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Abstract

This work deals with the numerical localization of small electromagnetic inhomo-
geneities. The underlying inverse problem considers, in a three-dimensional bounded do-
main, the time-harmonic Maxwell equations formulated in electric field. Typically, the
domain contains a finite number of unknown inhomogeneities of small volume and the
inverse problem attempts to localize these inhomogeneities from a finite number of bound-
ary measurements. Our localization approach is based on a recent framework that uses an
asymptotic expansion for the perturbations in the tangential boundary trace of the curl
of the electric field. We present three numerical localization procedures resulting from the
combination of this asymptotic expansion with each of the following inversion algorithms:
the Current Projection method, the MUltiple SIgnal Classification (MUSIC) algorithm,
and an Inverse Fourier method. We perform a numerical study of the asymptotic expan-
sion and compare the numerical results obtained from the three localization procedures in
different settings.
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1. Introduction

The localization of inhomogeneities contained in a domain is of great importance since it
has several practical applications: identification of cancer tumors, detection of anti-personnel
mines, localization of cracks,- - -. Usually, when we seek to localize an inhomogeneity contained
in a domain, we are concerned with an inverse problem for retrieving the geometry of the
inhomogeneity or for imaging the physical parameter that characterizes the heterogeneity of
the domain.

Recently, several works have been devoted to the numerical analysis of the localization of
inhomogeneities (see, e.g., [3, 5, 6, 10, 24]), in particular in the field of Electrical Impedance
Tomography (EIT). The localization model proposed by Cedio-Fengya et al. [10] consists of
identifying inhomogeneities of small volume by combining an asymptotic formula with an in-
version algorithm. Typically, in [10], the conductivity problem is set in a bounded domain
containing a finite number of unknown inhomogeneities of small volume. The inversion algo-
rithm makes use of the asymptotic formula (for perturbations in the voltage potential), and is

* Received December 11, 2006 / Revised version received March 13, 2007 / Accepted July 19, 2007 /



150 M. ASCH AND S.M. MEFIRE

based on a minimization procedure of least-squares type for the calculation of the geometrical
parameters of the inhomogeneities (namely the centers and diameters when these are balls for
example). Another reconstruction approach of these small conductivity inhomogeneities, also
based on a nonlinear minimization procedure, is the one that consists of imaging the electric
conductivity in the domain (see, e.g., [3]). Regarding the same conductivity problem, Ammari
et al. proposed in [5] a localization process of small inhomogeneities, where the asymptotic
formula of [10] is considered for measuring boundary voltage perturbations initiated by electric
currents applied on the boundary of the domain. Limited current-to-voltage pairs on the bound-
ary are then used as data of the inversion algorithm which consists, here, of solving a linear
system for locating a single inhomogeneity, or of calculating a discrete inverse Fourier transform
of a sample of measurements in the case of the localization of multiple inhomogeneities. The
inversion algorithm in [5] is then, in contrast to the one of [10], non-iterative and based on one
of two linear methods: the Current Projection method (for locating a single inhomogeneity) or
the Inverse Fourier method (for locating multiple inhomogeneities).

Volkov formulates in [24] an algorithm based also on the Inverse Fourier method for locating
small dielectric inhomogeneities in a two-dimensional bounded domain, from an asymptotic
expansion (introduced elsewhere in [5]) for the study of the perturbations in the electric field
satisfying the Helmholtz equation. The development of this algorithm is also described in [24]
for the identification of three-dimensional dielectric inhomogeneities of small volume, from the
far field pattern at a fixed frequency.

In the context of localization in an unbounded domain, Ammari et al. have developed in
[1] an algorithm for locating small two-dimensional inclusions buried in a half-space from the
scattering amplitude at a fixed frequency. In [1], the continuous problem is set with the help of
the two-dimensional Helmholtz equation, an asymptotic expansion of the scattering amplitude
is presented, and the inversion algorithm is essentially a method for characterizing the range of
a self-adjoint operator. This is a linear method, called MUSIC (MUltiple SIgnal Classification),
generally used in signal processing theory, and known for estimating the individual frequencies
of multiple-harmonic signals [23].

We refer to [3, 4, 8, 12, 14, 17, 19, 21, 22] for other numerical methods, as well as for
tools, aimed at solving the reconstruction problem of conductivity inhomogeneities, elastic
inhomogeneities, and dielectric inhomogeneities, in different settings.

More recently, Ammari et al. [6] have introduced a framework for the localization of three-
dimensional electromagnetic inhomogeneities. This framework considers the time-harmonic
Maxwell equations in a three-dimensional bounded domain ) containing a finite number m of
unknown inhomogeneities of small volume, and proposes to localize these inhomogeneities from
an asymptotic expansion of the perturbation in the (tangential) boundary magnetic field. In
the presence of well-separated inhomogeneities, and also distant from 0f2, the boundary of €,
the asymptotic expansion states that, for any z € 992,

(Hq — Ho)(2) x v(z) — 2/ curl, (®%(z, 2)(H, — Hy)(z) x v(z)) x v(2) do,

o

—2a3w22 (10 — 1)Gz5, 2) x v(2) M () Ho (2)

le Hj

+2a3 g—— ((curl, G)(2;,2))" x v(z )M](EJ)(curl « Ho)(z;) +O(a*). (1.1)
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In (1.1), o is the common order of magnitude of the diameters of the inhomogeneities, and the
points z;, 1 < j < m, represent the ’centers’ of the inhomogeneities. The magnetic field is
denoted by H,, in the presence of the inhomogeneities and by Hy in the absence of any inhomo-
geneities. The outward unit normal to €2 is represented by v, and w is a given frequency. The
(constant) background magnetic permeability and complex permittivity are pg and g respec-
tively. Also, p; and &; are the (constant) magnetic permeability and the complex permittivity
of the jth inhomogeneity,
k? = w?eopo,

®* is the “free space” Green’s function for the Helmholtz operator
A+ k2.

The operators applied to the matrix valued function G act column-by-column, and G(z, z) is
the “free space” Green’s function for the “background” magnetic problem:

curl,, (% curl,G(x, 2)) — w?uoG(x, 2) = —6.13,
with I3 the 3 x 3 identity matrix, §, the Dirac mass at z. Also in (1.1), the superscript “T”
denotes the transpose, M7 (puo/uj) and M7(gq/e;) are the polarization tensors associated with
the jth inhomogeneity (symmetric 3 x 3 matrices). Finally, the notation O(a*) means a term
that goes to zero like o*, uniformly in z.

It is already important to mention that in contrast to the large variety and extensive list of
papers devoted to the two-dimensional numerical localization, we do not find in the literature
a similar range of references for the three-dimensional numerical localization. Also, in the field
of EIT, where one seeks to recover the unknown inhomogeneities contained in a body from
measurements on the body’s surface, most references concerned with numerical localization
make use of synthetic data (by adding or not random noises) instead of these measurements.
We think that the best way to numerically validate a localization procedure, and to check
its robustness, consists of using numerical data — each datum corresponds actually to the
numerical approximation of a measurement on the body’s surface. Our approach will be oriented
in this direction.

In this paper, we deal with the numerical localization of electromagnetic inhomogeneities of
small volume. We are concerned with an inverse problem that considers, in a three-dimensional
bounded domain 2, the time-harmonic Maxwell equations formulated in electric field. In fact,
() contains a finite number m of unknown inhomogeneities and the inverse problem consists of
localizing numerically these inhomogeneities from a finite number of boundary measurements.
An underlying application could concern so called “eddy current methods”, which are now
frequently used for corrosion and other metal defect inspections. More simply, this work can be
connected to any application where it is usually not necessary to reconstruct the precise values
of the electromagnetic parameters of the inhomogeneities or their shapes, in the identification
process, but where we are primarily interested in the positions of the inhomogeneities in 2. Our
localization approach will mainly consist of locating the 'centers’ of the inhomogeneities and in
some situations, when m = 1, of providing the ’center’ and the diameter of the inhomogeneity
at a fixed frequency w.

The framework developed in [6] is the basis of this localization approach, and we are now
concerned with an analogous asymptotic expansion to (1.1) devoted to the study of pertur-
bations in the tangential boundary trace of the curl of the electric field due to the presence
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of inhomogeneities in €). A particular reformulation of this asymptotic expansion leads to an
asymptotic formula that allows us to compute boundary measurements of “voltage” type from
prescribed boundary currents. The localization approach presented here is a combination of this
asymptotic formula and of a suited inversion algorithm since the measurements generated from
the formula are used as data of the algorithm aimed at locating the inhomogeneities. From a
practical point of view, these data are experimental measurements and from a simulation point
of view, they are numerically computed boundary measurements.

This work is organized in seven sections. In Section 2, we introduce some notation and
describe, with the help of the time-harmonic Maxwell equations, the “background” problem in
electric field as well as the problem in electric field in the presence of inhomogeneities in ).
In Section 3, the weak formulations of these problems in electric field are introduced and the
asymptotic expansion for the perturbations in the tangential boundary trace of the curl of the
electric field is considered. The asymptotic formula for generating boundary measurements of
“voltage” type is also presented here. We are interested in Section 4 in a conforming mixed finite
element discretization of the weak formulation associated with the problem in electric field in the
presence of inhomogeneities. The considered discrete formulation uses Nédélec’s edge elements
and allows us to compute the electric field, initiated by a boundary current, for evaluating
numerically the corresponding boundary measurement. Since a finite number of numerical
boundary measurements is needed in the inversion procedure, the (direct) computation of the
discrete electric field will be required a finite number of times, and consequently, a finite number
of boundary currents will be applied. In Section 5, we describe three inversion algorithms that
will be used distinctly in the numerical simulations: the Current Projection method, the MUSIC
algorithm and the Inverse Fourier method. In association with the asymptotic formula that
allows us to generate boundary measurements, each one of these inversion algorithms defines a
numerical localization procedure. Any one of the three numerical procedures can be employed
for locating a single inhomogeneity, but only the two based on the MUSIC algorithm and the
Inverse Fourier method can be used for locating multiple inhomogeneities.

Section 6 presents numerical results obtained from extensive simulations. Before describing
the results concerning the numerical localization of inhomogeneities, we inspect numerically the
asymptotic expansion for the perturbations in the tangential boundary trace of the curl of the
electric field. This inspection is performed in the case of a single inhomogeneity contained in
the domain and with respect to the parameter 7 = aw, 7 < 1, that links the order of magnitude
of the diameter of the inhomogeneity o and the frequency w. We find that the aforementioned
asymptotic expansion and consequently the asymptotic formula that allows us to compute
the boundary measurements is numerically valid only within a restricted range of values of
7. In the case of multiple inhomogeneities contained in the domain, the same remark comes
from numerical simulations of their localization: in order to achieve accurate localizations, the
asymptotic formula for the computation of boundary measurements must also be considered
here within a restricted range of values of 7, where « represents now the common order of
magnitude of the diameters of the inhomogeneities. The numerical results obtained with each
one of the three localization procedures in different settings are described in this section. We
are thus concerned with a numerical comparison of the results of the three procedures when 2
contains a single inhomogeneity and with a comparison of the results for the two last procedures
in the case of multiple inhomogeneities. Finally, some conclusions and perspectives are reported
in Section 7.
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2. Some Notation and the Problem in Electric Field

2.1. Some notation

Let us consider a bounded open subset Q of R?, with a smooth boundary 9. For simplicity
we take 082 to be C°°, but this regularity condition could be considerably weakened. The domain
2 contains here a finite number m of inhomogeneities, each one of the form z; + aB;, where
B; C R? is a bounded, smooth (C*°) domain containing the origin. The total collection of
inhomogeneities thus takes the form

s

Ia = (Zj —f—OéBj).

1

J

The points z; € 2, 1 < j < m, that determine the locations of the inhomogeneities are assumed
to satisfy:

<z — ;
{ 0 < do < |z — 2kl Vj#k, (2.1)

0 < dy < diSt(Zj, GQ) V_j
The parameter o > 0, the common order of magnitude of the diameters of the inhomogeneities,
is sufficiently small in such a way that these inhomogeneities are disjoint and their distance to
R?\ Q is larger than do/2. As a consequence of the assumption (2.1), it follows that

m < 6|Q|/7d}.

Hereafter, we call each one of these small inhomogeneities, an imperfection.

Fig. 2.1. An example of a domain containing imperfections.

2.2. Problem in electric field

If we denote by p the magnetic permeability and by £'® the (real) electric permittivity of
the domain ) containing different materials, the time-dependent linear Maxwell equations in
Q) take the form: Vo € Q, ¢t > 0,

el B, 1) = —u(x) B (2. 1)

curl H(z,t) = J¢(z,t) + sre(m)%—?(x,t) ,
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where E is the electric field and H is the magnetic field (R*-valued fields). In these equations,
J¢ is the free current related to the field E by J¢ = oE, where o represents the conductivity
of the medium.

When we study the time-harmonic solutions to these equations, we consider special solutions
of the form

E(z,t) = Re{E(z)e ™'} and H(z,t) = Re{H(z)e ™'}, z€Q, t>0,

where w > 0 denotes the given frequency, and the €3-valued fields F, H are such that: ¥ z € Q,

curl B(x) = iwp(z)H(x), curlH(z) = —iwe(z)E(z). (2.2)
Here,
e(x) =€e(x) + i#

represents the complex permittivity. By dividing the first equation of (2.2) by u and taking the
curl, we obtain the following equation for E:

1
curl(; curl B) — w?¢E =0 in Q. (2.3)

We shall prescribe non-trivial boundary conditions for E' X v, on the boundary 052, in order
to arrive at particular non-trivial solutions to (2.3). The outward unit normal to € is denoted
by v.

Let pp > 0, eff > 0, and op > 0 denote the permeability, the (real) permittivity, and
the conductivity of the background medium, with g = &f° 4 iop/w the background complex
permittivity. Let also p; > 0, ° > 0, 0; > 0 and ¢; = €;° +i0; /w denote the permeability,
the (real) permittivity, the conductivity, and the complex permittivity of the jth imperfection
zj+aB;. For simplicity, we shall assume here that all these parameters are constants. Introduce
thus the piecewise constant magnetic permeability u, and the piecewise constant complex
permittivity e4: V x €

po, if € Q\I,,
,ua(x) = T .
wj, if rez;+aBj, 1<j<m,

- (I) _ gg, if IEQ\E,
“ e, if zezj+aB;, 1<j<m.

If we allow the degenerate case « = 0, then the function u,(z) equals the constant up and the
function e, (x) equals the constant .
The electric field denoted E,, in the presence of imperfections, is the solution to:

(2.4)
E,.xv=yg on 01,

{ curl(u% curl B,) —w?c,Ey =0 in Q,
with g a given datum on 9. When the outward unit normal to z;+aB;, defined on 0(z;+aB;),
the boundary of z; + aBj, is also denoted by v, and the superscripts +, — indicate the limiting
values as (z; +aB;) is approached from outside z;+aB; and from inside z; +aB; respectively,



Numerical Localization of Electromagnetic Imperfections in Three Dimensions 155

the equations of (2.4) can be reformulated as follows:

curl(% curl B,) — w?egE, =0 in Q\I,,

curl('u% curl B,) — w?e;E, =0 in  z; +abj, for 1<j<m,
Efxv—FE,; xv=0 on Jd(zj+aBj), for 1<j<m,
%(curlEQ)Jr X v — Mij(curlEa)f xv=0 on Jd(z +aB;), for 1<j<m,
Bl -v—e;E; -v=0 on Jd(zj+aBj), for 1<j<m,
Eyxv=g on ON.

The electric field denoted Ej, in the absence of all imperfections, satisfies:

{ curl(% curl ) —w?eoFp =0 in  Q, (2.5)

Eyxv=yg on 0N.

3. Formulation in Electric Field and Asymptotic Formula for
Perturbations in the Electric Field

We consider in this section the weak problems associated with (2.4) and (2.5) respectively,
and an asymptotic formula for perturbations in the electric field in the presence of imperfections.

3.1. Formulation in electric field

Let
H(curl; Q) = {u € (L*(Q))%; curlu € (L*(Q))%}

be endowed with its usual Hermitian product denoted here by (., .) g (curl; 0); the corresponding
norm is denoted by || . ||g(cu; 0)- By representing the surface divergence by divaq, let us
consider the space

TH % (div; 09Q) = {q € (H 2(8Q))*; divagq € H2(99), ¢-v=0 on 90},
with its usual norm denoted here by || . ||, 1 .
TH™ 2 (div; 0Q)
The vector fields E, and Ey, satisfying (2.4) and (2.5) respectively, will be sought in
H(curl; ), and the datum g will be taken in TH_%(diV; o). For such a datum g, let
us consider u, € H(curl; ) such that (see, e.g., [7]):

{ ugXv=g on 0,

3.1
||ug||H(curl; Q) < CQHgH ( )

TH™ % (div; 09Q) ’

where Cq > 0 is a constant depending only on 2. With the extension field ug4, the determination
of the vector field E,, satisfying (2.4) is reduced to the problem that consists of finding &, such
that:

1 — w2 - _ 1 2 :
curl(’ua curl€y) —wienéa = curl(’ua curlug) +w?equgy in Q, (3.2)
Eaxv=0 on Of).

Also with the same extension field, the determination of Ey satisfying (2.5) is reduced to the
one that consists of finding &y such that:

{ curl(% curl &) — w?ep€p = — curl(% curlug) + w?eouy, in Q) (3.3)

Eoxv=0 on 09Q.
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Of course, knowing u,, while &, and & are in accordance with (3.2) and (3.3) respectively, we
determine the physical fields:

E, =& +uyg, Ey = E +uy. (3.4)
These vector fields &, and & will be sought in
H ={ueH(curl; Q); uxv=0 on 00Q}.

For g given in TH ’%(div; 0R), and therefore uy taken as in (3.1), the weak formulation
associated with (3.3) consists of finding & € H such that:

1 -
— curl& - curlv dz — w? / coéo - vdx
Q Mo Q

1 .
:7/ —curlug~cur1vd:c+w2/soug~§d:c, VveH. (3.5)
Q Mo Q

The weak formulation associated with (3.2) is defined in the same way. Find &, € H satisfying:

1 -
—curl &, - curlvdr — w2/ cala - Udx
Q Mo Q

1 -

:7/ —curlug~cur1vd:c+w2/saug~§d:c, VveH. (3.6)
Q Ha Q

Remark 3.1. In the present framework, the essential hypothesis is that: k2 = w?ugeg is taken

such that (3.5) has a unique solution.

The existence and uniqueness of the solution of (3.6) will be specified in the next subsection
(see Theorem 3.1).

3.2. Asymptotic formula for perturbations in the electric field

We consider in this part an asymptotic formula introduced by Ammari et al. [6] for the
study of perturbations in the electric field due to the presence of imperfections. Let us first
introduce some additional notation and definitions.

Let {7n}o<n<m be a set of complex constants with Re(y,) > 0, for 0 < n < m. Typically,
{Vn}o<n<m will be related to either the set {gnto<n<m or the set {e,}o<n<m. For any fixed
1 < jo <m, let v denote the function defined as: ¥V = € R?,

(z) = { Y, ¥f z € R°\ Bj,,
’)’jo, if SL'EBJ'O.

Let 1 <1 < 3. We denote by ¢; the solution to the problem:

div (y(z) grad¢y(z)) =0 for z € R?,
di(x) =21 — 0 as |z| — oo.

As mentioned in [6], the existence and uniqueness of ¢; can be established (in the real as well
as in the complex case) by using single layer potentials with suitably chosen densities [13, 15].
When the outward unit normal to Bj,, defined on 0B;,, the boundary of Bj,, is also denoted
by v, and the superscripts +, — indicate the limiting values as 0B}, is approached from outside
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Bj,, and from inside B, respectively, this problem in scalar potential may also be reformulated

as follows: B
div (yo grad ¢y) = 0 in R*\B,,
div (75, grad ¢y) = 0 i B,
(b?_ _6¢l_ =0 5 o1 6Bjo s (37)
TG - (G =0 on 0By,
)~ 1 =0 s fol = oo

The function ¢; depends thus only on - and 7;, through the ratio ¢ = ~y/v;,. Here, the
essential assumption is that the constant ¢ cannot be zero or a negative real number. With this
aspect ratio, we define (as in [6]) the polarization tensor, M7 (c), of the inhomogeneity B;, as
follows: V1 <i,1 <3,

M) = ot [ 2y 3.8
P le) = ¢ 5, 9% (3.8)
Bj, Li

Following [6], the tensor M7°(c) is symmetric, and is furthermore positive definite if ¢ € R

Remark 3.2. In the case where B, is a ball, its polarization tensor M7° is analytically known
(see, e.g., [16]):

Mo (c) = vol(Bj, )1z,

2c+1
where I3 is the 3 x 3 identity matrix.

Let us introduce, for x # z € R?, the scalar function

. eik\x—z\
¥ (1,2) = ———
( ? ) 4’/T|l’ _ Z| )
with the constant k defined as in Remark 3.1. Of course, ®F is a “free space” Green’s function
for the Helmholtz operator A + k2, i.e., it satisfies:

(A +E2)®F(-,2) = =5, in R®.
Let us now define the matrix valued function G(z, z), for = # z € R?, as
1
G(x,2) = —po(®*(z,2) I3 + ﬁDi(I)k(x, z)),
where D2 denotes the Hessian, and G(x,z) is a “free space” Green’s function for the “back-
ground” electric problem:

1
curl, <M_ curl, G(z, z)) — WGz, 2) = —0.13.
0

The operator curl, applies here to matrices, column-by-column.
Let us now reconsider the physical fields E, and Ey defined through the vector fields &,,
&o from (3.4). Although these vector fields, as well as uy given in (3.1), have been defined only

in a weak sense on 02, elliptic regularity results ensure that ug, £,, & are infinitely smooth
vector fields (when ¢ is infinitely smooth) and therefore the term (M% curl B, — % curl Ey)|aq
is infinitely smooth.

The framework of this paper is the main result proposed in [6]. We recall below this result

1
Tia curl B, —

% curl Ey) X v]aq, in the tangential boundary trace of the curl of the electric field due to the

presence of imperfections.

which establishes an asymptotic formula allowing to study the perturbation (
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Theorem 3.1. Let (2.1) be satisfied, and k* = w?ppeo be taken such that (3.5) has a unique
solution. There exists ay > 0 such that, for a given g € TH_%(div; 0N) and any 0 < a < ayg,
the boundary value problem (2.4) has a unique (weak) solution. The constant g depends on
{Bj}ti<j<m, S, {1 o<j<m, {€jo<j<m, w, and do, but is otherwise independent of the points z;,
1 <j<m. Let E, denote the unique (weak) solution to (2.4), and let Ey be the unique (weak)
solution to the boundary value problem (2.5) corresponding to the same g € TH_%(div; o0N).
For any z € 0X), we then have:

1 1
(— curl B, — — curl Eo) (z) x v(z)
Mo Ho

- 2/89 curl, (@k(x, 2) <i curl B, — LI E0> (z) x 1/(:0)) x v(z) do,

Ha Ho
= 2a3w22 (% - 1) G(zj,2) x v(z) M’ (%) (curl Ep)(z;)
j=1 M J

+2a3w250§: (i - i) (curly @) (25, 2))T X v(z)M? (5_0) Eo(z;) + O(a*) . (3.9)

€j
The term O(a?) is bounded by C o*, uniformly in z. The positive constant C depends on

{Bjti<j<ms @ {ujto<j<m, {&ito<j<m, w, do,

”gHTH’%(div; o)’

but is otherwise independent of the points z;, 1 < j < m.

It can now be specified in particular that the consideration of k% such that the weak formu-
lation (3.5) has a unique solution is also a hypothesis leading to the existence and uniqueness
of the solution of the weak formulation (3.6).

In (3.9) and hereafter, the superscript “I"” denotes the transpose. The following result is a
consequence of Theorem 3.1 and is presented in [6] as a basis for some approximate inversion
techniques.

Corollary 3.1. Let us consider the assumptions of Theorem 3.1, and denote by w any smooth
vector-valued function such that:

curl(curlw) — k*w = 0 in W, (3.10)

where W is an open neighborhood of Q. There exists a constant g > 0 depending on {B; }1<j<m,
Q, {1 to<j<m: {€j o<j<m, w, and do, but independent of w, of the points z;, 1 < j <m, and
such that for a given g € TH 2 (div; 9Q) and any 0 < o < «p, the physical fields E, and Ey
satisfy:

/curlEaxzwwdof/ curlw x v+ (v x (Ey X v))do
o9 GT)

— Y el 2 1) () ()| ()

Sm@_ j@(:ur 2 - curlw(zs ol
+a;(uj 1)[M (M) lEo(])] lw(z;) + O(at). (3.11)
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This statement presents of course a version of the boundary perturbation in the curl of the
electric field and appears well suited to applications since as we shall see in Section 5, it allows
us, with the aid of inversion processes, to localize the imperfections from the consideration of
some special test fields w.

4. Numerical Approximations

We are concerned in this part with the discretization of the formulation (3.6).

4.1. Introduction

For simplifying the presentation, we assume, in this section and in the following ones, that
each imperfection present in the domain is a polyhedron. For the numerical localizations,
we will use the asymptotic formula (3.11) and therefore the discrete field associated with the
solution of the formulation (3.6). The discretization of this formulation is achieved with a
finite element method based on a mesh obtained by a usual process of triangulation of the
domain. Typically, the conforming finite element triangulation 7, of the domain 2 is made
up of tetrahedra in such a way that each inhomogeneity corresponds to a distinct collection of
tetrahedra of 7,. More precisely, the collection of tetrahedra associated with an inhomogeneity
covers entirely the geometry of the inhomogeneity. With such a conforming mesh of 2, we
are able to introduce a discrete formulation whose matrix assembly is easily performed by
decomposing each heterogeneous integral term of the formulation into a sum of homogeneous
integral terms.

For a tetrahedron K, let us denote by ox the diameter of the largest sphere included in K,
and by hx the diameter of K. The aspect-ratio of 7, is defined as follows: hz, = sup KeT, i
Let us call {74.n}n>1 & sequence of triangulations of the domain Q, where 7, 5, is described as
7, above, for each n. As usual, we assume that this sequence is regular in the sense that there
exists a constant ¢ > 0 such that:
hk

Vn, sup
KeTo,n OK

<c,

and moreover,

lim hr,, = 0.
n—00 ’

Let n > 1 be fixed. It is important to notice the dependence of h7, , on « in the sense that we
need to have a triangulation 7, ,, of {1 as fine as the triangulation of the smallest imperfection.
In the sequel, we denote 7, instead of 7, ,, and h instead of hr, ., when no confusion is possible.

4.2. Discrete formulation

In order to discretize the formulation in electric field, we make here use of the edge elements
(see Nédélec [20]) of the first order. By denoting by K a tetrahedron of 7, let us consider

RYK) = {u: K — €3 Ja,be? u(z) =a+bxx, x=(x,r,23)7 € K}.
We associate with H the discrete space

Hp, = {up € H(curl; Q); up|x € RYK) VK €T, , up, xv =0 on 90}.
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Of course, as well as was H, the discrete space Hj, is also endowed with the Hermitian product
of H(curl; Q).

In view of a practical implementation, the expression of any vector field of Hj in each
tetrahedron K € 7, can be written with the help of barycentric coordinates associated with
K, similarly as done in [18] for R*-valued fields.

Let us now consider the discrete formulation associated with (3.6), defined as follows. Find
En € Hy, such that:

1 [
— curl &, - curlvy, dz — w? / €aln - Up dx
Q Mo Q

/—curlug curlvy, do + w? /saug~ﬁd:c, Yo, € Hy . (4.1)
Q

Due to the conforming finite element method applied here, the proof of the existence and
uniqueness of the solution of (3.6), given in [6], implies also (under the same hypotheses) the
existence and uniqueness of the solution of the associated discrete formulation (4.1).

5. Numerical Localization Procedures

We describe here three procedures for the localization of the imperfections. Each procedure
results from the combination of the asymptotic formula (3.11) with one of the following inver-
sion algorithms: the Current Projection method, the MUSIC algorithm, or an Inverse Fourier
method.

5.1. Current projection method

This is a localization method which can be used only in the case where the domain contains
a single imperfection. Our aim in this case is to determine the center of the imperfection. Let
us first describe how we make use of the formula (3.11) in the present framework. If we denote
by p = (p1,p2,p3)T the center of the imperfection, by M the “rescaled” polarization tensor
)Ml('uo) by N the “rescaled” polarization tensor (£2 — )M1(§_2) of this imperfection,

(7
n €1
and neglect the asymptotically small remainder term in (3. 11) it follows that:

I‘::/ curlEaxwwdaf/ curlw x v+ (v X g)do
o9 aQ

~ o®k? (N Eo(p)) - w(p) + o (M curl Ey(p)) - curlw(p), (5.1)
with w any smooth vector-valued function satisfying

curl(curlw) — k*w = 0 in W,

where W is an open neighborhood of ().
Let us recall that following (3.4), we have

Ey = &0+ ug,

where u, is expressed in (3.1) and &, is the solution to (3.2). The datum g in (3.1), that defines
Ug, is considered from a physical point of view as a current applied on 0f2. The discrete field
&, associated with &, is the solution of the discrete formulation (4.1), and the discrete electric
field associated with E,, is defined as: E!' := &, + Ug.
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We apply different currents for g that correspond to the following background vector poten-
tials:

0 eikibg 0
EP@ =] o |, BEP@=| o |, EPw@=| = |,
elke2 0 0

where z = (21,2, x3). For the current ¢g(t) = E(gl) x v, we put g := g™ in (3.1) and compute
by (4.1) the corresponding discrete electric field denoted here by Eg (1) Next, we consider the
test vector fields

0 e*ikCEQ 0
wtV (z) = 0 . w®V(z) = 0 , w®(z) = 0 ;
efikazg 0 eikmg

in order to evaluate from the left-hand side of (5.1) the terms I'(; 1), 1 < j < 3, defined as:
Loy = / curlEf;(l) x v w9 do f/ curlwY x v (v x g do . (5.2)
Q Q

Also, for the current ¢(?) = Eé2) x v, we compute by (4.1) the corresponding discrete electric
field denoted E" (2)» after putting g := g® in (3.1). With the test vector fields

efikafg O eikmB
W@ = [0 | wedE = | e | wem = | o |
0 0 0

we then evaluate from the left-hand side of (5.1) the terms I'; 5y, 1 < j < 3, defined as follows:

Loy = /89 curlEgy(Q) x v-w? do — /89 curlw? x v (v x g?)do . (5.3)

In the same way, for the last current ¢(3) = Eé3) x v, we compute by (4.1) the corresponding

discrete electric field denoted by EZ (3) after taking g := ¢ in (3.1). Now, we use as the test
vector fields

0 0 0
w¥(z) = [ e~lhm ;o w® () = 0 ;o wB(z) = | elkm
0 e~k 0

for evaluating from the left-hand side of (5.1) the terms I'(; 3y, 1 < j < 3, defined as follows:

L) = /89 curlEQV(g) x v w9 do — /aQ curlw?) x v (v x g®)do. (5.4)

Each I'(;;), 1 <4,5 < 3, is called the numerical boundary measurement. By using the formula
(5.1), it follows from (5.2)-(5.4) that

Fan = a3k2 N33 + oPk2 My T ~ W N1 — KMy,
L(5,1) ~ (a®k?Nsg — o k? My )e? 2 |
Lo = aBk2Ny1 + oPk2 Mo, Tion) ~ W2 Ny — oMoy
[(3,2) ~ (@®k*Ny1 — oPk? Moy )e?*ps
Las) ~ a3k2Nay + oPk2Mss Tiog ~ 0Ny — KMy
[ (3,3) ~ (@®k*Nay — o®k? M3z )e? 1

(5.5)
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where the terms M;; and N;;, 1 < 14,5 < 3, are respectively the coefficients of M and N. The
relations in (5.5) allow us to derive an approximation of the rescaled tensor a®k?*M or o®k*N
depending on whether €1 = g or u; = pp. In fact, the coefficients (a3k2M)ij or (a3k2N)ij,
1 <14,7 <3, are obtained from the measurements I'(q ;), I'(2,4), 1 <7 < 3.

Once an approximation of the tensor a®k?M or o®k?N is determined, we can localize the
center of the imperfection by using the measurements I'(3;), 1 <4 < 3. This will always be
possible for certain values of k and when the polarization tensor M ( £2),or M '(£2) respectively,
is positive definite, namely when pg > 0, u1 > 0, €9 > 0, and &1 > 0.

By considering therefore three boundary currents, and nine test fields, we determine both
an approximation of the rescaled tensor (a®k?M when €1 = &g, or a®k*N when p1 = o) and
an approximation of the center of the imperfection.

The measurements in (5.5) do not allow us however to determine the approximations of the
rescaled tensors a®k?M and o®k?N in the general case, where both p1 # o and €1 # €.

When the rescaled polarization tensors

ERHONCRME

are known, an approximation of the order of magnitude of the diameter of the imperfection can
be determined from one of the measurements I'( ;), 1 <4 < 3, even if g %+ pp and g1 # €,
with of course pg > 0, u1 > 0,9 >0, ;1 > 0.

5.2. MUSIC algorithm

The MUSIC algorithm is essentially a method for characterizing the range of a self-adjoint
operator. In signal processing problems, this method is generally used for estimating the in-
dividual frequencies of multiple-harmonic signals [23]. Let us present briefly the approach

following [3, 11]. Consider a self-adjoint operator A with eigenvalues A\; > Ao > -- -, associated
with eigenvectors v, v, - - -, respectively. Assume that the eigenvalues A,y1, g2, are all
zero, so that the vectors vy, 11, Unto, -+ span the null space of A. Alternatively, Ap11, Ant2, -
could be very small, below the noise level of the system represented by A; we say in this case
that vy,41,vn42, -+ span the noise subspace of A. The projection onto the noise subspace is
explicitly given by
Phoise = Zviv_iT’
>n

where the bar denotes the complex conjugate. The (essential) range of A is spanned by the
vectors v1, Vs, ,U,. The main idea of MUSIC is that: since A is self-adjoint, we know that
the noise subspace is orthogonal to the (essential) range, and therefore a vector g is in the
range of A if and only if its projection onto the noise subspace is zero. Thus, the MUSIC

characterization of the range of A is that: g is in the range of A when ||P,ise9ll = 0, i.e., if
and only if
1
— = 400,
[ Pnoised |l
where || . || denotes a given vector norm.

If A is not self-adjoint, instead of the eigenvalue decomposition, the singular-value decom-
position is needed. Of course, MUSIC makes use of the eigenvalue structure of a matrix also
called the Multi-Static Response (MSR) matrix, or else it uses a singular-value decomposition.
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Let us now specify how MUSIC is applied for localizing the imperfections in our context,
where we distinguish the following three cases: electric imperfections, magnetic imperfections,
and electromagnetic imperfections. We already mention that, as opposed to the method of the
previous subsection, the MUSIC algorithm will allow us to determine the locations of several
imperfections. By neglecting the asymptotically small remainder term in (3.11), we get:

/curlEaxwwdof/ curlw x v - (v X g)do
r9) T9)

~ a3Zk2(Z—j -1) {Mj(?)Eo(Zj)] ~w(z)

J

- MO ‘7@ cur Zi scurlwl\ z;
o'y (H -y [M (&) 1Eo<g>] luz;), (5.6)

where g is defined as in (3.1), and E, is determined through the solution &, of (3.2).

For a clear presentation, suppose that Q is the unit ball. Let (61,---,6,) € (S?)" be n
directions of incidence, and denote by (&1, - , &), n directions of observation, where 3;-0; = 0,
ie.,

=0 for =1, n.

Here, the essential assumption is that n > m.

Let us apply different currents for g that correspond to the background vector potentials
Eo(x) = 6 1<i<n,
From each applied current
gV = By gy xv, 1<1<n,

we take g := gV in (3.1) and compute through (4.1) the corresponding discrete electric field
denoted by EZ - Taking now as the test vector field

w(l!)(m) _ eﬁeikel"‘”, 1<l'<n,

we evaluate from the left-hand side of (5.6) the term defined as follows,

Ay = / curl E" W XV w®) do 7/ curlw® x v- (v x g®)do
29 ' 29
that denotes a numerical boundary measurement. In this way we build numerically the matrix
A = (A )i<ir<n. With these particular choices of background vector potentials and test
vector fields, we get from the right-hand side of (5.6):

03 [mi—? -1) (Mj(i—j)ef) -0

—k?(EL 1) <Mj<“—9)<el X 9#)) (0 x 9#)} M)z
Hj s
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5.2.1. Electric imperfections

This is the case where it is assumed that € contains m imperfections which are uniquely electric:
€j #€o0, Wj=po, forall j=1,--- ,m.

If we replace the approximation in (5.6) by an equality, we may write the coefficients of A
as follows: for 1 < [,I' < mn,

m
A”/ = a3 Zk2(€_0 — 1) (M](E_O) elJ—) . Hf;elk(el+el/)'zj .
=oE £j

Let us consider some constant vector ¢ € R® such that ¢ - Qf- #0,foralll =1,---,n, and set
A* = A" . Define for z € Q,

Goo = (c- BeMe, oo o gLelbtnn)T
Referring now to [1], it can be shown that there exists ng € IN such that for any n > ny,
gz.c € Range(AA*) ifand only if z € {z1, -+, 2m}.

The singular-value decomposition of A will allow the localization of the imperfections. In fact
(see [1, 2]), an application of this decomposition is the determination of the number of imper-
fections, since the number of significant singular-values of A yields the number of detectable
imperfections. Typically, if there exist 3m significant singular-values of A, then there are m de-
tectable imperfections. If all the singular-values of A are zero or close to zero (when A does not
have any significant singular-value), then there are no detectable imperfections in the domain.

In the case where there are detectable imperfections in the domain, we can make use of the
singular-vectors of A to locate them. If we call Vg = [u1,ua, - ,up«] the matrix block built
with significant left singular-vectors of A, where n* is the number of these vectors, then VSET
defines the projection onto the signal space of A and we consider

P=1-VsVs .

where I is the n x n identity matrix, with n > 3m. For any point z € 2, let us define:

1
We(z) i= ——,
R 7
where the 2-norm || . ||2 is applied here to a vector of n components. The point z coincides with

the location of an imperfection if and only if Pg, . = 0. In this way, we can form an image of
the imperfections by plotting W, at each point z of {2. Then, the resulting plot will have large
peaks at the locations of the imperfections.

5.2.2. Magnetic imperfections

In this case, the domain €2 contains m imperfections which are uniquely magnetic:

Wi # fo, €5 =co, forall j=1,--- ,m.
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The localization process of these imperfections is similar to the one described above, and
we consider here the previous notation. For 1 < [,I’ < n, and replacing the approximation in
(5.6) by the equality, the terms of the matrix A now become:

A = =0 SR 1) (B0 01 ) - B0 el
Pl 1

Considering ¢ € R? such that ¢+ (0 x ;) # 0, for all [ = 1,--- , n, define for z € €,
. . .
9z,c = (C . (91 X ef')elkel'z, RN (en X ei)elken-z>

Also as in Section 5.2.1, we refer here to [1, 2]. If there exist 3m significant singular-values
of A, then there are m detectable imperfections, and if all the singular-values of A are zero or
close to zero, then there are no detectable imperfections. An image of detected imperfections
is formed by plotting W,(z) = 1/||Pgs.c|l2 at each point z of €, where P = I — VSVST with
Vs = [ug,ug, -+, un+| the matrix block built with significant left singular-vectors of A; n* being
the number of these vectors. Here also, n > 3m, I is the n x n identity matrix and the 2-norm
I |l2 is applied to a vector of n components.

5.2.3. Electromagnetic imperfections

The domain €2 contains here m electromagnetic imperfections:

Ej#zfo, M]#HO, for all ]:1,,7’71

The localization process is similar to the one previously presented and we use here the same
notation. For 1 < 1,1’ <n, and replacing the approximation in (5.6) by the equality, the terms
of the matrix A are

m o co N N
A”/:a3 |:k/’2 ——1 ( J —)9 ) '0/
Y| - (e cher) o

€j

= 1) (30 08) ) - 00 x o) 000
Hj 122

Let us consider some constant ¢ € R* such that ¢ - 6 # 0, and c- (6} x ;) # 0, for all
l=1,---,n. Define for z € €,

_ c- 91l 1k01 -2 c: 9# 1k0,, -2
e = (( £ xany )@ (Clxan )°

We also refer here to [1, 2]. If there exist 5m significant singular-values of A, then there are
m detectable imperfections, and if all the singular-values of A are zero or close to zero, then

T

there are no detectable imperfections. An image of detected imperfections is formed by plotting
We(2z) = 1/||Pgz,c|l2 at each point z of 2, where P is built from significant left singular-vectors
of A as previously, n > 5m now, and the 2-norm || . ||z is applied to an n x 2 matrix.

5.3. Inverse Fourier method

We are concerned in this part with a variational method to determine the locations of the
imperfections from boundary measurements. As mentioned in [3], this method is based on the
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original idea of Calderén [9] which was to reduce the localization problem to the calculation of
an inverse Fourier transform.
First of all, let us reconsider the asymptotic formula (3.11) as

F::/ curlEaxy-wda—/ curlw x v - (v x g)do
o0 o

J

_ O‘BZkQ(z_j —1) {Mj(?)Eo(zj)} rw(z)

Hj

+a3Z(Z—j -1) {Mj(@) curlEO(zj)] -curlw(z;) + O(a?), (5.7)

where g = E, X v and k is the wave number.
For an arbitrary n € R?, let us define 3 and ¢ in R? such that:

K> =1, ¢n=¢p=0,

with || . | denoting the usual norm associated with the Hermitian product on@®. Letp = n++03
such that p-p = k2, i.e., 7 is a complex number such that:

9 = & =l
We assume that we are in possession of the boundary current for the electric field E,, whose
corresponding background potential is given by

Eo(z) = ePo(.
In fact, in (5.7), we set g(z) = (ei’”‘() x v(x) and use as the test vector field,

w(z) = 7,

where ¢ = n—~f. Namely, as well as Ey, the vector field w is in accordance with (3.10). With
these considerations of g and w, we get from (5.7) that

I' = QBZ (k,2(i_0 _ 1) [Mj(?)eipzjg} -eiq'zjg
j=1 J

J

1) [ g O g x 0) 0. (58)

Let us now view the measurement as a function of n:

o) ~ ai (R0 [ ¢

J

J

Lo 1o T

(1) P () < O] - (=28 % 0)) .

Hj H

Following Remark 3.2, when all the imperfections are balls, the tensors M7(c) are of the form
m7(c)l3, where m?(c) is a scalar depending on c. In this case, we get

o) = ' [k(— D2~ (E ()2 - k%} @2 (59)
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Recall that the function el27'% (up to a multiplicative constant) is exactly the Fourier transform
of the Dirac delta d_5., (a point mass located at —2z;). Since ||n||* is a polynomial in the
coordinates n;, 1 <14 < 3, of i, we have in the right-hand side of (5.9) multiplications by powers
of ; in Fourier space that correspond to differentiations of the delta functions. In this particular
case, the expression in the right-hand side of (5.9) is therefore the Fourier transform of a linear
combination of derivatives of order less than or equal to 2 of delta functions centered at the
points —2z;, 1 < j < m. More precisely, the inverse Fourier transform of I'(n) is expressed as:

m

I'(z) =~ o® Z Lj(d-22;) (),

j=1
where L; is a second order differential operator with constant coefficients depending on m?(g¢/<;)
and m7 (10/p;). In this approach, a numerical Fourier inversion of a sample of measurements
should efficiently pin down the z;’s. This approach has been successfully used in the context
of the localization of conductivity imperfections (see [5]). The principle of the Inverse Fourier
method that will be described here is similar to the one presented by Volkov in [24] in the con-
text of a localization of imperfections from an inverse problem based on the two-dimensional
Helmholtz equation.

When some of the imperfections are not balls, we may rewrite (5.8) as below, where the
measurement I' is viewed again as a function of #:

P ~ o3 (FE =0T — (2= 0Tu0) 5. (510

with

Ty = (M) - Ty ) = (MIE(+99) % ) - (1 =18) x
The expression in the right-hand side of (5.10) is in fact the Fourier transform of an operator
of a more complicated kind acting on delta functions centered at the points —2z;, 1 < j < m.
The present localization principle consists of sampling I'(n) at some discrete set of points and
then evaluating the discrete inverse Fourier transform of the corresponding sample. After a
rescaling (by —%), the support of this inverse Fourier transform will provide the locations of
the imperfections.
Typically, for each point 7 (of the mentioned discrete set), we consider

gla) = (lr72¢) x v(a)

as the boundary current in (3.1) and compute through (4.1) the corresponding discrete elec-
tric field, denoted here by E". After determining the discrete field, curl E" x v, we evaluate
numerically the measurement I'(7)) by using of course w(z) = e"=7%)%( as the test field in

/curlEaxy-wda—/ curlw x v - (v x g) do,
o0 o0

and by replacing E,, by E" in this difference of terms representing in fact the left-hand side of
(5.8).

Let us now specify, following [24], a possible way to relate the continuous Fourier transform
of a function that does not decrease rapidly to its discrete FFT. Namely, we describe a way to
choose a step size for sampling with respect to 1 in the numerical simulations.
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First of all, let us assume that all the centers z; = (2], 27,27)" of the imperfections (1 <
j < m) lie in a domain [—K, K]?, where the bound K is known. To simplify the presentation,

let us consider the formula (5.9) and rewrite simply its right-hand side as:
m .
3"y eAitmetmsitme) (5.11)
j=1

where the complex constants C; are unknown. As previously mentioned, for each n = (n1, 72, n3) 7T,
we are able to evaluate the measurement I'(r) and therefore we assume that (5.11) is known for
(n1,m2,m3)T € [~Nmax, Tmax)>, on a regular grid made up of n® points. We are then in possession
of the sequence of data:

m
Z C; 2U(Mmaxt(L=D)p)zj +(=Mhmaxt (2= DP) 2] +(=Mnaxts=DP)Z)) | < [ 5 13 <,
j=1

where p = 2nmax/n. After applying the inverse FFT to this sequence, we get

1 « :
cmj Z exp {21((—77max + (- 1)p)zj1- + (=Nmax + (I2 — 1)p)zj2- + (—max
j=1

1<ly,l2,ls<n

+(ls — 1)p)zj) + 2ir (%(51 —-1)+ %(52 -1+ @(53 - 1)> } ,(5.12)

with 1 < s1,89,83 < n. Let us now consider the module of the term in (5.12), reduced as
follows:

m . 1\ .- 2\ o3 3
1 SIN(2Nmax2; ) SIN(2Nmax 25 ) sin(2 <25
2_380] — (.nna j) pz(z TIma: ]) ( nmapz3]) - (513)
= n (6271‘(7]4*%)1 _ 1)(627T(TJ+ 527;1)1 o 1)(62W(TJ+%)1 _ 1)
Then, as n becomes large, the quantity in (5.13) is small unless one of the terms
p_Z]l- s1—1 P_ZJQ So—1 p_ZJS s3—1
T n o7 n > o7 n
is close to an integer. By enforcing (for example)
Kp 1
— < = 5.14
L<z, (514)

each one of the previous terms shall only approach the integers 0 or 1, in the case where n
becomes large (n > 3). It has been assumed here of course that [2]| < K, for 1 <r < 3 and
1 < 7 < m. The relation (5.14) provides a practical way to choose the step size p and also gives
a link between Nmax, K and n. In fact, we have p = 2nmnax/n and take from (5.14),

~— . 5.15

PR (5.15)
In this approach, we shall fix p according to (5.15) and consider simultaneously increasing values
of n and of Nmax for more accuracy. This is a localization method whose centers z;, 1 < j < m,
are localized from the sequence of the modules of the terms in (5.12).
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Let us examine the resulting order of resolution of the method. Assuming 1 < r < 3,

1 <j <mand n > 3 fixed, the case where pz}/m + (s, — 1)/n approaches 1 or 0 corresponds

in fact to the existence of s7, 1 < s% < n, such that
msy—1

z; ~mK > = 7K — T

(S* - 1))

T

or respectively to the existence of s7*, 1 < s7* < n, such that

) T —1 T
z; ~——T = — (s3* —1).
p n 2Nmax

Now, depending on the sign of 27, we are concerned with a domain of interest and more precisely
with the points of which one of the coordinates is (theoretically) near

i
2N max 2N max

(S - 1))

where 1 < s < n. The present procedure provides therefore a sampling of the “physical” domain
in association with the considered sampling for [~Nmax, Tmax]®. We need, in summary, of the
order of n? sampled values of I'(n1, 12,713) to locate, with at best (theoretically) a resolution of
order 7/(27max), a collection of imperfections that lie inside a cube of side 2K, where the step
size p = 2nmax/n for sampling is in accordance with (5.15).

5.4. A common description of the localization procedures

Each one of the localization procedures previously introduced can be summarized in four
stages:

i) consideration of a finite number of electric currents to apply on the boundary of the
domain;

i1) computation of the discrete electric field (associated with E,) through the discrete for-
mulation (4.1), for each applied boundary current;

i4i) computation of the numerical boundary measurement arising from the asymptotic formula
(3.11), for each applied boundary current and each used test field;

1v) application of the considered inversion process.

In the first stage, incident waves illuminate the domain following a well-chosen setting. The
second stage concerns the computation of the discrete electric field by the finite element method.
Here, a numerical integration formula of order 2 is used for evaluating the integral terms of
the formulation (4.1), and the discrete system resulting from this formulation is solved with
the help of a GMRES algorithm preconditioned by an incomplete LU factorization. Stage
i11) makes use of both the asymptotic formula (3.11) and the discrete electric field, as well as
particular test fields. Of course, for each incident wave illuminating the domain, we define an
“observation point” on the boundary of the domain (linked to a direction of observation) from
which the vector field used as a test field in (3.11) is generated. Here, the evaluation of the
boundary integral terms is achieved with a numerical integration method of order 2. Stage iv)
is the one that provides the location(s) of the imperfection(s) in the domain. The centers of
the imperfections are localized after some calculations (required by the inversion process) and
graphical post-processing.
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6. Numerical Simulations

Making use of the procedures described in Section 5, we present in this part the numerical
results of the effective localization of the imperfections in various contexts.

6.1. Computational configurations

The domain 2 is here a polyhedron having the shape of the unit ball. Two distinct config-
urations are considered: the case where € contains a single imperfection and when it contains
multiple imperfections. For the first configuration, the single imperfection is a polyhedron hav-
ing the shape of a ball of center p = (p1, p2,p3)? € Q and of radius a. We represent then the
discretization of Q by

e 7! when p = (0.23,-0.31,0.15)T, with a = 0.2;
e 72 when p = (0.23,-0.31,0.15)T, with a = 0.17.
In the second configuration, €2 contains more than one imperfection and each imperfection is

a polyhedron having the shape of a ball or of an ellipsoid. The discretization of Q is thus
represented by:

e 72 when Q contains two ball-like shaped imperfections of centers
(0.23,-0.31,0.15)7, (—0.17,0.43,-0.11)7, and of the same 'radius’ o = 0.2;

e 7.} when Q contains three ball-like shaped imperfections of centers
(0.23,-0.31,0.15), (-0.17, —0.43, —0.11)T, (—0.5,0.25,0.1)T, with respective radii’ 0.18,
0.16 and 0.17. In this case, we denote by a the maximal radius and by ay;;, the minimal
radius: a = 0.18, apin = 0.16;

e 77 when () contains three imperfections one of which has the shape of a ball of radius 0.16
and of center (0.23,—0.31,0.15)7. The second one has the shape of an ellipsoid centered
at (—0.17,-0.43,-0.11)7 with semi-axes of lengths 0.16, 0.16, 0.18 in the directions
Oz, Oy, Oz respectively. The last imperfection is also ellipsoid-shaped, but centered at
(—0.5,0.25,0.1)7 with the ’semi-axes’ (on Oxy) rotated about Oz by an angle of %T[ The
lengths of the ’semi-axes’ of this imperfection are 0.16, 0.17 and 0.19. Now, « is the
maximal value of the semi-axes lengths and the ’radius’ of the first imperfection, and
Qppin is the minimal value of these quantities: o = 0.19, ayin = 0.16.

Each one of these discretizations is of course associated with a conforming mesh made up of
tetrahedra that takes implicitly into account the geometry of each imperfection; the resulting
mesh size h is here systematically smaller than the lowest of the 'radii’ or 'semi-axes lengths’ of
the imperfections (h < amin). In the following table, we give some characteristics of the mesh
in each one of these settings.

NK NIE | NIV nf ne h

7. | 45101 | 49906 | 6643 | 3678 | 5517 | 0.17725
T2 | 54368 | 60753 | 8215 | 3662 | 5493 | 0.15717
72 | 55847 | 62386 | 8425 | 3774 | 5661 | 0.15718
T | 64765 | 72662 | 9872 | 3952 | 5928 | 0.14810
T2 | 74093 | 83334 | 11363 | 4246 | 6369 | 0.14534

We have denoted by NK, NIE, NIV the number of tetrahedra, internal edges and internal
vertices respectively. Also, nf, ne are respectively the number of boundary faces and boundary
edges.
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6.2. Numerical study of electric perturbations

Before devoting our attention to the numerical localization of the imperfections, we first
inspect numerically the asymptotic formula (3.9) that allows us to study the perturbation

1 1
(— curl B, — — curlEO) X Vl|aq,
Mo Ho
in the tangential boundary trace of the curl of the electric field.

In what follows, all our numerical results will be described with respect to the parameter

T = ow, (6.1)

which has here a physical sense (since linked to the frequency w) contrary to . If the domain
Q was a ball of radius r, or so shaped, the parameter in (6.1) would be defined as: 7 = aw/r.

When Q contains a single imperfection centered at p = (p1,p2,p3)T, the formula (3.9) is
rewritten as follows: for any z € 012,

1 1
(— curl B, — — curl Eo) (z) x v(z)
Ha Ho

1 1
— 2/ curl, (®* (, z)(— curl E, — — curl E0> (x) x v(z)) x v(z) doy,
oQ Ha Ho

— 27204(% - 1)G(p,z) X V(Z)Ml (%)(curl Eo)(p)

+2T2aso(€—11 - %)((curlz G)(p, )T x V(z)Ml(i—?)Eo(p) +O®Y).

In order to inspect numerically this formula, we consider the functional defined as follows: for
any z € 0§,

1 1
R.(2) := (ﬂ_ curl E" — ™ curl E0> (2) x v(z)
k 1 h_ 1
-2/ curl,(® (z,z)(— curl B, — — curlEO) (z) x v(x)) X v(z)do,
oQ M Ho

«

— 27’204(% — 1>G(p7 2) x v(z)M*! (%) (curl Ep)(p)
- 27’20450(% - %) ((curl, G)(p, 2))T x v(z)M* (i—?)EO(p) . (6.2)

From a boundary current g = Ey X v associated with the background vector potential Ey such
that )
Eo(x) — elk;cm,UL,

reQ v = (cos(z/;)sin(qﬁ),sin(d;)sin(¢),cos(¢))T,

with ¢ € [0,27] and ¢ € [0,7] fixed, we compute through (4.1) the corresponding discrete
electric field E", in the domain Q whose discretization is here 7.} or 7.2. The evaluation of R,
at a finite number, L, of points on 9, requires the calculation of the integral term in (6.2)
as well as the approximations of the polarization tensors M 1(&(1)) and M 1(g—(l)) We compute
this integral term with a numerical integration method of order 2. For evaluating numerically
M 1(%) or M l(g—?), we first consider a weak formulation in scalar potential making use of
a boundary integral operator, and associated with (3.7). After discretizing this formulation

(6.3)
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Fig. 6.1. Log-log representation of R with respect to some values of 7, from the discretization 7,
and for ¢ =27, ¢ = 7 in (6.3), e1 = 1,3,5,10 with uy =1 (left) and py = 3 (right).
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Fig. 6.2. Same as Fig. 6.1, except with p1 =5 (left) and p1 = 10 (right).

from a combination of interior nodal finite elements with boundary finite elements of first-order
(see, e.g., [18] for the approximation of the mentioned boundary integral operator), we compute
the discrete scalar potential associated with (3.7), and then use it to evaluate numerically the
coefficients of the tensor from (3.8).

Let

-1, . -1 -1 -1 -1

71 ) s1n(71’m)7 sin(27rm) sin(ﬂm), COS(?TL —

T
9l:(cos(2ﬂ' )) , 1<I<L

be the boundary points where R, will be evaluated, and set:

(S S a
R¥ = lrél%XL|R7—(0l)|(Dd7
with [.[qes the infinity-norm on (58
A study of RS® with respect to the parameter 7 is proposed below. The numerical results
represented in Figs. 6.1-6.6 have been obtained with 107* < 7 < 1, L = 21, and po = g¢ = 1.
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Fig. 6.3. Log-log representation of R with respect to some values of 7, from the discretization T,
and for ¢ = I, ¢ = Z in (6.3), e1 = 1,3, 5,10 with uy = 1 (left) and p1 = 3 (right).
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Fig. 6.4. Same as Fig. 6.3, except with p1 =5 (left) and p1 = 10 (right).

We summarize in Figs. 6.1-6.2 the results obtained from the discretization 7;! and by con-
sidering ¢ = 27, ¢ = 7 in (6.3).

In Figs. 6.3-6.4 we represent the results obtained from the discretization 7! again, but with
Y =Tr/4, ¢ = w/4 in (6.3). In comparison with the results of Figs. 6.1-6.2, we notice that RS°
preserves the same variations with respect to 7.

The results represented in Figs. 6.5-6.6 have been obtained by considering ¢ = 27w, ¢ = =«
and the discretization 7.2; these results are more accurate than those of Figs. 6.1-6.2 deriving
from 7.} with the same choice of values of the parameters u1,e1, ¥ and ¢.

Similar results to those represented in Figs. 6.5-6.6 have been obtained from simulations,
by using again 7.2, but with ¢y = 7r/4, ¢ = 7/4, and it follows that these results are more
accurate than those of Figs. 6.3-6.4.

We can observe from Figs. 6.1-6.6 the numerical asymptotic behaviour of R with respect
to 7. It appears on the other hand that R2° varies with respect to the contrast of the domain,
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Fig. 6.5. Log-log representation of R with respect to some values of 7, from the discretization 7.2
and for ¢ =27, ¢ = 7 in (6.3), e1 = 1,3,5,10 with py =1 (left) and p1 = 3 (right).
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Fig. 6.6. Same as Fig. 6.5, except with u1 =5 (left) and p1 = 10 (right).

independently of the considered setting. We also notice that the values of R2° are more accurate
in the case u1 = g, with €1 # g, when 7 becomes small; this was foreseeable from the choice
of the background vector potential made in (6.3). Our numerical inspection also indicates that
(3.9), and consequently the asymptotic formula (3.11), must be numerically considered only for
a restricted range of values of the parameter 7 = aw (7 < 1) in view of the computation of
boundary measurements. In fact, the numerical accuracy of (3.9) is lost for any ’high’ frequency
w such that 7 is not small (7 < 1), and since the formula (3.11) shall become inaccurate, the
localization will not be achieved with precision in such a case. The same conclusion about the
localization is also reported for any ’low’ frequency w such that 7 is too small (7 < 1). In this
last context, the numerical accuracy of (3.9) is preserved whereas the values of measurements
that will derive from (3.11) will be too small in such a way that the contrast of the domain will
not be reflected by these measurements.
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Fig. 6.7. Log-log representation of the relative error on the radius with respect to some values of 7, for
p1 = 1 with &1 = 3,5,10, from the discretizations 74 (left) and 72 (right).

6.3. Numerical localization from the procedure based on the current projection
method

We now describe the results of the numerical localization of a single imperfection, from the
procedure based on the Current Projection method (see Section 5.1). Typically, we consider
(5.5) by distinguishing the cases: u1 = po with 1 # e, and p; # po with £; = &g, after fixing
to = €o = 1.

As mentioned earlier, the reconstruction of the center of the imperfection will always be
possible for certain values of k. More precisely, since the domain 2 has here the shape of the
unit ball, this reconstruction will be achieved by using (5.5) for any frequency such that & is in
accordance with Remark 3.1, and k& < 3 for example. It is already important to notice that this
consideration is not in fact in contradiction with the one of the parameter 7 that results from
the numerical study done in the previous subsection. Regarding the order of magnitude of the
diameter of the imperfection, and more precisely, here, the reconstruction of the 'radius’ «, our
simulations require of course the numerical evaluation of the polarization tensor corresponding
to the imperfection (this evaluation being performed as described above in Section 6.2).

Let us respectively denote by

oo —an|  |p—pnlrs
la] 7 g3

)

where | . |gs is the infinity norm on R?, the relative errors on the 'radius’ o and the center p of
the imperfection, when «y,, py, are the 'radius’ and the center of the localized imperfection.
Figs. 6.7-6.8 present the results obtained from the discretizations 7.} and 72, with p; = 1,
€1 = 3,5,10. We observe asymptotic behaviours of the relative errors on the ’'radius’ and
the center of the imperfection with respect to 7. Similar results have been obtained from
simulations, for u; = 3,5,10 with ¢y = 1. It appears that the relative error on the radius
obtained from 7.2 is asymptotically slightly smaller than the one resulting from 7!.
Independently of the considered discretization, the relative error on the radius increases
with respect to 7, whereas the relative error on the center appears as decreasing with respect
to 7. It also appears that, for a range of values of 7, the relative error on the center obtained
from 7.2 is slightly smaller than the one resulting from 7.!. Since the same smallness has been
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Fig. 6.8. Log-log representation of the relative error on the center with respect to some values of T,
from the discretizations 7, (—o—) and 72 (—>—), for u1 = 1 with 1 = 3 (left) and &1 = 5 (right).

noticed for the relative error on the radius, we can hence expect better reconstructions of the
imperfection defined from 7,2 in comparison to reconstructions of the imperfection defined from
T, for this range of values of 7.

The relative errors on the radius and the center vary with respect to the contrast of the
domain, independently of the considered setting. It follows in particular that the reconstruction
of any imperfection, for which p; = 1 and |e1| has a large value (respectively £; = 1 and p has
a large value), will not be sufficiently accurate.

The behaviours of the relative errors on the radius and the center, with respect to 7, indicate
to us moreover that accurate reconstructions of the imperfection cannot be expected in the case
of too small or large values of 7.

For u1 = 1, &1 = 3 we superpose in Fig. 6.9, for three values of 7, the cross-sections at
x = p1, y = p2 and z = p3, of the original imperfection (with center (pi,p2,p3)’) and of the
localized imperfection resulting from the discretization 7.

A similar superposition is reproduced in Fig. 6.10 in the context of the discretization 7!
and of the same values of 7 (and therefore of the same frequencies) but by considering £; = 10.

In what follows, we use the same frequencies as above, but the values of 7 differ from the
previous ones as the discretization 7,2 is now considered. We represent in Fig. 6.11 the numerical
results obtained from Ta2 and with p; = 1, e; = 10. These results concern the localization of a
smaller inhomogeneity than previously.

In Fig. 6.12, we are interested in the localization in the magnetic case. Typically, we take
w1 = 5,10, &1 = 1, use different values for 7, and consider the discretization 7.2. The same
kind of results as in these figures has been obtained from simulations, with 7.2 and the same
values used for 7 as previously, but by taking now pu; = 3, €1 = 1. As in the case of an electric
imperfection, the localization is efficiently achieved here.

For a certain range of values of the frequency, the reconstructions of the imperfection defined
from 72 are better than the ones of the imperfection defined from 7;!. This also results from
the fact that, for a similar range of values of the frequency, the asymptotic formula (3.9) is
numerically more accurate (see, e.g., Figs. 6.1 and 6.5, or Figs. 6.2 and 6.6) when we use 72
which considers an imperfection shaped and centered as the one defined from 7.}, but having
a smaller size. The case where 7 ~ 10~* appears, following the settings considered here, and
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Fig. 6.9. Respective cross-sections at = p1, y = p2 and z = ps3, from the discretization 77 and with
w1 =1, &1 = 3. Superposition of the original imperfection (——) whose center is marked by “+”, and
of the localized imperfection (— — —) with its center marked by “x”. Top: 7 = 2.6 X 10~%; middle:
7=2.2x 1072 and bottom: 7 = 2.2 x 107%,

in the context of low frequencies, as a limit case for possible “accurate” reconstructions. It
results from simulations elsewhere that the reconstruction of the imperfection seems better in
the context of weak contrasts of the domain. More precisely, for p; = 1 (respectively e = 1),
we obtain better reconstructions with small values of |e1| (respectively p1), at an admissible
frequency (compare e.g. the top and middle of Figs. 6.9 and 6.10). This was foreseeable from
the study achieved in Section 6.2.

6.4. Numerical localization from the procedure based on the MUSIC algorithm

We are concerned in this part with the numerical localization of a finite number m (m > 1) of
imperfections contained in 2. We present numerical results obtained from extensive simulations
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Fig. 6.10. Same as Fig. 6.9, except that ;1 = 10.

that make use of the procedure based on the MUSIC algorithm (see Section 5.2). Namely, all
the settings introduced in Section 6.1 are considered here. Since this procedure requires the
visual representation of the functional W, depending in particular on the parameter ¢, all our
results will be described with respect to ¢ in addition to the parameters 7, u, and €,. More
precisely, as the same procedure enforces an illumination of the domain 2, these results should
be described also with respect to the number n of incident waves used to illuminate 2. These
waves are defined with the help of certain points marked on the boundary of the domain —
uniformly distributed on the full boundary and defined as the points 6;, 1 <[ < n, in Section
6.2. It is now known that n depends on the type of imperfections contained in {2 and on their
number m. In a general way and in accordance with Section 5.2, we will consider n = 3m + 2
incident waves in the case of electric or magnetic imperfections, and n = 5m + 3 in the case of
the localization of electromagnetic imperfections. In our presentation of results, we will then
specify the choice of n only when it differs from 3m + 2 or 5m + 3 following the case.
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Fig. 6.11. Respective cross-sections at « = p1, y = p2 and z = ps3, from the discretization 7.2 and with
w1 =1, e1 = 10. Superposition of the original imperfection (—) whose center is marked by “+”, and
of the localized imperfection (— — —) with its center marked by “x”. Top: 7 = 2.21 X 10~!; middle:
7 =1.87 x 1072 and bottom: 7 = 1.87 x 107,

We fix ug = €9 = 1 in this part. In order to compare the numerical results of the previous
subsection with those that will be obtained here in the case of the localization of a single
imperfection (m = 1), we first consider most of the previous values of 7, u1 and £1, as well as
)T

the discretizations 7.}, 72. Let us recall that the same notation as above, p = (p1, p2,p3)7T, is

used to indicate the center of this imperfection in each one of its settings.

In Fig. 6.13 we represent the results of the localization by considering uy = 1, e; = 3,
T =26 x 107! and ¢ = (1.0,1.0,3.0)7. The choice of the parameter ¢ will always be in
accordance with Section 5.2, and we already mention that other admissible values for this
parameter lead to the same kind of results as here. These results concerning the location of the
imperfection derive from the discretization 7.! and are similar to those of the top of Fig. 6.9
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Fig. 6.12. Respective cross-sections at © = pi, ¥y = p2 and z = ps, from the discretization 7:2.
Superposition of the original imperfection (——) whose center is marked by “4”, and of the localized
imperfection (— — —) with its center marked by “x”. Top: p1 = 5, €1 = 1, 7 = 2.21 x 10™"; middle:

1 =5, =1, 7=935x 1072; and bottom: p; =10, e; =1, 7 = 2.21 x 10~ %,

that were obtained in the previous subsection.

The results obtained by taking now ¢; = 10, 7 = 2.2 x 10~2 are represented in Fig. 6.14,
and it also follows in this case that the numerical accuracy of the location of the imperfection
is similar to the one of the previous subsection (see the middle of Fig. 6.10).

Contrary to the simulations of the previous subsection where the electromagnetic case has
not been taken into account, we consider here the situation where both py # po and €1 # g¢.

In Fig. 6.15, we represent the results obtained with p; = 5 and ¢; = 10, from the dis-
cretization 7_!. The numerical localization of the center of the electromagnetic imperfection is
as accurate as for the one of the previous imperfection presented in Fig. 6.14, where the same
value of 7 is used.
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Fig. 6.13. Cross-section of W, from the discretization 7; and with p1 = 1, &1 = 3, 7 = 2.6 x 107",
c = (1.0,1.0,3.0)7. (a): at x = p1, (b): at y = p2 and (c): at z = p3. The right figures are for the
corresponding contour plots.

Also, contrary to the simulations of the previous subsection, where a restriction was enforced
on the choice of frequencies for reconstructions, the present procedure allows us to achieve
localizations in a less restrictive context, namely with ’high’ frequencies. The results obtained
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Fig. 6.14. Respective contour-plots of cross-sections of W, at x = p1, y = p2 and z = p3, from the
discretization 7 and with p1 = 1, &1 = 10, 7 = 2.2 x 1072, ¢ = (1.0, 5.0, 1.0)7.
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Fig. 6.15. Same as Fig. 6.14, except with p3 =5, &1 =10, 7 =2.2 x 1072, ¢ = (1.0, —0.5,0.5)T.
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Fig. 6.16. Same as Fig. 6.14, except with 1 = 1, &1 = 3, 7 = 6.6 x 107", ¢ = (1.0, 1.0, 3.0)T.

by considering 'large values’ of 7 are represented in Figs. 6.16-6.17. It appears, as in Fig. 6.17,
that the localization of the center becomes less and less accurate when 7 tends to 1; the
imperfection appears to split into two parts.

In Fig. 6.18, we represent the results obtained from the discretization 7.2, for ; = 1,5 and
€1 = 10. These results concern the localization of the center of a smaller imperfection than
previously.

We detail in Fig. 6.19 the distribution of the singular-values of the MSR matrix, in the
context of the discretization 7.2. Independently of the values used there for e, there are 5
significant singular-values for n = 7 illuminations of the domain (or also 10 illuminations as
observed from simulations).

Let us mention that for too small values of 7, it results from simulations that the numerical
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Fig. 6.17. Respective cross-sections of W, at = p1, y = p2 and z = ps3, from the discretization T,
and with 1 =5, 61 =3, 7= 9.6 x 107", ¢ = (1.0, —0.5,0.5)7.
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Fig. 6.18. Respective contour-plots of cross-sections of W, at x = p1, y = p2 and z = p3, from the
discretization 7.2 and with top: pu1 =1, &1 = 10, 7 = 1.87x 1072, ¢ = (—=1.0,5.0, 1.0)”, bottom: u; = 5,
€1 =10, 7 =187 x 1072, ¢ = (1.0, —0.5,0.5)7".

localization, considering 7.2, is disastrous even using a large number of illuminations of the
domain.

We now turn to the localization of multiple imperfections in the settings based on the
discretizations 7.2, 724 and 7.7. Figs. 6.20 and 6.21 present the results regarding the localization
of two imperfections in various aspects.

As in the single imperfection case, it results in fact from simulations that when 7 approaches
1 or becomes too small, the localization of the imperfections becomes less and less accurate.

We are concerned in Figs. 6.22-6.24 with the localization of the imperfections when the
settings based on 7.* and 7.7 are considered. Independently of these settings, we use the same
frequencies as above to attempt to locate the imperfections.

The results represented in Figs. 6.22(a) and (b) have been obtained with a unique choice of
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Fig. 6.19. Semi-log representation of the singular-values of the MSR matrix, from the discretization
72 and for 7 = 1.87 x 1072, n = 7, pu1 = 5 with 1 = 3 (left), &1 = 5 (middle) and &; = 10 (right).
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Fig. 6.20. Contour-plot views of W, from the z—direction, the y—direction and the z—direction re-
spectively, when 72 is used, y1 = pa = 1,61 =e2 =3, 7= 2.6 x 107" and ¢ = (2.0, - 1.5, 1.5)T.

values of the parameters w, u, and €,, but from different settings.

Keeping the same values of u,, £, as above, and using now a higher frequency than previ-
ously, we obtain the results represented in Figs. 6.22(c) and (d) which allow us to notice that
the localization of the imperfections is again efficiently achieved.

In the two last figures of this subsection, we inspect the influence of too small and large values
of the parameter 7 on the localization regarding the settings 7.2, 7.5, as well as the influence of
the parameters i, and &, on this localization. Namely for Fig. 6.23, the parameters p,, €, are
fixed and 7 takes different values among which one large and one small, whereas for Fig. 6.24,
7 is fixed and pq, €4 vary.

Let us now conclude this part by summarizing that the localization of the imperfections
from the procedure based on the MUSIC approach is efficiently achieved when too small or
large values of 7 are not considered. It also appears that the accuracy of the localization varies
with respect to the contrast of the domain. In particular, the localization in the case where the
domain contains uniquely the imperfections for which p; = o, €; # €0 (1 < j < m) is slightly
more accurate than the localization in the other cases (this was foreseeable from the study of
Section 6.2).

6.5. Numerical localization from the procedure based on an Inverse Fourier method

This last subsection also deals with the localization of a finite number m (m > 1) of imper-
fections contained in 2. We use here the procedure based on an Inverse Fourier method (see
Section 5.3) to perform numerical simulations in each one of the configurations where m = 1
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Fig. 6.21. Contour-plot views of W, from the x—direction, the y—direction and the z—direction respec-
tively, when 7.2 is used. (a) p1 = p2 = 5, €1 = 5+0.51,60 = 5, 7 = 2.6 x 107!, and ¢ = (3.0, 1.0, —0.5)T
(b) 1 = p2 =1, &1 = 10 + 0.5, 2 = 10, 7 = 2.6 x 107", and ¢ = (2.0, —-1.5,1.5)7, (¢) w1 = pe = 5,
€1 =5+0.51,e2 =5, 7=6.6x10"", and ¢ = (3.0,1.0, —0.5)7, (d) 1 = p2 = 1, €1 = 10+ 0.5i, &2 = 10,
7=22x1072 and ¢ = (2.0, -1.5,1.5)%

or m > 1. The present localization procedure enforces an illumination of the domain 2 from
a sampling in the Fourier space that provides a corresponding discrete Fourier domain, encap-
sulated by [—7max; max)°- Of course, n® points constitute this discrete domain, and from each
point, an incident wave is generated for illuminating 2. A boundary measurement associated
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Fig. 6.22. Contour-plot views of W, from the x—direction, the y—direction and the z—direction respec-
tively, uj = 1, &5 = 3 (1 < j < 3), with (a) 7 is used, 7 = 2.34 x 107" and ¢ = (3.0,2.5,3.0)7; (b) 72
is used, 7 = 2.47x 107" and ¢ = (2.0,0.5,3.0)7; (c) 7 is used, 7 = 5.94 x 107" and ¢ = (3.0,2.5,3.0)T;
(d) 72 is used, T = 6.27 x 107! and ¢ = (2.0, 0.5,3.0)%.

with this wave is then numerically evaluated through finite element computations, and in total
3 numerical sampled measurements that are in fact the data of the procedure. The
sequence of modules of the terms that approximate those of (5.12), following the asymptotic

we obtain n

formula for measurements, is the outcome of the procedure. The presentation of our results will
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Fig. 6.23. Contour-plot views of W, when 7.} is used, p; = 1, &5, = 10 (1 < j < 3), ¢ = (4.0,2.0,5.0)7,
with 7 = 9.54 x 107" (left), 7 = 2.34 x 107" (middle) and 7 = 1.98 x 10~* (right).
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Fig. 6.24. Contour-plot views of W, when 7.7 is used, 7 = 6.27 x 107!, ¢

= (-4 1.0,0.5)T, with
w; =3, g5 =10 (left), pj =5, €; = 3 (middle), and p; =5, 5, =5 (right), 1 < j <

consist here of representing, after a rescaling by —1/2, contour-plots based on this sequence,
additionally enriched by a usual linear interpolation process.

According to Section 5.3 we should consider large values of 7, in the simulations in order to
expect accurate localizations. However, a direct application of our procedure with an arbitrarily
large value of nyax leads to disastrous localizations due to numerical instabilities. Typically,
with a large fixed value of Nmax, for each 7 € [~Nmax, Nmax)> such that ||| is large and hence
the coefficient 7 (introduced in Section 5.3) has a non-zero imaginary part, the norms of the
background potential Ey and of the test field w used in (5.7) become too large or too small
as compared to their norms for ||| near 0. The magnitude of the remainder term of (5.8)
then becomes very large in this case of high values of ||n|| when compared, for ||n|| near 0, to
the magnitude of the right-hand side of (5.10), or to the magnitude of (5.11), thus inducing
numerical instabilities in the procedure. We already mention that we cannot get rid of these
instabilities by a consideration of high wave numbers causing v to have a zero imaginary part
for ) € [~Nmax; Mmax)°- Of course, such wave numbers correspond to high frequencies, for which
the potentials become highly oscillatory, and enforce the use of high values of the parameter 7
in the simulations. In fact, the results of simulations of Section 6.2 have already showed that
the numerical accuracy of the asymptotic formula is bad for such data.

A way to overcome these instabilities is to consider the cutoff process summarized in a
two-dimensional situation by Volkov in [24]. In this process, a threshold 7, (independent
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Fig. 6.25. Contour-plot views respectively from the z—direction, the y—direction and the z—direction,
based on the enriched sequence, deriving from one of the modules of the terms that approximate those
of (5.12). (a) 7l isused, 1 = 1,1 =3, 7 =2.6x107"; (b) T2 isused, pu1 = 1, €1 = 3, 7 = 2.21 x 107 %;
and (c) 7.2 is used, p1 = 5, €1 = 10, 7 = 1.87 X 1072, Nmax = 10, n = 10 and 7, = 4.

of the centers and shapes of imperfections as well as of ., €4) is introduced such that for
Inll > 1|(nx, 7%, 1) ]|, the quantity in (5.11) is set equal to 0. We incorporate this process in
our procedure by recommending “fine” grids for  in order to “compensate” the induced loss
of accuracy. In addition to the physical parameters u,, €, and 7, all our numerical results will
be then described with respect to nmax, 7 and 7.

Hereafter, we have two aims: compare the numerical results of Sections 6.3 and 6.4 with
those that will be obtained here in the case of the localization of a single imperfection (m = 1)
and on the other hand, compare the results of Section 6.4 with those that will be described here
in the case of the localization of multiple imperfections (m > 1). In all cases we fix pp = g9 = 1
and the choices of 7, will result from numerical experiments.

In Fig. 6.25 we represent the results of the localization of a single imperfection, in each one
of the settings defined from 7.l and 7.2, by using most of the values of 1, €1, 7 considered in
Sections 6.3 and 6.4. For each experiment, we fix 1,.x = 10 and consider p = 2 as the step size
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Fig. 6.26. Contour-plot views respectively from the z—direction, the y—direction and the z—direction,
based on the enriched sequence, deriving from one of the modules of the terms that approximate those
of (5.12). Here, 72 is used. (a) p1 = p2 =1, 1 =2 = 3; (b) p1 = p2 = 5, £1 = 5 + 0.5, £2 = 5; and
(¢) p1 =p2=1,e1 =104 0.5i, e2 = 10. 7 =2.6 X 107, Nmax = 10, n. = 10 and n, = 4.

for sampling, i.e. n = 10. We expect then an order of resolution szx ~ 0.157. This fixed
value of M. appears numerically large since, when 7.« > 8, we observe in experiments that
the magnitude of the term corresponding to the left-hand side of (5.8) becomes very large for
each 7 such that ||n]| is near || (Mmax, Mmasx; Tmax)~ ||-

The results of Fig. 6.25(a) derive from 7.} and show that the localization of the imperfection
is successfully achieved. For the same values of parameters nmax, 1, 7, #1 used here, but with

g1 =10, 7 = 2.2 x 1072, we obtain similar results from simulations based again on 7,}.

Fig. 6.25(b) indicates that the localization of a smaller imperfection is also achieved with
good numerical accuracy. Similar results have been obtained from simulations, also based on
T2, for the same values of parameters Nmax, 1, 75 but by taking now ¢; = 10, 7 = 1.87 x 1072

Fig. 6.25(c) allows us to notice that the localization of a single imperfection in the electro-
magnetic case is also efficiently achieved.

Although the results presented above are very accurate — having in mind the order of
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Fig. 6.27. Contour-plot views respectively from the z—direction, the y—direction and the z—direction,
based on the enriched sequence, deriving from one of the modules of the terms that approximate those
of (5.12). Here, T2 is used, p; = 1, (a): g, =3; (b): &, =10, (1 < § < 3). 7=2.34 x 107}, 7max = 10,
n =16 and 1, = 4.

resolution fixed here by the choice of Ny ax, it turns out that for the single imperfection config-
uration, the present localization procedure is less efficient than the one based on the Current
Projection method or than the one deriving from the MUSIC approach. Typically, a very large
number of numerical measurements is required by the present procedure, even for an order of
resolution which is not very small. On the other hand, in comparison with the results of the top
of Fig. 6.9 (obtained from the Current Projection method) or with those of Fig. 6.13 (from the
MUSIC approach), those presented here by Fig. 6.25(a), from a same physical context, are less
accurate. The same observation is reported in other situations, for example in the electromag-
netic case when we compare the results of the bottom of Fig. 6.18 (from the MUSIC approach)
with those presented here by Fig. 6.25(c).

Let us now inspect the present procedure in the configuration of multiple imperfections.
Our experiments are based here on the settings defined from 7.2, 7. and 7°. We keep the same
fixed value for nmax and expect the same order of resolution as before. Depending on the case,
we will consider for sampling p = 2 or 1.25 as the step size. Here again, the choices of 7, will
result from experiments. We also use most of the values of pq, €4, 7 considered in Section 6.4.

In Fig. 6.26 we represent the results of the localization of two imperfections obtained in dif-
ferent situations, after taking p = 2. The localization associated with Fig. 6.26(b) is achieved
at the same frequency as for the experiment associated with Fig. 6.26(a), but concerns electro-
magnetic imperfections.

A localization similar to the one presented by Fig. 6.26(c) has been obtained from simulations
based again on 7.2, with the same values of parameters fiq, €4, max, 7, but by taking 7, = 3
and 7= 2.2 x 1072

An inspection of these results reveals that the localization based on the setting defined from
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Fig. 6.28. Contour-plot views respectively from the z—direction, the y—direction and the z—direction,
based on the enriched sequence, deriving from one of the modules of the terms that approximate those
of (5.12). Here, 7.0 is used. (a): uj = 1,6, =3 (1 <5 <3), 7 =247 x 107, ne = 4; (b): u; = 3,
=10 (1<5<3),7=209x10"2, n=4; (c): pyj =1, =3(1<5<3),7=627x107", n. =3.
Nmax = 10 and n = 16.

72 is successfully achieved, namely with a good numerical accuracy (according to the fixed order
of resolution), and by using the same number of measurements as in the single imperfection
configuration.

We are hereafter interested in experiments based on the settings defined from 7.} and 775.
For these experiments, we consider p = 1.25 and are led to use a bigger number of measurements
than previously. Figs. 6.27-6.28 present the results of the localization of three imperfections in
various aspects.

We deal first with the configuration 7% in the electric case. Namely, the results of Fig. 6.27
present the localization achieved at the same frequency and with a unique choice of values of
the parameters Nmax, 7, 7%, but with different values of the electric permittivity.

By using the frequency and the values of the parameters fixed in the experiment associated
with Fig. 6.27(a), we obtain for the configuration 7> the results represented in Fig. 6.28(a).
The accuracy of the localization is here similar to the one obtained from the configuration 72
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We have also considered the localization in the electromagnetic case. Fig. 6.28(b) shows the
results obtained in this case and from the configuration 7.7. Similar results have been obtained
from experiments performed with other physical contrasts (u; = 5, ¢; = 3,5+0.1i for example),
by using 7 and lower frequencies. Independently of the contrast of the domain, we notice (as
from Fig. 6.28(b)) that the localization becomes inaccurate when we use thus smaller values of
T.

The results of Fig. 6.28(c) are obtained from 7> by keeping the same physical contrast as in
the experiment associated with Fig. 6.28(a), but by using a higher frequency; it appears that
the localization becomes now less accurate. In the same order of ideas, we have considered
increasingly large values of the frequency in experiments and observed that the localization
becomes highly inaccurate with such choices, as was the case for the procedure based on the
MUSIC approach.

An inspection of the results of Figs. 6.26-6.28 shows that the localization from 7.2, 7.* or
77 is successfully achieved at frequencies which are not too high or too low. However, as before
in the single imperfection case, the present procedure appears in the multiple imperfections
case, with the choice made for nyax, less efficient than the procedure based on the MUSIC
approach. Of course, a large number of measurements is used here and moreover the obtained
results (see Figs. 6.26-6.28) are less accurate than those deriving from the MUSIC approach
(see Figs. 6.20-6.23).

To arrive at an accuracy similar to the one of the localization based on the MUSIC approach
(or on the Current Projection method in the single imperfection case), we must consider larger
values for nmax. However, too large a value of nyax will lead to a major disadvantage of the
localization procedure: the exorbitant CPU time required by the localization. In fact, for too
large a value of nyax, we are concerned with a number of measurements which, despite the cutoff
process of the Fourier domain, remains very large. On the other hand, since the evaluation of
each measurement, related to computations based on a full mesh of the domain, has a relatively
important cost (average CPU time of about 21.637 s. on a “SGI Origin 3200” in the case of
72 for example, without taking into account the CPU time for calculating the right-hand side
of (4.1) associated with the measurement), it follows that the localization in such a case can
only be achieved with an exorbitant CPU time. Even in the present situation, where too large
a value of Myax has not been considered in experiments, this localization CPU time appears
reasonable but remains expensive when compared with the one needed by the procedure based
on the MUSIC approach (or on the Current Projection method in the single imperfection case)
because of the large number of measurements.

It appears that the present procedure will be more helpful for simulations where each mea-
surement is evaluated from integral equation techniques. In fact, such evaluations should allow
us to achieve localizations with more reasonable CPU times; the full meshes of the domain (2
not, being required.

In a same region of interest [~ K, K|, we can consider the same number of measurements
to locate, at a fixed order of resolution, the single imperfection (m = 1) as well as all the
imperfections (m > 1) contained in this region. This has been the case for the settings defined
from 7.}, 72 and 772, associated with a same region of interest in the procedure. The CPU
times taken by the procedure in these settings differ only in the step of evaluation of the
measurements. Typically, the procedure appears more suitable for configurations with a large
number of imperfections; unlike in the MUSIC approach, here, the number of measurements
does not depend explicitly on m.
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7. Conclusions and Perspectives

We have presented three procedures for the numerical localization of electromagnetic im-
perfections contained in a three-dimensional bounded domain. Each one of these procedures
results from the combination of the asymptotic formula (3.11) with one of the following inver-
sion algorithms: the Current Projection method, the MUSIC approach, and the Inverse Fourier
method. Extensive numerical simulations have been performed in different settings and the
obtained results show the efficiency of the presented localization procedures. We also conclude
that the procedure based on the MUSIC approach appears well-suited for both the localization
of a single imperfection and that of multiple imperfections. In the case of a single (ball-shaped)
imperfection, electric or magnetic, the procedure based on the Current Projection method ap-
peared, for certain frequencies, more suitable for a full reconstruction (center and diameter of
the imperfection).

As observed, each one of the procedures requires a finite number of numerical boundary mea-
surements, where each measurement, associated with a prescribed boundary electric current, is
obtained by solving the discrete formulation (4.1) for this prescribed datum. The CPU time
needed to solve (4.1) is relatively important in comparison with the time that could be required
for solving the discrete “background” formulation in electric field. In fact, the usual triangu-
lation process, applied here to 2, generates a conforming mesh of ) that takes into account
the discretization of each imperfection and leads to an excessive number of degrees of freedom
caused by the smallness of the imperfections — especially since this is a three-dimensional
mesh and since mixed finite elements are considered. The discrete system resulting from (4.1)
has then a very large number of unknowns and even by solving this system with an iterative
preconditioned algorithm, as done here, the localization CPU time remains important. In the
presence of a large number of imperfections, this localization CPU time should become quite
too expensive since the number of degrees of freedom resulting from the mesh of 2 as well as the
number of needed numerical measurements (namely with the MUSIC approach) would be more
large in that situation. In the presence of imperfections of smaller sizes than those considered
here, the number of degrees of freedom associated with (4.1), deriving from a full conforming
mesh of §2, is simply exorbitant and forbids numerical investigations due to the excessive re-
quirement of the memory storage in this case. Considering then a full conforming mesh of the
domain when it contains multiple small imperfections leads to some drawbacks in numerical
investigations as far as memory storage and CPU time are concerned. This has obliged us in
particular to not consider slightly smaller or very small imperfections in the present work.

An immediate task should be the numerical localization of electromagnetic imperfections
contained in a three-dimensional bounded domain, by making use of the localization procedures
described here, where the stage of the numerical evaluation of boundary measurements will be
achieved by integral equation techniques. In fact, we think that the use of integral equations in
this stage will lead us to numerical localizations with much less memory storage and a greatly
reduced CPU time, the full meshes of the domain not being required.

As a further perspective of the present work, it would be interesting to numerically study the
localization of three-dimensional electromagnetic imperfections when these are not necessarily
well-separated. This concerns the case where the bounded domain contains multiple imperfec-
tions and two of these are too close. Our present modeling does not consider this case, though
it exists in practical applications.

A final perspective deals with the numerical study of the localization of electromagnetic
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imperfections contained in a three-dimensional bounded domain, with at least one of these
imperfections close to the boundary of the domain. This is also a case that can be found in
practical applications and that has not been treated in the present modeling.
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