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Abstract

A fully discrete finite difference scheme for dissipative Klein—Gordon—Schrédinger equa-
tions in three space dimensions is analyzed. On the basis of a series of the time-uniform
priori estimates of the difference solutions and discrete version of Sobolev embedding the-
orems, the stability of the difference scheme and the error bounds of optimal order for the
difference solutions are obtained in H? x H? x H' over a finite time interval. Moreover,
the existence of a maximal attractor is proved for a discrete dynamical system associated
with the fully discrete finite difference scheme.
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1. Introduction

Let Q be a bounded domain in R3, we shall consider a finite difference approximation of
dissipative Klein—-Gordon—Schrédinger (KGS) equations [1]

Wy + AV + iat) + ¢np = F, in Q,t>0 (1.1a)
Gt + By — Ao+ pPp =[PP + G, in Q, t>0 (1.1b)
with boundary condition
(¥, 9)loa =0, t>0, (1.2)
and initial conditions
(1, ¢, 0¢)(2,0) = (Yo, po, P1)(x), in Q, (1.3)

where 1 and ¢ represent a complex scalar neucleon field and a real meson field respectively, «a,

B3 and p? are positive constants, F' and G are given complex and real functions, respectively.
It is convenient to reduce (1.1) to an evolution equation of the first order in time. For this

purpose, let & > 0 be a fixed constant, satifying ¢ < min (8/2, u?/3). We introduce 6 = ¢; +e¢.
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Then the problem (1.1)—(1.3) is equivalent to the following problem

W+ A +iap+op=F, in Q, t>0, (1.4a)
ot +ep—0=0, in Q,t>0, (1.4b)
0+ (8 —¢)f + (,uZ—s(ﬁ—s)—A)gb: V> +G, in Q, t>0, (1.4c)
with boundary conditions
W’ (ba a)laﬂ = 07 t> 07 (15)
and initial conditions
(¢a¢,9)($,0) - (¢07¢0790)($), in €. (16)

In the conservative case, i.e., « = 3 =0, F = G = 0, the system has been studied by many
authors, see, e.g., [2, 3, 5, 13] and so on. In the dissipative case (a > 0,8 > 0), the long time
behavior of infinite dimensional dynamical system S(t) associated with the initial boundary
value problem (1.1)—(1.3) has been studied in [1, 4, 9]. Biler [1] proved that the maximal
attractor A exists in the weak topology of H{ () x HJ(Q2) x L?(€2), which has finite Hausdorff
and fractal dimension. Li [9] proved the existence of finite dimensional maximal attractor in
the topology of H2(Q) N H(Q) x H2(Q) N HY(Q) x H(Q).

At the same time, in numerical simulation of the continuous dynamical system, we are
interested in study of the dynamical properties of the discrete dynamical system associated
with the numerical scheme for problem (1.1). It is important that the discrete dynamical
system can remain some properties of the continuous dynamical system such as dissipatedness.
It is our purpose in this paper to consider a discrete dynamical system associated with the fully
discrete finite difference scheme for problem (1.4)—(1.6). It will be proved that for each mesh
size, the discrete dynamical system also possesses a maximal attractor. A similar problem was
studied by many authors, see, e.g., [7, 11, 12, 14, 15].

The rest of this paper is organized as follows. After introducing some notations, in Sect. 2
we give several embedding theorems and interpolation inequalities for discrete functions, which
are the analogues of embedding theorems and interpolation inequalities for the Sobolev space
WmP(Q). In Sect. 3, a fully discrete finite difference scheme is established for problem (1.4)
with the homogeneous Dirichlet boundary condition (1.5). The existence of the solutions of
the fully discrete finite difference scheme is proved by using the Leray-Schauder fixed point
theorem. Then we establish some uniform bounds of the solutions in suitable norms. In Sect.
4, we obtain the stability and the convergence properties for the finite difference scheme over
a finite time interval (0,7]. Finally, in Sect. 5, by regarding the fully discrete finite difference
scheme as a discrete dynamical system Sy, a¢(t,) that is an approximation of the dynamical
system S(t), and by using the results in Sections 3 and 4, we prove the existence of an absorbing
set and an attractor for the discrete dynamical system Sy, a¢ ().

2. Some Notations and Lemmas

Assume that the domain € is the three-dimensional rectangular domain (0,1;) x (0,l3) x
(0,13), where I; (i = 1,2, 3) are positive constants. Let us divide the domain 2 into small grids
by the parallel planes x =ih; (0<1i < J1),y=7jhe (0<j < Jo) and z=khs (0 <k < J3),
where hq, ho, hg are the spatial mesh lengths, Ji,Js, J3 are positive integers, and J;h; = [;
(i = 1,2,3). Let Yn,dn,up,vp, - denote complex-valued or real-valued discrete functions
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defined on the grid point set ) = {(xi,yj7zk) = (ih1,7h2,khs);0 <i < J1,0<j < Jp,0 <
k < Jg}. Set ), = Q, NQ, 00, = Q, NON, and let At denote the temporal mesh length,

n = nAt, byt = (n+ %)At, n=0,1,---. We employ §; and §; to denote the forward difference
quotient and the backward difference quotient operators of one order in z; (1< 1< 3) directions
respectively, and Ay and V}, to denote the discrete Laplace operator and the discrete gradient
operator as follows

3
(Apun)ijr = Apuijr = g 0161 5,k

=1
(Vhun)ije = (01U j ke, 02 j ki, O3Ui j k) -

Let L%(Q,) be the space of complex-valued or real-valued discrete functions, equipped with the
discrete L? inner product

Ji J2 Js3

uhavh ZzzuvijZthlh2h3

i=0 j=0 k=0

and the associated norm
1
unll = (un,un)?

Let 0% = §1'05205% denote a forward difference quotient operator of |a| order, where o =
(a1, 9, a3) is an 3-index, «; (i = 1,2, 3) are nonnegative integers, and |a| = a; + as + 3. We
use the notations

1/2

Ji—ay Ja—ag Jz3—agz L 1/2
unle = D > D Z i jk[*hihahs and Jun[[x = <Z|Uh|12>

la|=k =0 j=0 k= 1=0

to denote respectively Sobolev’s semi-norm and norm for the discrete function uy,. Let H ()
denote space of complex-valued or real-valued discrete functions, with the Sobolev’s form norm
|- Ha(£2p) is the subspace of the space H*({,) satisfying the homogeneous Dirichlet boundary
condition. Two product spaces will be of special interest in the functional setting for the discrete
dynamical system, namely

Vh = H&(Qh) X Hé(Qh) X L2<Qh),
W, = H2(Qh) n H&(Qh) X H2(Qh) N Hé(Qh) X Hé(Qh)

with the norms respectively

(s S 00) v = (1112 + dnll? + 16a11) "2,
1, dn 00w = (16n 2 + [ onl2 + 10812) "7

In addition, we define the discrete LP? (p > 1) norm and the discrete L> norm for the
discrete functions uy, as follows

1
Ji J2 Js /P

lunll,o = [ DD i julPhahohs |, [[unlloo = max [u; j k|-
3,5,k

i=0 j=0 k=0
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The summation by parts formula

Jie1Ja—1J5—1 Jie1Js—1J5—1
Z Z Zui,j,kﬁhvi,j,kthh:s:*Z Z Z(thh)i,j,k'(thh)i,j,kh1h2h3; Yy, vp€ Hy (Q4)
i=1 j=1 k=1 i=0 j=0 k=0

will be used frequently in the analysis below.

For brevity, we denote the space of complex-valued discrete functions and real-valued discrete
functions by the same symbols. Finally, let C' denote some positive constants independent of
discretization parameters, and not necessarily the same at different places.

We shall use repeatedly discrete version of Sobolev embedding theorems and interpolation
inequalities.

Lemma 2.1. For all u, € H}(Qy),

ﬂ

V36T | < V8
H%MﬁSjTIIWWM L unls (2.1)

Generally, for all uy, € H(Qy),

1
lunllze < € (funls + 7 lunl ) (2.2)

where | = min(ly,l2,13), and the constant C is independent of mesh lengths h; (i = 1,2,3), 1
and the discrete function uy,.

Proof. We only demonstrate (2.1), and (2.2) can be proved in a similar way. From uy|sq, = 0
we can easily see the relations

3 2 :
uiyj,k = ( 1m+1k+uz m—+1, kuzmk+uzmk)§2uzmkh27
Jo—
3 _ 2 . . 2 Sott h
Wijk = — U g1,k T Wima 1k Wi,m kT UG 1 ) 02U, m k2.
m=j
By Cauchy’s inequality, we have

J2 1
2|u; 5,

(|uz m+1, k:| +‘u1 m k| )|52uz m k|h2

mO

Ja—1 2 Jo—1
<3 <Z |Ui,m,k|4h2> (Z |02, k| hz) :
m=0

which yields

Jo—1 % Jo—1 3
3 <
onax, lui j|” < (Z s, k| h2> (Z 0203 1, k| hz) . (2.3)

Multiplying both sides of (2.3) by h3 and summing over k, then using Cauchy’s inequality, we
have

1
J3—1 J3—1 Jo—1 2 [J3—1J>—1
max |u; il hs < E E Wim.k| hah h
0<5< s | 1,5, | 3 2 | i,m, | 3 3

k=0 =0m=0 =0m=0
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Similarly
1 1
Jo—1 3 Jo—1J3—1 2 [ Jp1 Jz—1 2
2
max |u; ik 3he < E g [y h E E 03U; in| hoh
0<h< J| 7,7, | 2 : ‘ 1,7, 3 : | 3 z,J,n| 3
j=0 j=0n=0 j=0 n=0
Hence
J3—1 Ja—1
max |umk| hs max |umk| ho
0<j<Jo 0<k<Js
k=0 7=0
1 2
Jo—1J3—1 J3—1 Jo—1 2 [Jy-1J3-1
E Y luigkl*hobs |1 D0 ha| (D0 163t jnl*hahs
7=0 k=0 =0m=0 j=0n=0

Next, we multiply both sides of the above inequality by h; and summing over i. Then using
Cauchy’s inequality, we have

Ji—1 [Js—1 Ja—1
E max |Um k|2 he max |Um il h1
0<j 0<k<

i=0 \ k=0 =0
1 1
Jo—1J5—1 2 B
<* max Z Z [ui j k| hahs Z |02u; j k|2 h1hohs Z|53Ui,j,k|2h1h2h3 ;
0<i<J;
J=0 k=0 igh igk
(2.4)

where the summation indices (i, j, k) above denote the summation for 0 <i < J; —1,0< 5 <
Jo—1and 0 < k < J3z — 1. On the other hand, note

Ji—1

Jwi gkl * < 3 > ’(ul2+1,j,k +u ) (g gk + )| [G1un5.k b
=0

1
Ji—1 2 /J1—1 2

2
) sJs ?
E lur j x| E |01, 5,1 |“ 1

=0

Consequently,

1 1
Jo—1J3—1 2 2

max > > Jui gkl hahs <2 k[Chahohs | | 161w kl*hihohs
0 k=0

0<i<J1 4 - -
Jj= L.k L.k

Substituting the above inequality into (2.4), we have

Ji—1 Jo—1J3—1

Z [uijk|Chihohs = Z Z Z w2 gk P hahs | ha

i5.k i=0 \ j=0 k=0

Ji=1 [ Ja— Js—1
< E max \uwk| ho max |u”k\ hs | by
, 0<k<Js £ 055

7=0
1

1
2 2

3
Z i j k| °h1hohs H Z |0vwi j k|*Pahohs |

ijk 1=1 \i,j,k
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which yields the first inequality of (2.1). The second part of (2.1) can be obtained by using the
theorem of the arithmetic and geometric mean. O
By Lemma 2.1, Holder’s inequality and the definition of the discrete LP norm, we have

Lemma 2.2. For all up, € H(Q4), and any q € [2,6],

N

485 . 3 3
lunllze < == lunlt un] with p=g5 ="
Generally, for all up, € HY(Q,), and any q € [2, 6],
1 p _ . 3 3
Junllze < O (jun+ 3 Junll) a1+ with ju=5 ==

where the constant C' is independent of mesh lengths h; (i = 1,2,3), | and the discrete function
Up -

Lemma 2.3. For all up, € H} () N H?(Qy), the following inequality holds

lunlloo < Calunl2,

(hilgls)s (S a\°
Co=—"24 k™3 .

k=1

where

Proof. For any uy, € H} () N H?(y,), we have the following expansion

un(@) = >ty ko ks Coy (71)Ch, (22)Ch, (23), ¥ @ = (31,32, 35) € 2, (2.5)
k1,k2,ks
where Z/ denote summation over 1 < k1 < J; — 1,1 <ky < Jo—1land 1 < ks < J3 —1;

k1,k2,ks
Chy (1), Crp (22), Ciy(x3) are eigenfunctions of the operator —A}, with the homogeneous Dirichlet

boundary conditions, and

2 . k}iﬂ'l’i .
Cki (xl) = 7 s ( lz ) (Z = 1a 2) 3)

are eigenfunctions of the difference quotient operators —d;0; with the homogeneous Dirichlet
boundary conditions corresponding to the eigenvalues

= (L) s ()

By the uniform boundedness of the eigenfunctions (g, (1), (22)Ck, (x3) and Cauchy’s in-
equality, (2.5) implies

2
/N 8 A 2
(@)= | D7 o, G ()G ()G ()| < g D o)

k1,k2,k3 ! k1,k2,k3

8

= l1l51
10263 k

—1

Z, ()\fl + /\]'f2 + )\Ii + Ak Ak, + Aig Ay + )\kzx\k‘y)

1,k2,k3

X Z, ()\iz + /\li + /\/fjx + Akz )‘kz + /\kz >\k3 + )‘kz)‘kg) |12k17k27k3 |2
ki1,k2,ks

8 ’ —1
> (/\fj HAL A, AR )\k2+>\kﬂk3+)\k2/\k3) |,

= : Vze 2, (2.6)
hials, 4=\
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Since 0 < gf]” < 7, by using the inequality sinz > %x, x € [0,%] and the theorem of the

2
arithmetic and geometric mean, we have

8k Kok
Tilals

g L1
) < (W Ak, < 5 (/\ + Ahy AR+ Ay Ak Ay Ay + /\szkg)7

which gives

“1 1 Llsly \ B
(MR, X8, X8, Ak + Mg + A hg ) < o ( 1120 )

T 96 \ k1koks
Thus
(1 l l i ’
’ - 3
Z (Aiz +)‘£2+)‘£3+/\k1/\k2+)‘k1/\k3+/\k2)‘k3) S T or 1 . 3 (Zk é) :
k1,k2,k3
Substituting the above estimate into (2.6) completes the proof of the lemma. O

The following equivalent norms in H} () N H?(Qy) is easily verified.

Lemma 2.4. For any discrete function u, € H}(Qy) N H?(Q4), we have

V2

5 [Anun] < [un|2 < [[Anunl|-

3. Finite Difference Scheme

We consider the following fully discrete finite difference scheme: find the complex function
Y € Hi (), and the real functions ¢7, 07 € H(Qy) for n > 1, such that

62475 nj p = 6_7At1/J

k _a
i o 4], + Ah(ezAt n. +€ At,ll)znjjl)
1 -5 p—
+1(6 At n k+€ 2At¢z]k)( § At n k+e QAth]k): ik (31&)
EAt in At
ez _e 2 ¢ ]. €
i3,k - zjk - i(eﬁ Atanjk—ke**m@f] ;) =0, (3.1b)
Boe At Boe At 1
e 2 97237 —e gn,Jk _|_,u2,5(5*€) SAtgn 4 2At¢
At 2 € 1,5,k € zgk

_e 1 n _a
ﬂAh(ezm P e BT ) = 2 (leB Ay 42 4 e E AT R) + Gy (3.10)

fori=1 =1, j=1,--- [ Jo—1, k=1,--- [ J3— 1.
The above scheme is supplemented with the initial values

(W5, 89,00) = (Yo, Go.n> D1 + Edon), (3.2)

where the complex-valued function g € H& (Q1), and the real-valued functions ¢ p, ¢1, €
H{(£2,) are suitable approximations to vy, ¢, $1 which are given in (1.3), ¢' = 67 — ¢! is



886 F.Y. ZHANG AND B. HAN

the approximation to ¢; at time t,. In this paper we make the following hypothesis on the
functions F' and G in the right hands of (3.1)

max (|| Fll o, [Full, 1Gal) < Ciray ()

where C{r ) is a constant independent of hy, ho and hs.

We are going to prove the existence of the solutions (¢}, ¢}, 05) for the finite difference
scheme (3.1)—(3.2). For any complex-valued discrete functions ¢, € HE(Q4), any real-valued
discrete functions ¢, € H}(Q4), and any o € [0, 1], let us define the complex-valued discrete
functions Wj, € H} (), and the real-valued discrete function ®;, € H}(Qy) as follows

65At\1]'i,j,k —e % At,(/)n7 1

. o a
' At o *Ah(”mwi,j,kﬂ% Ath]k)
O- £ o o _
+Z(6Mt¢>i,g,k+€ sAt " ;) (eaAtwi7j,k+e—§At st’i>:UFi’j’k7 (3.3a)
Py — e 3 o
3Js - l]k _ g(e Atgn]k +€7—At07fj ]1) _ 07 (33b)

= Atgn 5= Atgn—1
e” 0 . —e” O nP—e(B—¢e)/ e, —SAt -
3,7, - 4,5, 5 (62 t¢i7j & e~ 5 t ;zj i)

1 £ g
— 5 An (€5 4G, + B MG (leﬂtww,kl%|e“%”k|2)+sz (3.3¢)

fori=1,---, J1 =1, j=1,--- , Jo =1, k=1,--- ,Js — 1.

It defines a mapping T : (¥n, ¢n,0) € HE(Qp) x HE(Qp) x [0,1] — (Vy, ®p) € HE () x
H}(Q4). Obvious, the mapping T is continuous for every (v, ¢n, o) € HEH(Qn) x HE () x [0, 1].
In order to obtain the existence of the solutions for the finite difference system (3.3), it is
sufficient to prove the uniform boundedness for all the possible fixed point 1}~ ¢~ for
the mapping o7 with respect to the parameter 0 < ¢ < 1 by using the Leray-Schauder fixed

point theorem. Then the fixed point )~ 1+o ZﬁHJ of the mapping o1 satisfies that
2 At ,n—1+0 e— 54t
ez T — Vi _a
g & _ E
i z (62At¢?j i+a Te At(b” k) ( Atw;ﬂ] li+a Atd}z " k) =0F ks (3.4a)
SAt gn—140 _ 5At
e2 AR a—e
¢’L,J,k o ¢ 4], lc o %(e - Atezn,j,k tLe” hn k) =0, (3.4b)
o — EAt o — EAt 1
€ Ok —€ 2 055 N2_€(0‘ £) e5Algn—14o | =5 Aty
At 2 .5,k 1,5, k
1 =
_ §Ah(e§At¢Z;li+g At¢1gk) (lezAtw?]7li+g 2 ‘ —7At,¢l]k|2) +G; ik (34C)
fori=1,---,J1 —1, j=1,--- ,Jo—1, k=1,---,J5— 1.

We first multiply relation (3.4a) by At(e2 A’%/)Z ;Jm + e~z At 1/1” k)h1h2h3, and sum over

1,7, k. Then taking the imaginary part and using the summation by parts formula, we have

e 40p=17 |2 = e F A2 + o Athm(F, #4710 e 8 Sty
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Using Cauchy’s inequality gives

38Uy 2 < e AU - AtI(F, g )] 4+ Atem B (Fy, )

< e T gp P + At Full [l + Ate’“mlthllef?_lll

At
—TAt n—1(2 gAt n—1+o2 = F 2
It + 5 At R+ Sl
a At _a
Nte—aAt® —g At n—12 | A —g A 2
+ AteTe S F A yn 2 4 e A Ry 2,
which implies that
n—1+4o0 —a n— At
=70 < em P + . (3-5)
Next,we multiply both sides of (3.4a) by 4(e? Atjlj ,?LU — e*EAtEZ;;)hlhghg and sum over
1,7, k. Then taking the real part, we get

2|€§At¢n 1+(r‘2 _ ( %At¢n71+a + e—%At¢Zfl7 ‘6%At¢}rzfl+a|2 _ |e—%At,¢}271|2)
+ 4Re (Fy,, e 2 4t~ 117) = 2/ 240113 4 4Re (F, e~ 224y 1) .
Using the identity

(eEAt(belJra_"_e At¢n 1 |€2At¢n 1+a|2
—92 (E%At¢7}:—l+o’| 2Atwn 1+0| )7 ( 774t¢
_ (e%At¢Z 140 _

|e—%At¢n71|2)
| 77Atwn 1|2)
At¢n 1 |6“Atw2—1+0‘2+‘effAt¢Z 1| )7
we obtain

2‘62At1/)n 1-l—<7|1 ( At¢n 1+o ‘eZAti/)n 1+a| )+4Re (Fh76%At7/JZ_1+U)
_2|€—7At n— 1|1 (6 £At —1 |€ At,(/)}'rz 1| )+4Re(Fh,e_%At¢Z_1)

(et e o e FAIR) (36)

;At(bz 1, |€ > Atw271+0|2
hyhahs At, summing the resulting equation

Multiplying (3.4c) by o'(e z Aton] Lte e

Aton 1)
over i, j, k and using (3.4b), we have

(T||€ > At9n||2 2

+ (u

— (5 — ) llef Agp 2 4 fef Atgn T
= ol T tgp P +

(Gh,ezAt(bn 1+0)
(1* —e(B—e)lle 22 gn > + [543

— (G e 22 gp )
+(6§At¢271+0 e 24t¢n 1’|€2Atwn 1+¢7|2+|€

FAYRTR). (3.7)
Adding both sides of the identities (3.6) and (3.7), gives
A" < B (3.8)
where
A" = 2]eFAtyn—1to2 _ 9 (e 34t gn—lto, |6%At¢n71+0‘2) + 4ARe(F),, e3 Atyn—1+9)
+ (1 —e(B—e)ller e T+ 2 YT = (Ghe2 YT ) . (39)
and

B 2|€—7Atwn 1|1_2(e—§At¢2717 |e—%Atwl’I:LLfl|2)+4Re(Fh,e—%Atwl’l:LLfl)

(1? —e(B—e)lle” 240~
(G, e 226,71

+||e—7At9nfl||2_~_
+‘e 2At¢’n 1‘2 (3.10)
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By Holder’s inequality and Lemma 2.2, we have

2 (e31gy 17, [eB Ay 2) | < pfled AgpI | fleF Aty
L

< C\e%A%Z’”"hIe%“twﬁ’””lf le® Attt 2

Iez%" R eE T+ Clle

[4Re (Fu, 330 140)| < al Bl 437l < 2 (1B + e At 4?),

At  n—1+o At n—1+o :LL2 76(67 ) EAt y)n—1+40 2 2
(G5 2167 740) | < [ Gullled 2ty < e S P s dtgnive 2 4 0 G2
We derive a lower bounded on A™ from the above estimates

2
An> ‘eZAt’(/)n 1-|—U|1 :ui()” 7At¢n 1+<7H2 | 5 At n 1+0"1
= C(Ip 7 + Bl + =7 |2 + G ).

Combining (3.5) and (3.11), we see that [[¢o;"*7(|2 + @7~ *"7||? is uniformly bounded with
respect to the parameter 0 < o < 1. Therefore, the solution (¥}, ¢}, 05 ) of the fully discrete
finite difference scheme (3.1)—(3.2) exists. The uniqueness of the solution of the fully discrete
finite difference scheme is will be proved in Theorem 4.1 in Section 4.

Below we provide some t¢-independent priori estimates for the solutions (¢}, ¢F, 67) of the
finite difference scheme (3.1)—(3.2).

Lemma 3.1. For the solution ¥} of the fully discrete finite difference scheme (3.1)~(3.2), the
following priori estimates hold:

lohl? < e 2Rl + a2 B (1 — e7"4), >0
Consequently, there exists a constant Co = max (|[¢}|, a~Le2 4| Fy||) such that

sup [[¢5 ] < Co.
n>0

Proof. Multiplying relation (3.1a) by At(e% Atqp” e ® taz g k)hlhghg, and summing
over i, j, k, then taking the imaginary part, we have

Re(egAtw}rLL _6_%At¢;:_1 7Atw +e - S At )
1 o o o a
+ §At|m(Ah(6§Atw;} _|_675At,¢);z—1)’€5Ath —|—675At1/}2_1)
=Atim(Fy,, e2 20 + e” 2 40pn—1), (3.11)
It can be verified that
Re(e® Ay — e 3 40yp=t e300 4+ e7 A0y = [l 40|17 — [le™ B4ty
Using the summation by parts gives

|m(Ah(€%At’¢Z—|—€_%At’d)Z—1) 7At,¢ +€—7Atwn 1) 0.
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Therefore, (3.12) can be rewritten as follows
3R = e Ay + Atm(En, 07 + e,
It follows that
T |p* <em A+ Al (Fu, vp)] + Ate™ 4| (Fp, vy
e-%““nwh* 4 AR+ dte 2116

e « n At
B yp 2 4 S AtuR)? + 2 IF
At
2 JR—
+ 2ae

_ o o _ _a
+ Atee A 8yl 52| P,

which implies that
_ _ At
R l? < e 2 12 + B <
1
< e—omAtHw}(iHQ + ?eaAtHFhHQ(l _ e—cmAt% n > 0.

O

Lemma 3.2. Assume that the hypothesis (H) is true, and (41, ¢9,69) € V},. Then the solution
(Yp, o, 0%) of the fully discrete finite difference scheme (3.1)—(3.2) is uniformly bounded in V.
Moreover,

hmsuP ||(wh7¢h70h)”Vh < p1,

n——4oo
where p; is a constant independent of the initial value (wh, d)h, 02) and the discretization pa-
rameters hy, ho, hs, At.

Proof. We first multiply both sides of (3.1a) by 4(e3445" , — e~ 344" Yhihohs and

summing over %, j, k. Then taking the real part, gives
2|€2At¢h|1 (e%Athn +e Atd)z 1 ‘62Atwn|2 |67%Atw2—1‘2) + ARe (Fh,e%At’(/)Z)

=2 242 + 4Re (Fy, e 2 40pp1). (3.12)

Using the identity
(G%At(bn—‘re_%At(ﬁZ 1 |62Atwn|2 |6_%At’l/)2'71‘2)
—92 (62At¢h |62At1/}n‘ ) ( 2At¢h—1’|67%At¢zL—l|2)
—(62At¢)h EAtgbn 1 | “Atwh'Q_'_|€—%Ait¢}7;—1|2)7
we obtain
2|6%Atw}?ﬁ _ (e%At¢Z7 |6%Atwn|2) =+ 4Re (Fh7 e%Atw]T_LL)
_2|6774twn 1|1 o (6 2At¢z 1 ‘6 Atwn71|2) —|—4Re (Fhvengthfl)
— (eFNh —eTE Mg e z%h|2+|e FATIR). (3.13)

—Atn EAtnl
ij+e Huk

Next, multiplying (3.1c) by (e
and using (3.1b), we have

Yhihohg At, and summing over i, j, k,

B—e n £ n
le = 240012 + (u* — e(B —e))lle? o ||* + |e? 2 g [T — (GhaezAt(bh)
_B—= n— _& _& _& n—
= lle™ = 20+ (0P —e(B—e)lle” 2T+ e 20T T — (Groe 2R
+ (e%At(ﬁzief%AtQSZ 1 ‘ezAtwn|2+|e aAt,ll)n 1‘2) (314)
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Adding both sides of the identities (3.14) and (3.15), gives

Er =Grt, (3.15)
where E} and G}~ ! are defined by

B =2|e3 4073 — 2 (3447, 3 Ayp|2) + dRe(Fy, eF Aty + "2 2oy |2

+ (02 = e(B = ))leF YR + 2V Pp[T — (Ghre2 ey (3.16)
and
Grl=2le~ #Atyn—l|2 g (e §Atgn=1 |~ Atyn—112) | 4Re(F}, ¢~ FAtyn1)
e F A 4 (12— 2(8 - ) e 502
+ e BAGITI2 _ (G, e 3 AR (3.17)

Using the Holder’s inequality and Lemma 2.2, we have
12 (240, le2 M yp )| < 20le2 Yl olle® A ul?
< CleFAtgp|y e 2typ 7 e Atyp| 3

1 5
< §| 24013 + e Ay + Cllup|°,

|4Re (Fp, e 200p) | < Al Fnlllle® 2 w7l

2
p—e(B
BP9 pesagpe 1 oGl

We derive lower and upper bounded on E7 from the above estimates

|(Grre2 2 0h)| < IGallllex ¥ opll <

2
n —< 1% ( ) £ £
R L KR N PR L R
— O (RN + B IR+ 1) (3.18)
n 3 n B_e n 3 2 — & 675 £ n
17 < alet 2yl + T2 + I D posacgye ) Bjosangye
O (IR I+ 1B IR+ 16 ) (3.19)

Let £ = min (a, ¢), then we can rewrite G7 ™' as follows

G711—1 — 2672aAt‘e%At¢}'rLL—l|% _ 267;<At ( At(bn 1 |6QAt1/}h |2)
+467”AtRe (Fh B%At¢n—1) +e 2(B—e¢ At”eﬁzfmon—lnz
+e—2sAt(M2_€(6_6))H62At¢n 1”2 —QsAt‘egAt n— 1|1
_ oAt (Gh,ezmd)n 1) n 2( kAL ef(zoﬁs)At> (e%AthZ_l, |6%Atw}?_1|2)

+ 4 (efaAt _ efliAt) Re (F}”e?Atq/};lL—l) 4 (eant _ efsAt) (Ghae%At(bZ_l) .
(3.20)
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We estimate the last three terms of (3.21). By the inequality 1 + 2 < e® Va € R, Holder’s
inequality and Lemma 2.2, we have

|2(eﬁAt_e—(2a—£)At) (e%At(bel’ |6%At,¢1271|2) |

< CAtlle2 g7 o lle® 2y~

12/5
o 1 o
< CAte3 At e 3 Atyp=1|7 e T Atyp—t| 2

< EAtef2sAt|e§At¢Zfl % + 2aAtef2aAt|e%Athfl %_’_ CAt”d}ZleG’

|4(e™4 — e ") Re (Fi, e2 2ty ™) | < CAL| Fulllvy

(6774t — em241) (G, e Atgr1) |
< CAH|GulllleZ o5 < eAte™ 2 (1® — (B —e))lle2 2 op~|* + CAL| G
It follows from the above these estimates and (3.21) and (3.16) that

By < e =t oat(up 0+ 1B+ IGE), 21 (321)

Using the above inequality repeatedly gives

n—1

By < e AR+ OAL Y e (O 4 B gy + G2)
=0
< AR 1 C(C§ + Coll Fall + IGAII?), >0, (3.22)

Hence, from (3.19) and (3.23), for (¢/9, ¢%,609) € Vj,, and ||(¥9, ¢9,09)|lv,, < R, there exists a
positive constant C'(R), such that

If initial value ¢} satisfied that [|¢9|| < R. Then by Lemma 3.1, there exists a positive integer
N = N(R), such that
||1/1”|| < OtileaAtO{Rg} +1, n>N.

For n > N, using (3.22) repeatedly gives

n—1-N
Ef <emmNAEN L oAt Yy e_ﬁlm<||¢27171||6 + [ Enlllvn =)+ HGhH2)
1=0
< e R=N)AEN | C<C?F,G} + Oy + 1)’ n> N. (3.23)

From (3.19) and (3.24), we obtain that

A 4

/1“2 75(675) ||€%
2

< e rn=NAtpN 4 C(C?F,G} +Clpey + 1), n>N.

a 1 .
le2 2 YR1E + e ORI+ SleFoh1

This completes the proof of Lemma 3.2. O
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Lemma 3.3. Assume that the hypothesis (H) is true, and (19, ¢9,69) € W),. Then the solution
(p, o7, 07) of the fully discrete finite difference scheme (3.1)—(3.2) is uniformly bounded in W,.
Moreover,

limsup ||(¢}, &5, 00)lw, < pa2,

n—-+4oo

where ps is a constant independent of the initial value (¢9,¢%,609) and the discretization pa-
rameters hq, ho, hs, At.

Proof. Multiplying both sides of (3.1a) by 4(62AtAh@/J” k= AtAm/)” k)h1h2h3 and
summing over i, j, k, then taking the real part, we get

2% AAwpp|* + Re((e2 4y, + €™ 2491 (X A + €T FAYRTY), 3 VA —eT F AT
—4Re (Fp,e? 2t Apyp) = 2)le” 2 A ARy t|> — 4Re (Fr, e 24 Apyp) 1) . (3.24)

Note that

Re (( ¢ +€—§At¢ )( Atwn _§At¢s_1)7€%AtAth_e_%AtAh¢Z_1)
—4Re (eQAt(bZe Atwh)eiﬂtAhwh) — 4Re (e—%At(bnfle—%Atwnfl, —%AtAhwz,fl)

— 2Re(e2 ] — e 3 e AN Ay 4+ e AT Ay )
— Re ((e22%]; + e~ 5%}~ ><e*%h — T FAYRT) T AN FeT EA AT,
while by (3.1b)
_ 2Re(e%At¢ﬁ _ e—gAt(bZA aAr"Ahwh + e—aAt,(/) 1/)7171)
= — AtRe(e" 7 A1) 4 e~ 3 A1 (@ARTN 4 oAU gy
and by (3.1a)
— Re ((e24%] + e 381 (eF AW — e TR, e 2 AN e TN
:iAtlm ((e%mqbﬁ +e—%At¢n71)2(e%At¢}n +e—%Atwnﬂ)’e%AtAhw’?_’_e—%AtAwgﬂ)
— Atlm ((e2 ¥y + e 2401 fi, e 2 VAP e T AR )
Using the above results and (3.25) gives
2||e2 A b2 + 4Re (e24pre® Aep e %Awa,’;) — 4Re (Fy, e 22T Appp)
=2[e” TAAL YT |? + 4Re (e 2B e 2 Ay e T B AIA w—l) — 4Re (Fp, e 24 Appp 1)
+ AtRe(e 73 4 e T A0 A0 Ayt + e A0 Ay,
_ iAtlm ((egAt¢Z + e—%At¢Zfl)2(e%Ath + e—%md]zq)’egAtAhwz_Fe—%AtAhwzq)
+ Atlm (2%} + e~ 24%7 1) f, e%AtAw%e*%AtAw;}—l) : (3.25)

Multiplying relation (3.1c) by —(e 7A75Ah9"] L e T AYALOT T hy hohy At, summing over

i, 7, k, and using the relation (3.1b), we have

1,5,k

" A2 4 (12 —e(B—e))|e2 2} + le2 " Apgp||® + 2 (Gh, e Y ARe})
:|67Tm9"_1|1 (12 —e(B—e))|e 22gr T + [le 22 AR 12 + 2 (Ghoe” 24 ARG
At( =n

At0n+67—At9n 1 Ah‘€2At’L/Jn|2+Ah|e "‘At,l/}n 1‘2) (326)
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Adding both sides of the identities (3.26) and (3.27), we obtain
Ey =Gyt (3.27)
where EF and G5! are defined by

B =2[|eF Y007 |% + 4Re (e34%p7e 3 Atyp, e TN, ) — 4Re (Fy, e T2 AR07) + |77 26072
+ (1 —e(B—e)|e2®p ]} + e? M Apep|® + 2 (Gh,e? 2 Anep) (3.28)

and

an- 1_ 2”6774%”} U2+ 4Re (GigAtbe_l@i%Atﬂ}Z_l,67%AtAh¢Z_1)
—4Re (Fh, e 8 240y ") + e "7 A0 {4 (u? —e(B—2)) e~ 3,13
+lem 22 ARGy P42 (Ghy e 54 AR )
+AtRe(e%At92+67%At92_l Ay Ayt + e A0, Ahﬂ)g_l)
— A (T4 e TG (eB AR e FAY), AN g e F A
+ Atlm (( EAtgi) —|—e*§At )fn AtAmﬂ}?—&-@*%AtAiﬂ?Z—l)

£

1 - —e o a
— 5At(e T Atgn +e*‘%m9;;—1,Ah|efm¢g|2 + Aple” 2Apn—12), (3.29)

Let 1 = min ($,¢). Then we can rewrite G5~ as follows

Ggflz 26_%At||e%AtAh’(/) ”2 +4 —nlAtRe (6% Zfl %Atw}rltfl B%AtAh¢}?71)
_46—K1AtRe(Fh eiAtAhwnf) 38 )At| EAten 12

1
+(u276(67€)) 26At|e§At¢n 12

7
e GV A e R R A R B (3.30)
=1
where
I _ 4( —(e+2a) At 767H1At)Re (G%At(bz_le%Ati/}Z 1 BQAtAhw )’
I _ 4( —Kk1 At e—aAt)Re (Fhae%AtAh'lr/)Z_l) ,
Iy =2(e”" — e714Y) (Gh, e 54007 )

Iy = AtRe(e 2410 4 ¢~ T2 Algn—1 o ARITA 4 oo ATTIA gty

1 £ £ (o3 o (3 (o3
Is = 3 Athm (€2 2% + e 3472 (34 + e 34, e 3Ny e F AN
Is = Atlm (€220} + e~ 226 1) Fy, e YApif+em T40w1 1)

I; = —lﬂt e%Aten ——Afen 1 L Ap e“At n|2 + Ay, 8_%Atl/)n_1 2y
2 nt h

We estimate the last seven terms of (3.31). By the inequality 1 + 2 < e® Vz € R, Holder’s
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inequality and Lemma 2.2, we have

L] < CAt|gr M allp lzalle® 2 Anyp™ |
<erAtfleT AR + CAtlgn IR IR IS,

|I5| <e1 At||eT ARy~ |7 + C AL Fyf?,

|Is] <es At|le22Anep | + CAL| G,

14] < C A" 30+~ 7300 (e St e F 407+~ F 20yl A7)

<erAtfled SR P er At Ay P+ Car( 0312105 D) R P+ g R),

[Is] < 7 Atl\@?“ﬂbh e BT Jle T AN + e FAR T lle® AAppp e A AT

s@Atueﬂ%wzH?mAtHe2AtAhw Y can(loplt +lep D (6RE + lvp 1),

Is] < CAH|5 26, + e 52607 | Lal| il o€ A Anvfi+e™ 4R
< Atl|eF ANWRI2 + 1 AteF A2 + Cat (IR + 65 13) I3,

and

B—e

720 (e AVl + lle™ F 4V 13 )
A (e + e ) (e A Bnui |+ e 4 A1)
< Al A NP + 1 Ate A A2 + Cat(Il6n 17 + 16 ?)
At 4) (me\% + g2
< e At e TANLYP |2 + 1 Atl|e TAALPT Y2 + e Atle T AR|E 4 e5 Atle T Ator 12

+ CAt (10312 + 10~ 2L+ 15 + v I3)-

L] <CAt]je” T 207 + e~

+COAt||e" T A7 46~

8 A e T

—&

A1) e

+ CAt(|e Argn3|le

where
e~ GAt _ -5 A eSAt _q €At _ o—2eAt
EgHHE=—, 3=——F—"", 3= ——"T--——
3AL ’ 2At At ’
_ 3(8—
eﬁgiAt -1 e—(ﬁ—f)At — e~ (52 =L At
Eg=—"— £ =
At ’ At

Substituting the above estimates into (3.28), we derive that

Ep <e MAERTL L AICT, n=1,2,- (3.31)
where
f2||e4‘“Ahwh||2+4Re (e2¥ne 2y, eF A ARYR) — 4Re (Fy, 32 ARy
+[e T2 + (12 — (B — ))|eB Ay 3 + [leB A Angp |2 + 2 (G, €32 Ang) ,
and

= C(\\¢2_1||17 [ et O 2 TPl [ 73 N DY IIGhH)-
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Now we estimate lower and upper bounded for ENIS By Cauchy’s inequality and Lemma 2.2,
we have

[4Re (e ppe Ay e 2 A0 |
A XA T4
< 4lle2¥pl,L e T Ayp, L et AAnyp|
A £EA A A A
4Ie2 RIF leF VRl e A e Atupl| et Aanup |

He‘*AtAWhII +8led g leF Ao | Fle T g e F A

IN

IN

|[4Re (Fn,e® 2 Apyp) < 4eT2 R[4 Apyp]| < 5 ||€“AtAh‘¢fh||2Jr8||€“Ach||2

12 (Gnye2 2 Angp) | < 2|Grlllle* 2 Angpll < 5 ||62AtAh¢h||2 +2[|Gp 2.
From the above estimates, we derive that

E2 > H€4AtAh¢hH2 + |€ 7 At9n|1 + (N2 —e(B— 5))|62At¢h|1 ||€2AtAh<lj)h||2

—8[e3 AR 3 Agp]| | T Aty et Ayp® — 8||€4AchII2 2|Gnl?,  (3:32)
and

=n a n B¢ n
Ey <3eTYAmp|® +le = MO + (1 — (B —€))leZ M oh|T + ||62A‘5A Shll?

+8le B AR [leF AR |26 Atp|f (e A%hll’+8||64Achll2+2llGhll2 (3.33)

Using repeatedly the inequality (3.32), we derive that

By <emmmmRAEE L AL N e TDAGH sk k=01,
I=k+1

Using the result of Lemma 3.2, the proof of Lemma 3.3 is complete. g
By Lemmas 2.3 and 3.3, we have

Corollary 3.1. Assume that conditions of Lemma 3.3 are satisfied. Then ¥}, ¢F in L™= (82,),
(e38Up—em § A1) /AL, (e77 Atop—e™ T2 A7) AL in T2(Q), (3297 —e™ 32%n1) ) At
in H}(Qn) are uniformly bounded.

4. Stability and Convergence of the Difference Scheme
Let (Y 1 @k 1+ 0k ) (k= 1,2) be two solutions of the fully discrete finite difference scheme

(3.1)(3.2) associated to the initial data (¢} ,, ¢ 1,00 ) and (¥jt, ¢, 07) = (VT ), =8 1, 1), —
¢£L,h’9?,h - egﬁ) with (T/’?w 2,92) = (wg,h 1/’2 h’(bl T 2h79(1),h - 93,h)~ Then (z/)}j,éﬁﬁﬁ)
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satisfies that

FAt, M L€ fAt,w k
0], 0,7, At n. —2 At jn—1
i- At + Ah(62 pTe ® @Z’m,k)

1 _e _a
+4<62At Pte 2At¢1m7 )( S At n e Athrle)

1 n —£ a n _a
+ Z( At ke zﬂt¢z o k) (6 2 Athi,j, Atilfg i, k) 0, (4.1a)
SAt in SAt
ez ik ¢, k 1 B n . .
: W (T e T =0, (4.1b)
B

At
£ At —B== Atgn—1
e N0l —e T T +H2*€(5*5) 5Atgn | o= §Atgn-
At D) € i,k T € W4,k

1
At in —SAt gn—1Y\ __ LAt n At T XAt n XAt
B 7Ah<€2 ik te? i 235k ) T 9 <62 1/)1717]‘7766 wz] pte? i, k€ (2 10,3,k )

1 -5 At 77At —2 At n—1 77At
+2< 1/}1 ENN wache : sz 7/)2 RNN ) (4'1C)

for1<i<Ji—-1,1<j<Jp—land1<k< J3—1.

Multiply (4.1a) by At(e? Atw” e Aty ) “)hihahg, sum over 4, j, k, and take the imag-
inary part. Then by Corollary 3. 1 and Cauchy’s inequality, we have

eFAR 2 <Jlem A2 4 C At (B AR + e B2
+ e Atgp||? + [l Aty ||2). (42)

Multiplying both sides of (4.1a) by 4(eZ4tAp?.
1,7, k, and taking the real part, we get

20|22 ARy |12 + Ty + Jo = 2)le— s ac App T2, (4.3)

S At
Tk Ahz/)” k)hlhghg, summing over

where
Ji = Re((e2 27, + 7247 ) (3 + 7 AT, €3 VALY —eT T AT,
Jo = Re((eFAtp1 4 e~ 581y (o3 Ayn 4 o= FALyn—1) (FAIA o= FAY gn=1y
Note that
Jy =4Re (3417, e3Atyn AN, yn) — 4Re (e~ 5 Al 1em 3 Ayn—1 =34t yn1)
_ QRG(GgAt¢n _ engtqsth—l’eaAtﬁAth _’_efaAtWAhwz—l)
— Re ((e54%n, + e~ 544n-1)(e3Alyn _ =5 Atyn=1y (FAIN yn 4 o=F A yn=1)
Jo =ARe (¢5pe B Ayg, BN UR) — ARe (¢ EAgn e BT B AU )
— 2Re(eF A — e FAYITL OAE N gt - e AR LA T
— Re ((e34f, + e 347 1) (3 g, — 7By, e F ALy e F ALY
It follows from (4.3) and the above results that

2(le® AAyr||* + ARe (€227, e2 A + 2 Agre Ayl e2 ANy

5
72H675AtAh1/} H2+4Re( At(b n 62At1/)n 1 %Atqsz,—le%Atquh—l’G%AtAhw;z,—l)+ZTj,
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where

T, = 4(67(E+2a)At _ 1)Re (e%AtQS;Lh_le%Atd)}?_l + e%Atd);LL—le%At ;h_lv 7AtA ¢n 1) ’

Ty = 2Re(e5 2l — e 3y e YT AL YE + e AT Ay,

Ty = Re (e 61, + e 797, ) (3 f — em 38T, e VAR e F XA,

T, = 2Re(6%At Z,_ 7%At¢n—1 aAt@Ath +67aAtw;Lh—1Ah1/}Z—l)7

T5 — Re ((B%Atth _|_ €_§At¢n 1)(€2At'l/)2h _%Atwg}:l))e%AtAhw2+6_%AtAh¢Z_l) .
Using (3.1a),(3.1b),(4.1a),(4.1b), Lemmas 2.3 and 2.4 gives

ITa] < CAt(flem #2012 4 flem F4% 72 + [le $ 4 Ay~ ),
ITo] < CAt(lled 2 Apup | + e~ 24 Apu~|2),

Ts| < CA(le 2 AnuR | + lle™#4 Ay P + eF R |2 + e 540651,

ITal < CA(le 24 AnuR | + le B4t AR P + e T 4172 + [l 5 tap 1)),

(e g + o™ 2 2 A~ 1P + 5 i + lle™ 54 Ang ™ |P).

Let
" =20 eF VAR + 4Re (5T, T YY) + e Vphed Ay, eTNALYY) .

We can derive lower and upper bounded on £"

€ 2 2B AR — 452G o e Aunl + le5 2 pl e 210t o ) led 2 Ay

> e At a2 - M (JleF 1R + llet 4652, (4.52)
& < 3lleB A Anup 2+ M ([leB A2 + €34 072), (4:5b)
where

At SAt, n |12
M = IR?XT(SH@Q ol h” ,8]le2 ¢2,h||oo)~
From (4.4) and above estimates, we obtain that

g <1+ CAt(Jle B4 ARRIP + lle FA AR + leF A g

lleEATALGRT 2 + [l F A2 4 [leB AR + e B tgn
+ e A2 + fle= T A0p 1), (4.6)
B—e

Multiplying (4.1c) by — (e z AtAhG"J Lte 2 AtAhGZ] 4)h1hahs At, summing over i, j, k, and
using (4.1b), we have

e T AGR + (n?—e(B—))|eF VG + [l Ang |
—[e™ T A0 4+ (uP—e(B—e)leF TR + T, (4.7)
where
1 —& —E
Ty = [l 324 Angh 2 + S AHVi(e 2 216) 4 e~ 75 21607,

Vh(e%Atwihe%AtT"i_e%Athe 3 wQ h+e 5 Atz/}?7;16_%At¢271

+67%At Z—lefgﬂt@))'
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Using Lemmas 2.3 and 2.4, we have

—€

ne 8
ITs] < CAt(lle3 2 Angp |2 + lle™ F A2 2 + e

A+ e T AGTIR).

Substituting the above estimate to (4.7) gives

B—¢

e

AN+ (12 —e(B—e))lez ORI + leZ Y Angp?
B—¢ n— _e n—
= AT 4 (0P —e(B—e))le 2T+ llem E A Apey I

o B—e _B—¢ n—
+CA(leF N ARYRIP + e FX AR T e T MR +lem T AT (48)

<le”

Multiply both sides of (4.2) and (4.8) by 2M and M; respectively, then add them up with the
inequality (4.6). Using the resulting result repeatedly for n gives

—&

E"<E°+0At2(llew¢h|| Hlle® Atk [2He " A0k 25 AN h [PHleE A Anut ), (4.9)

k=0
where
E™ = 2M e AR |2 + €7 + My|e"T 2003 + My(p? —e(B—e))eF 2R3 + My [le5 2 Anep||?,
2M |on|3 512
M, = , My = inf > .
T2 —e(B—e) B erd@n [l = (lilals)?

By using (4.5) and choosing constant M, there exist positive constants M and M3, such that

—e

B = My ([le3 512 + e 2rup | + |7 205 + |leF 2 Angh 2 + e F A Auup|2), (4.10)

€

n & n s~ n
" < My ([l eS¥GR17 + 3 AR | + e TSGR + 5V Rugh I + [leF A Bnufl?). (411)

Combining the inequality (4.9)—(4.11), and using Gronwall’s Lemma, yields the following result.

Theorem 4.1. Under the conditions of Lemma 3.3, the fully discrete finite difference scheme
(3.1)(3.2) is stable on Wy, over finite time interval (0,T]. Moreover, the solution (Y}, },07)
of the fully discrete finite difference scheme (3.1)—(3.2) is unique.

Theorem 4.2. Assume ¥ (z,t), d(z,t), ¢i(z,t) € CH3 for the solution of problem (1.1)—(1.3).
Then the finite difference scheme (3.1)—(3.2) possesses truncation errors of order O(h3 + h3 +
h3 + At?).

Proof. The result can be obtained by using the standard Taylor expansion techniques. [

By using the same procedures as the proof of Theorem 4.1, we can obtain the following
result.

Theorem 4.3. Assume that the conditions of Lemma 3.3 are satisfied, the initial values
(¥, 99,09) of the fully discrete finite difference scheme (3.1)~(3.2) satisfies that

140 = ¥pllz + ll¢o — Shllz + 160 — B4l = O(h + h3 + h3),

and the solution (Y(z,t), ¢(x,t)) of the problem (1.1)—~(1.3) satisfies that ¥(z,t), ¢(x,t) € C*3.
Then the solution (Y5, oF, 05 ) of the fully discrete finite difference scheme (3.1)~(3.2) converges
to the solution (V¥(x,t), d(x,t),0(x,t)) of the problem (1.4)—(1.6) with order O(h?+h3+h3+ At?)
in the Wy, norm over finite time interval (0,T].
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5. The Existence of Attractor of the Discrete Dynamical System

In this section, let us put problem (3.1)—(3.2) in the framework of dissipative dynamical
system. For fixed hi, ho, h3 and At let us define the mapping

Sh,At(tn) : (w27¢2592) - ('(/JZa ;LLv }?) for all n € Z+a

where (¢}, o7, 07) is the solution of the fully discrete finite difference scheme (3.1)-(3.2). It
maps W, into itself, and has the usual semigroup properties as follows

{ Sh,At(tn + tm) - Sh,At(tn)Sh,At(tm) v m,n S ZJF)
Sh,at(0) =1,

where I is the identity. The system S(¢) is approximated by the discrete dynamical system
Sh,at(tn). Now we prove the existence of the attractor Aj a; for the discrete systems Sy a¢(ty,)
on Wj,. Theorem 4.1 shows that, for every n > 0, Sy, a:(t,,) is a continuous operator from the
finite dimensional space Wj, into itself. By Lemma 3.3, there exists a bounded set B" which
is absorbing in W}, under Sp at(t,). Using Theorem 1.1 in [10], we obtain the main result as
follows

Theorem 5.1. Assume that the conditions of Lemma 3.3 are satisfied. Then the discrete
dynamical system Sy ac(tn) associated with the fully discrete finite difference scheme (3.1)-
(3.2) possess a mazimal attractor Ap a¢ in Wi, and

Ap ae = n U Sh,at(tm)B".

n>0m>n

Remark 5.1. As the parameters «, 3 > 0, the discrete system can well remain the dissipative
properties of the original system. As the parameters a = 3 = 0, the discrete system can also
remain conservation properties of the original system.
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