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Abstract

The generalized successive overrelazation (GSOR) method was presented and studied
by Bai, Parlett and Wang [Numer. Math. 102(2005), pp.1-38] for solving the augmented
system of linear equations, and the optimal iteration parameters and the corresponding
optimal convergence factor were exactly obtained. In this paper, we further estimate the
contraction and the semi-contraction factors of the GSOR method. The motivation of
the study is that the convergence speed of an iteration method is actually decided by the
contraction factor but not by the spectral radius in finite-step iteration computations. For
the nonsingular augmented linear system, under some restrictions we obtain the contraction
domain of the parameters involved, which guarantees that the contraction factor of the
GSOR method is less than one. For the singular but consistent augmented linear system,
we also obtain the semi-contraction domain of the parameters in a similar fashion. Finally,
we use two numerical examples to verify the theoretical results and the effectiveness of the
GSOR method.

Mathematics subject classification: 65F10, 65F50; CR: G1.3.
Key words: Contraction and semi-contraction factors, Augmented linear system, GSOR
method, Convergence.

1. Introduction

We study an iterative solution of the augmented linear system

A B x b
(—BT0><y>:<q>’ or Az=f, (1.1)

where A € R™*™ is symmetric positive definite, and B € R™*" is a rectangular matrix. Here
m > n, and b € R™ and ¢ € R™ are given vectors, and z € R™ and y € R"™ are unknown
vectors, respectively. We use BT to denote the transpose of the matrix B. When B is of full
column-rank, we know that the augmented linear system (1.1) has a unique solution. When
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B is rank-deficient and ¢ € R(BT) (the range of BT), the augmented linear system (1.1) has
infinitely many solutions; which is called the singular but consistent augmented linear system.

The augmented linear system (1.1) results from a wide variety of scientific and engineering
applications such as mixed and hybrid finite element approximations of the elliptic problems,
Stokes equations, weighted least-squares problems, computer graphics, electronic networks and
others; see [1,2]. The augmented linear system is also called as a saddle point problem, or
a Karush-Kuhn-Tucker (KKT) system. Recently, the augmented linear system has attracted
more and more researchers and various kinds of iteration methods have been established and
discussed. For example, the Uzawa-type methods [13,15], the preconditioned Krylov subspace
methods [7,9,18], the relaxation methods [8,10,14,17], and the Hermitian and skew-Hermitian
splitting methods [3-6, 12], etc. Moreover, the singular augmented linear system has been
specially studied in [11,19].

The oldest and famous iteration method for solving the augmented linear system is the
Uzawa method [1]. Gloub et al. proposed an SOR-like method for solving the linear system
(1.1) in [16]. Based on this idea, Bai et al. established and discussed the GSOR method in [§]
and obtained the optimal parameters and the corresponding optimal convergence factor; see
also [10].

The GSOR method has the following form.

Method 1.1. ([8]) (The GSOR Method).

Let Q € R™™ be a symmetric and nonsingular matriz. Given initial vectors ©(© € R™ and
y© e R"™, and two relaxation factors w,T with w,7 # 0. For k = 0,1,2,... until the iteration
sequence {(x(k)T,y(k)T)T} is convergent, compute

D = (1 —w)z® 4 WA= (b — By®),
y(k+1) — y(k) + TQ_l(BTl‘(k'H) 4 q).

Here, Q is an approzimate (preconditioning) matriz of the Schur complement matriz BT A~ B.

We know that an iteration method is convergent when the spectral radius of the corre-
sponding iteration matrix is less than one. As a matter of fact, the convergence speed of an
iteration method is, however, decided by the contraction factor, but not by the spectral radius
in practical computations. Therefore, to estimate the contraction factor of an iteration method
is a practically important task.

In this paper, firstly, we give the iteration matrix of the GSOR method and introduce a
new norm. According to this norm, we propose the concept about the contraction factor of
the GSOR method. Usually, it is difficult to obtain the optimal parameters which minimize
the contraction factor. Hence, we turn to estimate an upper bound of the contraction factor
proposed. The domain makes the upper bound be less than one. Moreover, we extend these
results to the singular but consistent augmented linear system.

The paper is organized as follows. In Section 2, the contraction and semi-contraction factors
of the GSOR method are established, and the convergence and the semi-convergence of the
GSOR method are analyzed. In Section 3, the domains of parameters which guarantee the
contraction and the semi-contraction factors to be less than one are obtained. Numerical
examples are given in Section 4.
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2. Formulas of Contraction and Semi-Contraction Factors
For the GSOR method, we compute z*+1) from z(*) by
20D — H(w, )2 + M(w, 7)1,
where the iteration matrix H(w, ) can be expressed as

B (1—w)I —~wA™!B
Hlw,7) = ( (1-w)yrQ 'BT [-wrQ 'BTA'B ) ’

14 0
M(w,T) = ( _WBT 10 >,

B ([ t-1DA -B
N(w,T)M(w,T)A< 0 lQ)

Then A = M(w,7) — N(w, 7) is a splitting of the matrix .A. When the spectral radius of the
iteration matrix H(w, 7) is less than one, the GSOR iteration method is convergent; see [8].
Assume that the matrix ) is symmetric positive definite. We define

Az 0
G =
and let H(w,7) = GH(w,7)G~'. Then

- B (1—-w)I —wB
H(w,7) = ( (1 7W)TBT I —wrBTB ) ’

Nl=

where B = A_%BQ_%.
Now, we introduce a vector norm |||z||| = ||Gz||2 (for all z € R™). The corresponding matrix
norm is ||| X||| = [|GXG71||2 (for all X € R™™™); see [5]. At this situation,
1M (w, DIl = [[F(w, 7)]2-

It is easy to know that the rank of B is the same as that of B. In the following, we define
the contraction and the semi-contraction factors ||||H(w, 7)]|||| according to two cases.
Case (a) B is of full column-rank. We assume that the matrix B has the following singular

value decomposition:
UBV* =% = ( /3 ) ,

where U and V' are unitary matrices, and V* is the conjugate transpose of V. Denote by

~(41)
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Then from the structure of the matrix P we know that P is also unitary. Hence,
H(w, ) = PH(w, )P
B (1—w)I —wUBV*
\ 1 -w)rVvBTU* I—-wrVBTBV*
(1—-w)l —w¥
(1—-w)rE? I —wrEty

(1—-w)I 0 —wA
0 (1—w)I 0
(1 —-w)TA 0 I —wrA?

It follows that the matrix H(w,7) is unitarily similar to the matrix H(w, 7), and
I H(w,7) =] H(w,7) ||z -
Now, we define the contraction factor ||||H(w, 7)]|||| of the GSOR method as
(@, DIl = IH @, DI =] F(w, ) |2 -

Therefore, when ||||H(w, 7)|||| < 1, the GSOR iteration method is convergent.
Case (b) B is rank-deficient. Let rank(B) = r. The singular value decomposition of the

matrix B has the form
vy =xn= (M0 ,
0 0

where U and V' are unitary matrices, and A is a r-by-r diagonal matrix. Define
U 0
P= .

H(w,7) = PH(w, 7)P*

Then

B (1—w)I ~wUBV*
\ 1 -w)rVvBTU* I—-wrVBTBV*

B (1—-w)I —wX
o\ =W)X T—wryTy

(1—-w)I 0 —wA 0

B 0 1-w) 0 0
|l (I—w)TA 0 I—wrA? 0
0 0 0 1

o ﬁ(w,r) 0
= 0 ' E

For this case, we define the semi-contraction factor ||[|H(w, 7)|||| of the GSOR method as

I (w, DI =1 Hw,7) |2 -
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Therefore, when ||||H(w, 7)|||| < 1, the GSOR iteration method is semi-convergent.
According to the above analyses, we may need to solve the minimization problem min ||||H(w,
w,T

7)|||| to obtain the optimal iteration parameters w and 7. These minimization problems can be
expressed as

min || H(w,7) [|2
w,T
and
min || H(w,7) ||z -
w,T

In fact, solving these two problems is generally very difficult and even impossible.
In next section, we will derive upper bounds for || H(w, 7) ||2 and || H(w, T) ||2. Further, the
ranges of parameters which make upper bounds be less than one are obtained.

3. Descriptions of Contraction Domains

In this section, we first compute the contraction and the semi-contraction factors, and then
get the corresponding upper bounds. Firstly, to estimate an upper bound for the contraction
factor ||||H(w, 7)|||| of the GSOR method. We rewrite the matrix H(w, ) as

(1—-w)I 0 —wA 0 00
H(w,T) = 0 (1—-w)I 0 + 0 00
—wA 0 I —wrA? (w+T—wr)A 0 0

=W (w, ) + Wa(w, 7).

Then it holds that

H[H(w, ) = [[[H(w, D)l =l H(w,7) ll2=]| H(w,T) |2
< Wi(w, 1) ll2 + | Wa(w, 7) |2
= max{|1 —w|, [M],]|A2],-- s |An]} + |w + T — wT |V lmazs (3.1)

where

Aj = {Q—w—wr,uj:l:\/wQ(Tuj—1)2+4w2,uj, j=1,...,n.

M| —

Here, pj(j = 1,2,...,n) are the eigenvalues of the matrix Q !BTA71B. Denote by tmazx
and iy the largest and the smallest eigenvalues of the matrix Q~'BT A~ B, respectively.
Because BT B is similar to Q" 'BTA 1B, we know that BTB and Q 'BTA~!B have the
same eigenvalues. Hence, to guarantee the convergence of the GSOR method, we need to have
M (w, 7)|I]l < 1. Now, the following theorem gives such a condition.

Theorem 3.1. Let A € R™*™ and Q € R™*" be symmetric positive definite, and B € R™*"
be of full column-rank. Denote the largest and the smallest eigenvalues of matrix Q' BTA™'B
bY tmaz and fmin, respectively. Then the contraction factor |||H(w, 7)|||| of the GSOR method
is less than one, provided that
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(a) the parameters w and T satisfy 2 — w — WT lmin < 0 and

W\/(T,Uma;z - 1)2 + 4,Umax + 2|w +7— WT‘\/ Hmaz < 4—w— WT Umaxs

(b) the parameters w and T satisfy 2 — w — WT lmae > 0 and

WA/ (Thmin — 1)% + Atmin + 2lw + 7 — WT|\/limaz < @ + WTlmin,
W\/(Tﬂmax - 1)2 + dptmar + 2|W +7 - WT'\/ Bmaz < W+ WThmaz;

(c) the parameters w and T satisfy 2 — w — WTlmin > 0, 2 — W — WTlmar < 0, and

W\/(T‘Ll,max —1)2 +4pmas + 2w + T — WT|\/mar < 4 — w — WThmag,
w\/(T:umin - 1)2 + 4Mmzn + 2|w +7— WT‘\/ Hmax <w-+ WT myin -

Proof. From formula (3), we know that the parameters w and 7 satisfy

1-w| <1 and |w4 7 —wr|Vlmaz < 1.

(3.2)

By assuming 7 > 0, fiymin > 0.125 and fiymee > 1, from (3.2) we see that the parameters must

satisfy
0<w<1,
—-1- w\/,umaz <1< 1- w\/ Hmaz < 1
\//J'maa: - w\/ﬂmaa: vV HPmazr — Wy/Hmax
or
l<w<?2,
-1- w\/ Hmazx ST 1- w\/ Hmazx > 1.
\/ﬂmam - w\/ﬂmam \/,U/mar - w\/,ufmaa:
Let

1
flw,mp) = 5(\2 —w—wrp| +wy/ (T —1)% + 4M>, 1 € [Hmin, Hmaz]-

Then

Y

flw,mp) 2 S I12 —w —wrp| + |orp — w]

Vv
N~ N =

2—w—-—wrp+wrp—wl =|1-w|,
Which gives that

M@l < max  {fomn} + o = wrl s
= g(w, 7).
After direct calculations, we obtain
[2—w—wrp+wy/(Tp—1)2 +4p], for 2—w—wrp >0,
[—(Z—w—wru) + wy/ (T —1)? —|—4u] , for 2—w—wrp<O0.

N N[

f(w,T,,U) :{
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Consequently, we have

—wr | _ _(ptE-D) o
ofwnw) _ ) 2 {1 m] for 2 —w—wrp>0,
6:“ wT (tp+2-1)
“r 1 _ TR . _
7 |1+ e ran | for 2—w—wrp<0

and

2 \2 , 4
(T/,L—F;—l) —(tp—1) —4u—§(1—7).
And under the condition (3.3), it holds that

Of (w,m,u) | >0, for 2—w—wrp >0,
ou >0, for 2—w—wru <0.

Hence, we get
g(va) = f(vav ,umaz) + |W + 7= WT‘\/ Hmaz -
Under the condition (3.4), it holds that

Of(w,7,pn) | <0, for 2—w—wrp >0,
ou >0, for 2—w—wrp<O0.

Hence, we get

g(w, 7-) = max{f(w, T, ,Umin)a f(w, T, ,umax)} + |w +7 - WT‘\/ Hmazx-

Now, we define the functions g; (w,7) and gs(w, ) by

gl(va) = % |:|2 —WwW— WT/J/min| + W\/(T,umin - 1)2 + 4//”mzn:|
—Hw +7— WT|’\/ Hmax,

and

92(w7 T) = % |:|2 —w— WT,Ufmaxl + w\/(’rﬂmam - 1)2 + 4,Umax:|
+Hw + 7 — wT|/Imaz-
Easily, it holds that

g(w7 T) = max{gl (w’ 7)7 92(w7 T)}

Now we discuss the contraction conditions on the parameters w and .
(a) Assume 2 — w — WT fmin < 0. For this case, it holds that

2 —Ww—WTlmazr < 0.

Consequently,

gl(waT) = % |:_(2 —w— WT,U/min) + w\/(TMmin - 1)2 + 4Nmzn]
+Hw+ 7 — wT|/tmaz

907
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and

92(w7 7_) = % |:7(2 — W — WT,umar) + w\/(T,umam - 1)2 + 4Mmaz
+Hw + 7 — wT |/ Imaz-
Let h(7, n) = (tp — 1)% + 4. Because

Ooh
% =27(tu—1)+4=27%u—2r+4>0, for € [lmin,lmaz);
m

we see that the function h(r, ) is increasing with respect to p when p € [tmin, fhmasz). Further,
it holds that

h(Tv /Lmaz) > h(T, /Lmin) > O

Nothing that

1 1
g1 (W7 T) - 92(("-’7 T) = §Tw(ﬂmin - .umax) + iw[\/h(Ta ﬂmin) - \/h(T, ,Umax)] <0,

we obtain g(w,7) = g2(w, 7). Therefore, g(w,7) < 1 if

w\/(T,umar — 12 +4dpmar + 2w + 7 — wT|Vlmaz < 4 — W — WT lmag-
(b) Assume 2 — w — WT lmaz > 0. For this case, it holds that
2 — W — WTlmin > 0.

Consequently,

g1 (wa 7-) = % |:(2 — W= u)7-,Ufmin) + w\/(Tﬂ'min - 1)2 + 4Um1n:|
+Hw 4+ 7 — wT|\/lmazx

and

gQ(Wa 7_) = % [(2 — W — WTﬂmam) + w\/(Tﬂmax - 1)2 + 4/~Lmax:|

+w+ 7 — wT |/ maz-

By direct calculations we get

g1 (w7T) — go(w,7) = %w [T(Mmar — min) + \/h(Tv Homin) — \/h(T7 ,U/ma:r):| .

Note that
2 2
[T(:u'ma:r - Nmzn) + h(T7 ﬂmzn>:| - |: h(T7 /meaz)
= 2(/’Lmam - Mmzn) |:T V h<7-7 Umzn) - (Tzumin -7+ 2)
and

2h(T, Hmin) — (72 fhmin — T + 2)% = 4(1 — 1).
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Therefore, g(w,7) < 1 if

W\/(Tﬂmin - 1)2 + 4pmin + 2|W +7 - W7-|\/ﬂma3c < W+ WT lmin,
w\/(T,umax — 12 +4dpmaz + 2w + 7 — wT|\Vlmaz < W + WThmaz-

(¢) Assume 2 — W — WT min > 0 and 2 — w — WT e < 0. For this case, it holds that

g1 (Wa 7-) = % [(2 —w = WT,Umin) + w\/(Tﬂ'min - 1)2 + 4,Umin}
+Hw 4+ 7 — wT\/lmazx

and

92("‘)7 7—) = % |:_(2 —w— WTlffmax) + w\/(’r/imax - 1)2 + 4ﬂmaz:|
+Hw + 7 — wT |/ Imaz-
It follows that
g1 (wv T) - 92(w7 T)
= (2 - W) - %TW(Nmaac + ,umin) + %W [\/h(Tv Nmin) - \/h(Ta Nmaz)}

= (2 - w) + %w V h’(T7 ﬂmin) - %TW(,Umax + ,Umin) - %W V h(Ta ,Umaac)-

Therefore, g(w,7) < 1if g1(w,7) <1 and ga(w,7) < 1.
The above analysis directly leads to the results in this theorem. O

According to Theorem 3.1, similar to the analysis in [14,19], we can obtain semi-contraction
factor of the GSOR method for the singular but consistent augmented linear system.

Theorem 3.2. Let A € R™*™ and Q € R™*" be symmetric positive definite, and B € R™*"
be rank deficient. Denote the nonzero largest and smallest eigenvalues of matrizx Q' BTA™'B
bY tmaz and Wmin, Tespectively. Then the semi-contraction factor of the GSOR method is less
than one under the same conditions in Theorem 3.1.

4. Numerical Experiments

In this section, we use two examples to show the correctness of the estimates about the
contraction and semi-contraction factors. In actual computations, our examples are run in
MATLAB with machine precision 1076, The right-hand-side vector is chosen such that the
exact solution of the augment linear system is (1,1,...,1)7 € R™*™,

Example 4.1. ([6]) Consider the augmented linear system (1.1) with its coefficient matrix
being of the matrix blocks

A= IRT+T®I 0 €R212X2l2 (4.1)
0 IRQT+T®I

and

I®F 212 %2
B= e RZ XV, 42
(F@I) (4.2)
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where
1 1
T=o3 tridiag(—1,2,—1) e R™*! and F = > -tridiag(—1,1,0) € R, (4.3)
with ® being the Kronecker product symbol and h = H%l the discretization meshsize.

For this example, m = 2{% and n = [?. Hence, the total number of variables in the augmented
linear system (1.1) is m+n = 3[2. The choices of the matrix @), an approximation to the Schur
complement BT A~!B, are listed in Table 4.1, where Amin and Apmqes are used to denote the
smallest and the largest eigenvalues of the matrix A, respectively.

Table 4.1: Choices of the matrix @ for Example 4

Case No. Matrix @ Description
I 1B"B v = VAminAmac
II tridiag(BT A~ B) A=tridiag(A)
111 tridiag(BT A7 B)

Table 4.2: Optimal parameters versus contraction factor for Example 4

m 128 512 1152 2048

n 64 256 576 1024

m+n 192 768 1728 3072

Wi 0.31 0.19 0.14 0.11

Case | Te 0.40 0.23 0.16 0.12
INHINl« | 0.98732 | 0.99777 | 0.99924 | 0.99967

Wi 0.63 0.63 0.63 0.62

Case 11 Te 1.13 1.10 1.08 1.08
INHINl« | 0.91699 | 0.95480 | 0.96885 | 0.97614

Wi 0.68 0.69 0.71 0.70

Case 111 Tx 1.32 1.41 1.42 1.46
IH|[l]« | 0.88841 | 0.93172 | 0.95040 | 0.96077

In this section, we use w, and 7 to denote the optimal parameters in the computations. The
optimal parameters w, and 74, and the corresponding contraction factor ||||H(w«, 7«)||||(denoted
as ||||H]|||]« for short) of the GSOR method for Examples 4 and 4 are listed in Tables 4.2 and
4.4, respectively, for different problem sizes (m,n).

In Table 4.2, for the same choices of the matrix @, when m and n increase, the corresponding
[IH]|]|« also increase. According to the matrix @ in Table 4.1, Case III is the best choice for
the GSOR method in our test for Example 4.

Example 4.2. ([19]) Consider the augmented linear system (1.1) in which the matrix B is
rank deficient, with its coefficient matrix of the matrix blocks

Ao IQT+T®I 0 c R *20°
0 IRT+T®I

and

B:(B by bg),
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where T' = 1h=2 - tridiag(—1,2,—1) € R™! B is of the form (4.2), and

b1B< g) b21§< 0), e=(11,...,1)T € RV/2,
e

with F = 10~ - tridiag(—1,1,0) € R,

For Example 4, m = 212 and n = [? + 2. Hence, the total number of variables in the
augmented linear system (1.1) is m+n = 31?4+ 2. In fact, Example 4 is a technical modification
of Example 4. In Table 4.3, we list the four cases of the matrix @, where Diag(M, N) denotes
the block diagonal matrix

Diag(M,N) = ( A04 ](37 >

We list the results of Example 4 in Table 4.4. For the same choices of the matrix @), when
m and n are increasing, the corresponding ||||H||||« are also increasing. According to the matrix
Q@ in Table 4.3, Case IV is the best choice for the GSOR method in our test.

Table 4.3: Choices of the matrix Q for Example 4, with Q = Diag(BeTAlee, BTB)

Case No. Matrix @ Description
I Q A=tridiag(A)
it Q A=diag(A)
111 tridiag(Q) A=tridiag(A)
v tridiag(Q) A=A

Table 4.4: Optimal parameters versus semi-contraction factor for Example 4

m 128 512 1152 2048

n 64 256 576 1024

m+n 192 768 1728 3072

Wi 0.21 0.07 0.03 0.02

Case T 0.24 0.07 0.03 0.02
Il | 0.98544 | 0.99876 | 0.99977 | 0.99990

w. 0.13 0.04 0.02 0.01

Case 11 T 0.13 0.04 0.02 0.01
IHI« | 0.99567 | 0.99960 | 0.99990 | 0.99997

w. 0.63 0.62 0.63 0.62

Case 111 Te 1.12 1.11 1.08 1.08
IHIl- | 0.91419 | 0.95361 | 0.96823 | 0.97577

w. 0.68 0.69 0.71 0.70

Case IV T 1.31 1.41 1.42 1.46
IIH][][« | 0.88477 | 0.93005 | 0.94943 | 0.96017
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