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Abstract

We develop a finite element method with rectangular perfectly matched layers (PMLs)
for the wave scattering from two-dimensional cavities. The unbounded computational
domain is truncated to a bounded one by using of a rectangular perfectly matched layer at
the open aperture. The PML parameters such as the thickness of the layer and the fictitious
medium property are determined through sharp a posteriori error estimates. Numerical
experiments are carried out to illustrate the competitive behavior of the proposed method.
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1. Introduction

Consider a time-harmonic electromagnetic plane wave incident on a shaped open cavity em-
bedded in an infinite ground plane. The ground plane and the walls of the open cavity are per-
fect electric conductors (PEC), and the interior of the open cavity is filled with a non-magnetic
inhomogeneous material. The half-space above the ground plane is filled with a homogeneous,
linear, isotropic medium characterized by its permittivity €9 and permeability pg. In the TM
and TE polarization, we study the diffraction problem by a finite element method with rectan-
gular perfectly matched absorbing layers. Several computational experiments indicate that the
method is efficient.

The study of the wave scattering by a 2-D cavity-backed aperture in the infinite ground plane
has been of great importance in aircraft industries. There has been a considerable interest in
computation and design of cavities, see, e.g., [4,12,16]. However, there has not been much
studied on the analysis of the problem. Recently, in [1,2], Ammari and Bao developed a
variational approach for solving the cavity problems in two- and three-dimensional media,
and studied the well-posedness of the problem. They also investigated the problem by an
integral equation method in [3]. In [18], we introduced a perfectly matched layer in curvilinear
coordinates to study the locally perturbed half plane problems (including the cavity problems),
and presented several numerical results.

The purpose of this paper is to develop efficient numerical methods for solving the cavity
scattering problems. The main difficulty is to truncate the infinite domain into a bounded
computational domain. The method studied in [1,2] is based on a variational formulation in
the cavity with a transparent boundary condition at the open aperture. The boundary operators
are nonlocal, which yields some difficulties in practical computations. In [18], we overcome the
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difficulty by introducing the PML in curvilinear coordinates. However, for wide open cavities
it will lead to large computational costs.

The purpose of this paper is twofold: First we explore the possibility of introducing a
rectangular perfectly matched layer to deal with the difficulty in truncating the unbounded
domain. Second we explore the possibility of using an error analysis to determine the PML
parameters such as the thickness of the PML region and the medium property inside the region.
We hope the ideas developed in this paper will be useful for solving other locally perturbed half
plane problems.

The basic idea of the PML technique is to surround the computational domain by a finite
thickness layer of the specially designed model medium that would attenuate outgoing waves
propagating from the computational domain. Since Berenger proposed the PML method for
the time dependent Maxwell equations in [6], various constructions of PML absorbing layers
have been proposed and studied in the literature. In [8], for the wave scattering by bounded
obstacles, Collino and Monk derived the perfectly matched layer in curvilinear coordinates.
Subsequently, Chen and Liu [7] established the convergence theory of the PML method to the
solution of the original problem. We refer to Turkel and Yefet [13] for a review on various
proposed models, and Lassas and Somersalo [10] for some study of mathematical properties of
the PML equations.

The layout of the paper is as follows. In the next section, we state the model problem
and derive the variational formulations. The well-posedness of the variational problems is
also studied. In Section 3, we introduce our PML formulations, and establish the existence,
uniqueness and convergence of the PML formulations. In Section 4, we present several numerical
examples to illustrate the competitive behavior of the method.

2. Two-dimensional Cavity Problem

Consider a two-dimensional cavity D of arbitrary cross section embedded in a perfectly
conducting medium (see Fig 2.1). Above the line {x5 = 0}, the medium is homogeneous with
a positive dielectric coefficient 9. The medium inside D is inhomogeneous with dielectric
coefficient e(x1,z2). We assume that Re e(z1,22) > 0 and Im e(x1,x2) > 0. In this paper, the
media are assumed to be non-magnetic, and the magnetic permeability pg is constant. We are
interested in the scattering of an incident plane wave by the cavity.

We denote by I' the cavity aperture, and S the cavity walls. Let R3 = {# € R* : 2 =
(z1,22), z2 > 0} be the region above the ground plane, and I'© = 9R2 \I'. Let n be the unit
outward normal to dD. Denote in the whole space

2 (0 R2
w“eo o in R7,
K (z) = -
w?e(x)po  in D.
With the perfectly electric conducting boundary condition in mind, we investigate the TM and
TE cases separately.
2.1. TM Polarization

In this case, the incident electric field and the total electric field are parallel to the invariant
dimension, i.e., Er = (0,0,u*) and E = (0,0,u). By the field continuity conditions, u vanishes
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Fig. 2.1. The geometry for the cavity problem

on S and I'°; and is continuous over I". Moreover, since the media is nonmagnetic, % is also
continuous over I'. Therefore, u satisfies
(A+K)u=0 in DURZ, (2.1a)
u=0 on I'US, (2.1b)
ou .
U are continuous on I'. (2.1c)

Along with the radiation condition,

. ou® .,
lim /r | — —ikou® | =0, (2.2)
7—00 8’[”
where u? is the scattered field, r = |z|,1 = z/|z| and ko = w?equo.

Assume the incident field v’ = el®®1-18%2 Here o = kg sin 6, 3 = kg cos 6, and —m/2 <0<
7/2 is the incident angle. Denote v = u —u’ 4+ u”, where u? = el®*1+162 Hence, the scattering
problem is to find v such that

(A+k*)v=g inDUR2, (2.3a)
v=h onl°US, (2.3b)

: ov : —
lim /r (C’Tn - 1k0v> =0, (2.3¢)

where g = (k? — k§)(u” — u’), h = u” — u’. It is clear that g = 0in R%, and h = 0 on I'.
By the radiation condition and the boundary condition, we see that in R% the field v can

be expressed as
0G(z,y)
v(z) =2 | —v(y)ds(y),
(x) . on) (y)ds(y)

where

i
G(z,y) = ZH& (ko\/(xl —y1)? + (22 — yz)z)
is the fundamental solution of the Helmholtz equation with wavenumber kg, and Hél) is the
Hankel function of the first kind with order zero. Therefore, we know that

@ 0 0G(z,y)
on 2o=0+ on(z) Jr On(y)

v(y)ds(y) zel. (2.4)
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We introduce the space
HY2(T) = {w € H'2(R); suppw C F}.

From (2.4), we define the Dirichlet-Neumann mapping T : H/2(T') — H~/2(T) by
9 9G(z,y)

T(p)(zx) = ds(y).
(#)(x) an(@) ). only) ¢(y)ds(y)
Hence, we have the following boundary condition:
Ov
= T(v) onT. (2.5)

We present some important properties of the boundary operator T' (see [15]).

Lemma 2.1. (i) The mapping T : HY2(T') — HY/2(T) is continuous. (i) There exists a
constant v > 0 and a compact mapping Ko from HY2(T') into H=Y2(T), such that for all
¢ € H'/2(T)

Re((_T+ KO)¢,¢)L2(F) > i || ¢ H%1/2(I“) .

By combining (2.3a) and (2.5), the scattering problem (2.1a)-(2.2) can be reformulated as
follows: to find v such that

(A+E)w=g in D, (2.6a)

v=~nh on S, (2.6b)

% —Tw)=0 onT. (2.6¢)
n

Now, we introduce the following equivalent variational formulation of (2.6a): Given g and h as
above, find v € H*(D) such that v = h on S, v € HY/?(T), and

atv) = [ gide o BD). (2.7)
D
where
a(%z/f):/D(Vw-W—k oy) dx—/F(Tw)zbds,
ﬁg(D)z{weﬂl(D);w:oon S,weﬁ1/2(r)}.

The following theorem is our main result on the existence and uniqueness of a solution to the
variational problem (2.7).

Theorem 2.1. The variational problem (2.7) admits a unique solution v in H'(D).

Proof. From Lemma 2.1, we see that the Fredholm Alternative Theorem can be applied
to (2.7).

Next, we prove the uniqueness. It is sufficient to show that if ¢ = 0 and A = 0, then the
solution v must vanish in D. Suppose ¢ = 0 and h = 0. Let v be a solution of (2.7), i.e.,
a(v,v) =0 for all ¢ € f[&(D) Hence, Im a(v,v) = 0. Further, from Ime > 0, we get

Im/F(Tv)@ ds <0. (2.8)
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Let

0G(z, 9
w(z) =2 g aTE(y)y)v(y)ds(y), reRY.

Then, it can be verified that w satisfies

(A+kHw=0 inR%,

w =70 on I'°

w:v,g—w:TU on [,
n

lim /7 @1‘7’ - ik0w> = 0.

T—00

From (2.8), we know that
0

Im / 90 v ds <0.
T 871
Following the proof of Rellich Lemma (see [9]), we conclude that w = 0 in R3. We also notice

that % =Tv =0onI'. A unique continuation result in [11] concludes that v = 0 in D. This
completes the proof. o

The general theory in Babuska and Aziz [5] implies that there exists a constant x > 0 such
that the following inf-sup condition holds:

a %1/’ Ir
sup  AXLD oy, Ve € HYD). (29)
0£ypEHL (D) 1911 ()

2.2. TE Polarization

For this case, the incident magnetic field and the total magnetic field are parallel to the
invariant dimension, i.e., Hr = (0,0,u%) and H = (0,0,u). As in the TM case, we assume
that u’ = el*®1~1822 By the perfectly electric conducting boundary conditions and the field

ou

continuity conditions, gz vanishes on S and I'*, and wu, k'%(x)g% are continuous over I'. Here, 1

is the unit outward normal to D U Ri. Therefore, u satisfies
V- (ot Vu) +u=0 in DURZ,

g—g:O on I'“US,

(2.10)

and along with the radiation condition

lim \/1?(%1; —ik0u3> —0. (2.11)

Set v = u—u’ —uP. Then v satisfies (2.10) in the upper half plane with the boundary condition
g—}fb = 0 on I'*. By the definition of v, solving the scattering problem is equivalent to finding
the function v. By the radiation condition and the boundary condition, we see that in Ri the

field v can be expressed as

o) = -2 [ Glan) 5o ()ds(0),



Rectangular PML for Cavity Scattering 817

Denote by H~1/2(T') the dual space of H'/2(T"), and define the operator K:H~1/2(T') — H/2(T")
by
K(0)(@) = -2 [ Glan)owisty).
r
From [15], we present some important properties of the boundary operator K.

Lemma 2.2. (i) The mapping K:H Y/%(T') — HY2(T') is continuous. (ii) There exists a
constant v > 0 and a compact mapping Ko from H~Y2(T) into HY?(T'), such that for all
¢ e H'2(T)

Re((fK + K0)1/}71/})L2(F) > Y ” 1/’ ”%71/2@) .

From the transparent boundary condition for u and g—x over I', the scattering problem
(2.10)-(2.11) can be stated as

V- (%VU) +uv=yg in D, (2.12a)
g—z = % on S, (2.12b)
v=K (222) onT, (2.12¢)
where
h=—u—uf,g=V- (kztx)v}l) +h, er = e(x)|p.

By using the Green’s formula, we find that
bi(v,9) — (A\,9) = F(y) Vv € HY(D),
where

)\:%

1 _ _
R bl(so,w—/D(WVso-w—sow) dz,

1 - - 1 0h -
0= [ s F@ == [ gides [ msthias

Moreover, we have that

ba(A, ) + (u,v) =0 Vpe H (D),

where

bo(\, 1) = —/F thx)uK (2A> ds.

Denote vy = (v,A) and ¥, = (¢, u). We introduce the following equivalent variational formu-
lation of (2.12a): Given g and h, find vy € W = HY(D) x H~'/?(T") such that

b(ua,vu) = F () Vi €W, (2.13)

where

b(@n, V) = b1(p,¥) — (0, 0) + (1, @) + ba(n, ).

Now, we have the following existence and uniqueness result.
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Theorem 2.2. The variational problem (2.13) admits a unique solution vy in W.

Proof. First, we introduce the continuous sesquilinear forms
B,L:W xW — R,
and the corresponding continuous linear mappings
B,L:W — W,

defined by

B(#n, ¥u) = B, ul = b(en; Pu) — L, Pu);

L) = (Lo, hul = _2/D Pnude — /F k%(x)MKO (2”) ds,
where [+, -] denotes the duality between W and W’. By lemma 2.2, we see that

|B(th, )| = Cllvullly Vb € W,

where || - |l denotes the norm in W, i.e.,

1/2
leullw = (10 o) + DG aragry)

By the theorem of Lax and Milgram, the mapping B : W — W’ is an isomorphism. Further,
from the compactness of Ky and the compact embedding of H'(D) into L?(D) it is easily shown
that the mapping L : W — W' is compact. Therefore, the Fredholm alternative is applicable

to (2.13).

Next, we prove the uniqueness. It is sufficient to show that if ¢ = 0 and A = 0, then
the solution vy must vanish. Suppose ¢ = 0 and h = 0. Let vy be a solution of (2.13), i.e.,

b(vx,,) =0 for all ¢, € W. Hence, Im b(vy,vy) = 0. From Ime > 0, we know

1
r k*(z) er
Let
w(z) = —2/ Glay) OA()ds(y), =€ R2.
r er
Then, it is easy to see that w satisfies
(A—&—k:g)w:O in R2,
0
8—: =0 onl¥¢
wK(EO)\),awEO)\ on I,
Er on Er
lim /7 (%’; - ikow) = 0.

From (2.14), we know that

Im/ 8—w1ﬂd8§0.
pan

(2.14)
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g0 Ov
Er Bn

By a similar proof to the TM case, we get that w = 0 in Ri. Since v = K ( ), we obtain

v = 0 on I'. By the unique continuation result in [11], we conclude that v = 0 in D. This
completes the proof. o

Similarly, there exists a constant x > 0 such that the following inf-sup condition holds:

|b(on, )|

> X lenllw Vo, e W. (2.16)
otvaew  [Yullw

3. The PML Formulation

In this section we shall introduce variational formulations for the scattering problem using
the PML technique. We shall study the TM polarization first, and then the TE polarization.

3.1. TM Polarization

We set a PML layer QPML = {(2,29) : a1 — 01 < 21 < az + 61,0 < x5 < 2} at the open
aperture of the cavity (see Fig 3.1). Let

s1(z1) = 1+1io1(z1)/w and sg(ze) =14 ioa(22)/w
be the model medium property which satisfy o1,09 € C(R), 01,02 > 0, and
o1(x1) =0 fora; <z <ag, o2(x2) =0 forze <O0.

We introduce the PML equation

9 <52(x2) dv > L0 (51(11) o > ¢ s (n)sa(ea)k20 = 0 in QM.

b sl(xl)aTcl Oxo 82(962)875152

From [8], the Green function for this equation is given by
A i [ ~
G(Ihl’g) = ZH& (ko SC% +LE§) s

i [ i [
T =z + —/ o1(s)ds, To=mxo+ —/ o2(s)ds.
w Jo w Jo

where

]
[v]

dg

PML

-

z Iq
ai — 61 # a1 0 azw a2 + 01

Fig. 3.1. Setting of the scattering problem with the PML layer
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The PML solution ¢ in = D U QPML ig defined as the solution of the following system

0 <32<x2) a@>+ d (sl(:cl) 875)+51(x1)52(x2)k2@:g nQ, (3.1

Ox1 \s1(21) 0x1) " Owa \ s2(w2) Oz

=h onS, =0 on 9N\ S. (3.2)

Here, § = gin D, g = 0 in QPMLand k = ko in QPME,
This problem can be reformulated in the bounded domain D by imposing the boundary
condition

00

= TA
on Y

T

where the operator 7' : HY/2(T') — H~Y2(T') is defined as follows: given f € H/2(T),

_ %

Tf_ on

r
where ¢ € H'(QPML) satisfies

) <32(x2)8§> L9 (51(371)8C

67371 81<$1) 8x1 87@ 82($2) 63?2

) + s1(71)s2(22)k3¢ =0 in QPML - (3.3)

(=f onl, ¢=0 onI'PML (3.4)

where TPML = 9OFPMINT. The existence and uniqueness of the solutions of the PML problem
(3.3)-(3.4) will be studied in the Section 3.1.1.
Based on the operator T, we introduce the sesquilinear form

il 1)) = /D (Ve Vi — Rz — /F (Tp) ds.

Then the weak formulation for (3.1)-(3.2) is: Given g and h, find ¢ € H(D) such that © = h
on S, v € H'/*(I'), and

a(6,9) = - /D gddr, Vi e Hi(D). (3.5)

The well-posedness of the PML problem (3.5) and the convergence of its solution to the solution
of the original scattering problem (2.7) will be studied in the Section 3.1.2.
3.1.1. The PML equation in the layer

In this subsection we consider the Dirichlet problem

9 (s(z2) Ow 9 (silz1) Ow 2 o+ PML
0x1 <S1(9C1) 89:1) - O (82(272) D75 + s1(z1)s2(z2)kgw =0 in Q71 (3.6)

w=0 onT, w=gq on'PML (3.7)
where ¢ € HY/2(IPML) | Let aPME . H1(QPML) x H1(QPML) — C be the sesquilinear form:

82(562) Oy 51/; s1(z1) Op 81; 2 7
<sl<x1> Oy D1 sala) Oy D 81(“)82(”)’“0““”) o

o) = [

QPML
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Then the weak formulation for (3.6)-(3.7) is as follows: Given ¢ € HY/2(IPML) find w €
H'(QPML) such that w =0 on I', w = ¢ on I'PME | and

arML (w,ep) =0 Ve € Hy(QPMY). (3.8)

In this paper, we make some general assumptions on the medium property o1 and os:

1

o1(xz1) =4 0 a1 < x1 < as, (3.9a)
o0 (7“15;@2) az < z1 < ag+ 01,

oo(x2) = { 70 (
0

where the constant og > 1 and the integer m > 2. From (3.9a) and definition of s; and sz, we
have

m
o (%7“) a; — 01 < x1 < a,

) 0< 25 <0y,
Z’QSO,

oq‘i%
[V (V)

(3.9b)

14 222 14 @102
Re (82) I Re<31) LR Resisy) =1- O

1 1+ ;‘Ti 2 1+ Zé w2’

1+ 232 1 _ 1+ 2132 1 _
L;j > 52 > |80| 2a L;z > 52 > ‘30| 27

1+ % 1+ % 1+ 3 1+ 3

where sg = 1 + iog/w. Hence,
L+ 22 | 9p |2 14282 9p |
Rela (o) = [ | | 221 S on | (202 ) k| o
QPML 1+w712 1 1+w7% T2 w

> |50l Vel armey — kol @l qrmy-

By using the analytic Fredholm alternative theorem we know that the PML problem (3.8)
admits a unique solution for all but possibly a discrete set of values of k (see, e.g., the argument
in [8, Theorem 2]). We will not elaborate on this issue and simply assume that there exists
a unique solution to the PML problem (3.8). Then the general theory in Babuska and Aziz
[5, Chapter 5] implies that there exists a positive constant C such that the following inf-sup
condition holds:

QPML ’¢ N
sup M Z C HgOHHl(QPML) v p e H&(QPML) (310)

overl @y |[U]| ey
Without loss of generality we assume c<1.

Remark 3.1. Generally, the coercivity constant C' depends on oo. We make the technical
assumption that C~! < pi(og), where p; is some polynomial of degree . The assumption will
make sense in the convergence of the PML problem, and the numerical experiments indicate
that the assumption is reasonable. We make the same assumption on C' in (3.29).

We lay out the following main result of this subsection.



822 D.Y. ZHANG, F.M. MA AND H.P. DONG

Theorem 3.1. There exists a constant C > 0 independent of kg and og such that the following
estimates are satisfied

||U}||H1(QPML) S Cé_1|80|(1 + k%lso‘)HqHHl/2(FPML), (311)
ow A 2
‘ 87 S cc 1‘80|2(1 + k‘g|30|) ||q||H1/2(FPML). (312)
Tl g-1/2(T)

Proof. From (3.9a), we know that 1 < |s1],|s2| < |so|. Therefore, we have

9 1/2 5 1/2
. 0
@™ (g, 1) < (/ |s2] dI) (/ |s2] ‘aw dﬂﬁ)
QPML QPML r1
9 1/2
Op da:) (/ [s1]
X9 QPML
1/2 1/2
([ Biselan) ([ RlaPiopar)
QPML QPML

<|so| (1 + k5 |so

gde
8.’13’1

)H‘P||H1(QPML)||’¢HH1(QPML).

Now we turn to the proof the estimate (3.11). Let R : HY/2(9QFML) — H'(QPML) denote a
right inverse of the trace mapping v — v|ggem and @ = R(§), where g =0 on I’ and § = g on
I'PME Tt is obvious that the function w — w € H}(QFMEY)) and for any ¢ € H (QFML)

@™ (w — @, )| = [ (@, ¥)]

<Isol (1 + kg|so|) |||z rriey | 11| 1 paany.

From the inf-sup condition (3.10), we have
el aesny < (14 C sl (14 Klso) ) 1l s ey,

which implies (3.11).
Take any p € f]l/2(I‘) and denote ¢, = R(p), where p = p on I and p = 0 on "ML, To
show (3.12), we multiply the equation (3.6) by ¢, and integrate over QFML to obtain

S -pds| = [a™" (w, ¢y

pan

§|50|(1 + k%\SOD||U’HH1(QPML)H¢p\|H1(QPML)-

Further, from (3.11) we have

ow
/Fa—npds

This completes the proof of the theorem. O

A 2
< CCsof? (14 B lso1)lal o2 sy ol sy
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3.1.2. Convergence of the PML problem

In this subsection we consider the convergence of the PML problem (3.5) to the original
scattering problem (2.7). For any function f € H'/?(T), introduce the following propagation
operator P : H'/2(T') — HY?(TPML);

9G(%,y)

= P S s T PML
P =2 [ 5 B fwdsty)  w e,

where & = (%1, 72). To investigate the operator, we study the H'-norm of the following function
in some domain g:

Here Q¢ = Q7 U Qs U Q3, where

O ={(z1,22):a1 =01 <21 < a1 —er, 0< @3 <02},
Q= {(z1,32) a2+ €1 < w1 < ap+ 61, 0< 23 < 02,

Q3 = {(21,22) s a1 — ey <1 <ag+e, € <xy < Ga}
with
€ €
izizco and 0 < ¢y < 1.
It is clear that Qo C QPME and TPMI\TC € 99y. We need the following properties of Hankel
functions ([14]):

e ForzeC,meZandm>1,

dH,(ﬁ)(z) 1 m
e For z € C,
1
2\2% ., 1
HD (] < 2} ile-gm—in) 3.14
DG <0|( =) e , (3.14)
where
Lyt
1-% v>Li 2lzl>v-1,
= ( 1/2:3) VT2 2042 j z (3.15)
(1-%2)  “(1+222) o0<v<id 2l>v+d
We also need the lemmas below.
Lemma 3.1. Forx € Qg, a1 <y1 < as and o9 > A,
1 Gocm 1
i1 — )2+ (32)2]% > ggd—20 3.16
|(:C1 yl) +(1‘2) | Z 00 w(m—i—l)’ ( )

where 0 < 0y < 1 and

A=(1-0)Fwim+1)cg™ (a2 SR 52) .

4]
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Proof. In fact, from (3.9a) we know that
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11— i%e o1 tl1 T ot a1 — 01 < <
1 w m+l 1 1> 71 > ay,
1 =% x1 a1 <1 < ag,
Ty +i%e 9 (zizee e <z1<az+9
1 w m+1 51 a2 > I1 > a2 15
~ $2+1 62 (ﬂ> i 0<l‘2<52
Tog = 2 - Te =Y
T2 x9 < 0.
(i) € Q1. In this case, we have
(1 —y1)? + (22)°
i P )2 (o 5 2 a4y — 71 2m+2+$2 (o 5 2 @5 2m+42
1- % wm+1 01 2 wm+1 0o
+1 m+1
. oo 01 ar — I " oo 0o Z2
— 29— —= .
+i|2(p1 —21)— m+1< 5, ) + 223 +1<52> ]

Since €1 <y — 21 <as —ay + 6 and €1 < a; — 1 < 1, we deduce that for

o0 > (1— 62) hu(m + )”’“(

and 0 < 0y < 1,

Re [(Z1 — y1)* + (22)°] <

00

(

2

< —0

w m

Hence,

(i)

x € Qy. The proof is similar to (i).

(iii) x € Q3. Similarly, for

we

> (1—602) 2w(m+1)cg™" 1(

3

<(a2—a1+61+§2)2— (

)20

have

Re [(#1 — 1) + (22)°] <

2 (00
2 (=2

<

(1 — )+

o1

(x1 — 1) + 2

2
2

+1

2
2

P

wm-+1

0o
w

<(a2—a1—|—51+5g)2—(
2
)c

|G — 2 + (22)%] = [Re [(@1 — ) + (22)7] | = 62 (

as —ay + 01 + 0

as — aq + 01 + 09

)

a; — X1
o1

o1

01
m+1

) 2m—+42
2 2
€1 ) mt

&

) (
)

wm-+1

0o

2m—+2
0 .

)

02
o 5 2 25 2m+2
wm-+1 do

0o
wm-+1

g0

) (5

) 2m~+2

2m—+2
0 .
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Hence,

(@ =30+ @] 2 [Re (0 )+ @] 2 03 (2002 ) e

This completes the proof.

A direct inspection shows that

|Z2] < 092 M, |T1 — 1| < 00(01 + az — a1) M,

1
where M = (1 4+w™2)2.
Lemma 3.2. Forx € Qq, a1 <y; < as and og > A,

T _ .

5 <arg ((F1 = 91)* + (22)%) < .

Proof. (i) x € Qq or x € Qy. From Lemma 3.1, we see that

~ -~ 261(51 €1 m+l 26m+2
I — 2 2] > — [ = > -0 52
m[(m )"+ (32) } _aow(m—i—l) (51> _Uow(m+1)6

(ii) « € Q3. Similarly, we have that

% 5 ¢ m—+1 20m+2
5 )2 (5)2] > 2202 (€2 > 0g——2——§?
Im [(Z1 — 1) + (22)%] > Uow(m+1) (52> Jow(m—&-l)(S '

It follows from Lemma 3.1, that for o9 > A,
Re [(#1 —y1)® + (22)°] < 0.
Hence,
/2 < arg (&1 — )+ (x2)2) < .
This completes the proof.

By Lemmas 3.1 and 3.2, we have the following result.

825

(3.17)

(3.18)

Lemma 3.3. The operator P : E[l/2(F) — fII/Q(FPML) is well-defined, and for any f €

H/? (T') and sufficiently large oy,

1 5 kg
IP(F) z172reminy < Coog e " =m0 || f]| sz ),

where the positive constant Cy is independent with og.

(3.19)

Proof. We give an estimate of the function V(f) in the H'-norm in the domain . For
convenience, we denote 7 = /(#1 —y1)2 + (22)2. Since 27 = |z|2el228() for z € C, from

Lemmas 3.1 and 3.2 we know that for \/50006’”1 > 1 and og > Ay,

NI

Im(2) = |(&1 — v)* + (52'2)2|

sin (= arg (71 — 92)? + (2)%)
(3 )

> 090 !
=70 2w(m +1)’
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1 meb1 ] 29(2) as —ai + 01 + 0
\/§<CO , 00 <1 and Ay = 1_9(2)w(m+1) 5 .

Therefore, by (3.14)-(3.18) and

where

V(@) =gk [ 002 2 f )

3w(m+1) }
\/51%6 ’

we know that for o > max{Ay,

L ..
[V (f)(2)] < Crog 2 e 7% || || L2 r),

ov 1 _1 . kg
20| < (Car +Caoy *) ™ T e,
v (f) 1 ) Py

ZD )| < (oo +Caop *) e =T

Hence, we deduce that for og > max{Ao, 3“\’/(%7621) 1,
0

k

1 — 0 0]
IV (e gy < Coog e 70 =mam || f]] 2.

Further, by the trace theorem and P(f) = 0 on I'® we know that

1 kg
||P(f)||H1/2(FPML) < 00002 e UOé?w(’"“rl) ||fHH1/2(I‘)-
This completes the proof. O

Furthermore, we have the following estimate.

Lemma 3.4. For any f € I:fl/Q(I‘) and sufficiently large oy,

k

> A— 5 2 —0¢6 0
HTf—TfHH—l/Q(F) SOC 1|So|2(1+k8‘30|) e 0 2w(m+1)|‘f||H1/2(F),

where the positive constant C' is independent with og.

Proof. For any f € I;Tl/z(l")7 we know that

. 0

r
where w € H!(QPML) satisfies

0 (82(302) 8w) N 0 (31(331) 6w) 51 (1) 2 (k2 = 0 in QPML

dxy \s1(w1) Ox1) " Owz \ s2(w2) Oxa

w=0 onT, w = P(f) on TPML,

By (3.12) and (3.19) we deduce that

Ow AL 2
H < CCso2 (14 R lsol) NP s oy
on H—/2(T)
A—1y, |2 2 2 —008 50
< CCsolE (14 ksol) e~ S0 | £ a2 .
This completes the proof. O

The following theorem is the main result of this section.
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Theorem 3.2. For sufficiently large og, the PML problem (3.5) has a unique solution ¥ €
HY(D). Moreover, we have the following estimate

A~ N— 2 2 _o __ko ~
lv — 8l 1 (py < CC™Ys0l2 (1 + k3lsol)” € %D [[6]| g1/2ry- (3.20)

Proof. The existence of a unique solution for (3.5) follows from Lemma 3.4 by using the
same argument as in [17, Theorem 5.1]. Next, by (2.7) and (3.5), we have

a(v —0,9) = a(v,¥) — a(d,) = /F(Tf; — Toypds Vap € HE(D).

This completes the proof of the theorem upon using Lemma 3.4 and (2.9). O

3.2. TE Polarization

In this subsection we state the corresponding results for problem (2.12a). The PML solution
0 in Q = D UQPML ig defined as the solution of the following system

D (1 s 9 (1 s L

011 <k2(a:) s1(x1) axl) Ozo (k‘z(x) so(w2) Oz tsi(@)s()v=9 in, (3.21)
o0v Oh ov

% = % 1 S, % =0 on aQ\ S, (322)

where, § = V - (k%mw) Yhin D, §=0in QPML b — —yi — uP and k = ko in QPML,

This problem can be reformulated in the bounded domain D by imposing the boundary

=K (60 90 ) ,
Er on r
where the operator K : H~Y/2(T') — HY/2(T') is defined as follows: given f € H~/2(T),
f(f = §|F'

condition

Here ¢ € HY(QPML) satisfies
0 ( L sa(wz) 08 > + 9 (181(%1)85) + s1(21)89(22)€ =0 in QPML, (3.23)

TJJ ]417(2) 51(.131) 87331 8$2 k‘g 32(332) 8.132
% — g _ PML
o = f onT, 5 = 0 onT . (3.24)

The existence and uniqueness of the solutions of the PML problem (3.23)-(3.24) will be studied
in the subsection 3.2.1.
Based on the operator K , we introduce the sesquilinear form

b(y, ¥u) = bi(p,¥) — (0, 0) + (1, @) + ba(n, ),

~ 1 ~ €0
bo(n,p) =— | ——=pK | —n)ds.
Xl /r k()" <€F 77>
Then the weak formulation for (3.21)-(3.22) is: Given g and h, find 95 € W such that

b(os, ) = F(¢) Vb, € W. (3.25)
The well-posedness of the PML problem (3.25) and the convergence of its solution to the solution

where

of the original scattering problem (2.13) will be studied in the section 3.2.2.



828 D.Y. ZHANG, F.M. MA AND H.P. DONG

3.2.1. The PML equation in the layer

In this subsection we consider the boundary value problem

) <1 52(x2)aw)+ 9 (1 s1(z1) Ow

> + 51(x1)s2(20)w =0 in QPME, (3.26)

8:51 k’g S1 (.’171) 8331 87372 kig 82(332) 87.’172
%: =0 onl, g% =gq onIPME (3.27)

where ¢ € H-Y/2(IPMLY | Let pPML . f1(QPML) 5 H1(QPML) _, C be the sesquilinear form

<1 velra) 07 871[) + iL(fﬁ) 87@871/_1 - 51($1)52($2)<P1/_’) -

k’% S1 (l‘l) 87118.%1 kig 82(332) 8$2 89(:2

b () = [

QPML

Then the weak formulation for (3.26)-(3.27) is as follows: Given ¢ € H~Y/2(I'"ML), find w €
H(QPMLY) such that

BPML (’wﬂ/)) = k;l(Q)/FPML qq/;ds YV € Hl(QPML). (328)

By using the same argument as in Section 3.1.1 we know that the PML problem (3.28) admits
a unique solution for all but possibly a discrete set of values of k. We also assume that there
exists a unique solution to the PML problem (3.28). Then the general theory in Babuska
and Aziz [5, Chapter 5] implies that there exists a constant C such that the following inf-sup
condition holds:

BPML ~
sip  ADYN s g gy W € QP (3.29)

ope HL(QPML) |[V]] g1 (gpmny

Without loss of generality we assume C<1.
We have the following main result of this subsection.

Theorem 3.3. There exists a constant C > 0 independent of og such that the following esti-
mates are satisfied:
[wll a2y < CC™Hlall -1/ reney- (3.30)

Proof. From (3.28), we have

A 1
[oPME (w, )| < ﬁ”qnﬁ—lﬁ(rPML)||1/)HH1/2(FPML)-
0

This completes the proof of the theorem upon using the trace theorem and (3.29). O

3.2.2. Convergence of the PML problem

In this subsection we consider the convergence of the PML problem (3.25) to the original
scattering problem (2.13). For any function f € H —1/2 (T"), introduce the following propagation
operator Q : H=Y/2(T") — H~1/2(TPML);

Wf(y)ds(y) v e TP,

where & = (%1, Z2). We have the following result.
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Lemma 3.5. The operator Q : ﬁ_l/Q(F) — fI‘l/Z(FPML) is well-defined, and for any f €

H=Y2(T) and sufficiently large oo,

1 _oo§—Fo
HQ(f)”f]—l/?(FPML) < Colsg|ze™ 700 2tmTD ||fHH—1/2(r)»

where the positive constant Cy is independent with og.
Proof. Let T = IPML\Te, Tt is readily to see that

QU zr-1/2reminy < QU2 wniny < (a2 — as + 201 +202)2 [ Q)| o

and

Q) ()| <2 HaG(i") WH

=~ <2

on(a) HHW(F) Wiy <2 |5 "
From Lemma 3.1 and 3.2 we know that for z € I’ and oo > A,

1

NS e
Im() = UOéQw(m +1)

Here A = v2w(m + 1) (‘12*‘“6&). Therefore, by (3.14)-(3.18) and

IG(T,y) i 1), (81(21)(T1 = y1), 52(22)T2)
IALY) ko H .
on(x) 4k0 1 (ko?) z n(@),
for og > max{A, “’\(/%“]:)(1;) }, we have,

8G(i‘7y) 1 _gpd—r0___
< 2 0 2w(m+1)
‘ anz) | < Crleol?e o
0 (9G(i,y) L sk
< C 2 0935 (m+1)
ayl( onz) )| < 2ol 7

where C7 and Cs are independent of og. Hence, we deduce that

HaG(:a )

1 _gn§—Fo
S C3|80| 2 70920(mFD)
on(z) || g

This completes the proof of the lemma.
Furthermore, we have the following estimate.
Lemma 3.6. For any f € ﬁfl/z(l“) and sufficiently large og,
> AN— 1 o8t
1K f = K fllaem < CC sol2e™ 70200 || fll g2y
where the positive constant C' is independent with og.
Proof. For any f € H~*/%(T'), we know that

Kff}%f:wh'w

||f||ﬁ71/2(r)-
r)

(3.31)
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where w € H!(QFML) satisfies

9 (132(%‘2) %) L9 (131(“) ‘%) +s1(1)sa(wa)w =0 in QPML,

>
S

v
I\

8
™
=

‘

&

¥

By (3.30) and (3.31) we deduce that

”w”Hl/?(F) < CO_1||Q(f)Hf[—1/2(FPML)

N k,
< OO splbe B0 | £ 7oy

This completes the proof. O

The following theorem is the main result of this subsection.

Theorem 3.4. For sufficiently large o, the PML problem (3.25) has a unique solution v5 € W.
Moreover, we have the estimate

N A 1 ko N
o = dllw < CE= sl e BT 7 1/o . (3.32)
where the positive constant C' is independent with og.

Proof. The existence of a unique solution for (3.25) follows from Lemma 3.6 by using the
same argument as in [17, Theorem 5.1]. Next, by (2.13) and (3.25), we have

b(un — 05, ¢u) = b(0 w ) = b(o5, %)

WK — K) <EF/\> ds Vi, € W.

This completes the proof of the theorem upon using Lemma 3.6 and (2.16). |

From the classical FEM theory, it is readily to achieve the convergence for the finite element
approximation of the PML problems. We omit the details here.

4. Numerical Examples

In this section, we present computational results for a set of test problems. In general, we
assume that pg = 1. We use the error estimate in Theorems 3.2 and 3.4 to determine the PML
parameters. In our implementation we choose 01, d2 and oy such that og > Ag, and

e~o00 T < 1078, (4.1)

Table 4.1: The PML parameters for Examples 4.1 and 4.2.

Example 4.1 Example 4.2
1) oo 0 00
1 112 1 112
2 56 2 72
3 38 4 61
4 33
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1

Te

—1. 1 1.5

Fig. 4.1. Geometry of the cavity in Example 4.1

25

T
+ o1
-2
5=3
A 5=
— PML in polar coordinates

MAGNITUDE

051

L L L L L L L L L
- -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8
X

Fig. 4.2. Magnitude of the electric field at open aperture for Example 4.1 (TM).

— PML in polar coordinates

MAGNITUDE

L L L L L L L L i
“1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
X

Fig. 4.3. Magnitude of the magnetic field at open aperture for Example 4.1 (TE).

which makes the PML error negligible compared with the finite element discretization errors.
In the following we report several numerical examples to demonstrate the competitive behav-
ior of the proposed algorithm. In the computations we first prescribe d1, d2 and then determine
oo according to (4.1).
We compute the magnitude of the electric field and magnetic field at the aperture of the
cavity for the TM case and the TE case, respectively. In the first two examples, we compare
the numerical results with those obtained by PML method in cylindrical coordinates (see [18]).
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Example 4.1. Consider the plane wave u? = eiko(@1sinf—22cos0) jncident at § = /4 on the
cavity as shown in Figure 4.1. Assume that the cavity is unfilled, that is, e(z) = go = 1.
Here we take w = 7. Table 4.1 shows the different choices of the PML parameters § and og
determined by the relation (4.1). The results agree very well in both polarizations (see Figs.
4.2 and 4.3).

Example 4.2. A cavity with multi-layers is shown in Figure 4.4. We choose the parameters

0.5
re €0 re
0 U,
€1
02 |— — = = = = — =
€2
04 |- = = = = = — "=
€3
—0.6[
S
1 I I !
—1 —0.8 0 0.8 1

Fig. 4.4. Geometry of the cavity in Example 4.2

25

T
+ &1
. =2
A 5=4
—— PML in polar coordinates

MAGNITUDE

L L L L L L L
-0.8 -0.6 -0.4 -0.2 [ 0.2 0.4 0.6 0.8
X

— PML in polar coordinates

MAGNITUDE
N
2

1 L L L L L L
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8
X

Fig. 4.6. Magnitude of the magnetic field at open aperture for Example 4.2 (TE).
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as follows: g9 = 1, g1 = 4.84, e5 = 1.96, 3 = 2.56 and w = 6. The incident plane wave
is u! = elfo(zisind—z20080) with § = 7/6. The different choices of PML parameters § and
oo determined by the relation (4.1) are shown in Table 4.1. The magnitude of the electric
and magnetic field at open aperture for both fundamental polarizations are compared with
those obtained by PML method in cylindrical coordinates (see Figs. 4.5 and 4.6). Again, the
numerical results agree very well with the theoretical predictions.

I'e I'e

o 1

—0.5

1 1 1
—20 0 20

Fig. 4.7. Geometry of the cavity in Example 4.3

14

T T
5=2.5, 00:152

MAGNITUDE

0
-20 -15 -10 -5 0 5 10 15 20

Fig. 4.8. Magnitude of the electric field at open aperture for Example 4.3 (TM).

3=2.5, 002152

MAGNITUDE

05 1 1 1 1 1 1 1

=20 -15 -10 -5 0 5 10 15 20

Fig. 4.9. Magnitude of the magnetic field at open aperture for Example 4.3 (TE).
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Example 4.3. Finally, we consider a large open cavity as shown in Figure 4.7. The parameters
are chosen as: w = 2 and g9 = 1. The incident plane wave is u? = eiko(z1sin0—x2co80) it}
6 = 7/3. The magnitude of the electric field and magnetic field at open aperture are illustrated
in Figs. 4.8 and 4.9. It is observe that the numerical results seems reasonable.
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