimate ||u —uy|| by the Aubin-Nitsche’s technique. To this
end, we need the following regularity assumptions about the homogeneous Stokes problem with
linear slip boundary conditions.

(A) Given u and uyp, the solutions of (2.1) and (3.1), respectively. We assume that the
following linear stokes problem:

—pAw + V1 =u—up n Q,
divw = 0 in

’ 4.
w=0 on T, (4.5)

w, =0, —o,w=0 on S
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admits a unique solution (w,7) € H2()2NV x HY(Q) N M such that
wllz + (17l < ellu — unl], (4.6)

where ¢ > 0 is independent of h.

For results about the problem (4.5), we refer the reader to [22,24]. The weak variational
formulation associated with (4.5) is

Find(w,n) € (V,M) such that
a(w,v) —b(v,m) = (u— up,v) YovelV, (4.7)
b(w,q) =0 Vqe M.

Let wy, € f/; C Vi and 7, € My, be the locally stabilized finite-element approximation solution
of (4.7) which satisfies the following problem:

{ a(wh,vh)fb(vh,wh):(ufuh,vh) Y vp € Vy, (4 8)
b(wn, qn) + BCR(Th, qn) = 0 V qn € Mp. '
Then the following error estimate holds:

w—whnllv + |7 = mnll < chlju —unl], (4.9)

where ¢ > 0 is independent of h.

Theorem 4.2. Under the assumption (A), let (u,p) € (V, M) and (up,pp) € (Vi, My) be the
weak solution of (2.1) and (3.1), respectively. If u € H*(Q)? and p € H*(Q), then we have the
L? error estimate

llw— up|| < ch?, (4.10)
where ¢ > 0 is independent of h.

Proof. Setting v = u — uy, in (4.7) yields

[l — up|? = a(w,u — up) — b(u — up, )

= a(w — wp,u —up) + a(wp, v — up) — b(u — up, ™ — ) — b(u — wp, 7).
Since b(u — up, 7)) = BCL(ph, 7r) and Ch(p, ) = 0, we have

[l — up|?

=a(w — wp,u —up) + a(wp,u —up) — b(u — up, ™ — 7)) + BCL(P — pp, TH — 7). (4.11)

On the other hand, for w € V and wy, € V;;, setting v = u £ w in (2.1) and v, = up £ wy, in
(3.1) yields

a(u,w) — blw,p) = (f,w) YweVy

a(up,wp) — b(wn, pr) = (f, wn) YV wp, € Vi

Consequently,

a(u — up,wp) = b(wy,p — pp) = blwy, —w,p — pr).
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Substituting the above into (4.10) and using (4.9), we have

lu = up||* = alw — wh, u —un) + b(wy, —w,p—pp)
—b(u —up, ™ — ) + BCL(p — P, TH — )
< pllw —wplvllu—upllv + llw —wallv|lp — pall
+ [l = unllv |7 = mnl| + Beallp — pallllr — mall
< ch?|jw —wp|ly + ch? |7 — 4|

< ch%||u—uh|\.

This completes the proof of the theorem. a
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