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Abstract

In this paper, local a priori, local a posteriori and global a posteriori error estimates are
obtained for TQCY9 element for the biharmonic equation. An adaptive algorithm is given
based on the a posteriori error estimates.
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1. Introduction

For a posteriori error estimates of finite elements, there has been a great deal of work (see,
e.g., [1-5, 9, 14] and references therein). Most of the finite elements considered are mainly
for the second-order partial differential equations. In the recent paper [12], local a priori and
a posteriori error estimates of conforming and nonconforming elements for the biharmonic
equation were discussed. In this paper, we consider the TQC9 element for the biharmonic
equation.

The TQCY (9-parameter quasi-conforming triangle) element was proposed by Tang et al.
[6, 8] for the biharmonic equation. The TQC9 element also uses the degrees of freedom of the
Zienkiewicz element, but unlike the Zienkiewicz element, it is convergent. The convergence
property and a global a priori error estimate of the TQC9 element were proved in [10, 15, 16].
Here we will show local a priori, local a posteriori and global a posteriori error estimates of the
TQC9 element.

Let Q C R? be a bounded polygonal domain with boundary 2. For f € L?(f2), we consider
the homogeneous Dirichlet boundary value problem of the biharmonic equation:

A?y=f, inQ,

o (1.1)
ulon = - =0,

avloa
where v = (v1,v2) " is the unit outer normal of 9Q and A is the standard Laplace operator.
Given a bounded domain B C R? and an integer m, let H™(B), HJ*(B), || ||m.5 and |- |m.5
denote the Sobolev space, the closure of C§°(B) in H™(B), the corresponding Sobolev norm
and semi-norm respectively. Let H " (€2) denote the dual space of HJ*(2) with norm || - || _ -
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Let 4,75 € {1,2} and 0; = 6%1_, 9;; = 9;0;. For a function v € H%(Q), we define

.
E(v) = (311’07322?),3121)) . (1.2)
Let o € [0, 1] be the Poisson ratio and

1 o 0
K=| o0 1 0 . (1.3)
0 0 2(1-o0)

Define
a(v,w) = /QE(w)TKE(v), Yo, w € H?(Q). (1.4)

The weak form of problem (1.1) is: find u € H2(2) such that
a(u,v) = (f,v), Yve HZ(Q), (1.5)

where (-, -) is the inner product of L?(2).

The TQC9 element for problem (1.5) and some known results will be given in Section 2.
Section 3 will discuss local a priori error estimate of the TQC9 element. Section 4 will consider a
posteriori error estimate. The last section gives some numerical results of an adaptive algorithm
based on the a posteriori error estimate obtained.

2. TQCY9 Element

Let (T, Pr, ®7) be the Zienkiewicz element with T" a triangle, Pr the shape function space
and @7 the set of nodal parameters consisting of the function values and two first order deriva-
tives at three vertices of T' (cf. [7]).

Let {7,(€2)} be a family of shape regular triangulations by triangles with mesh size h — 0.
Let h(x) be the function with its value the diameter hr of the element T containing .

Corresponding to 75 (2), denote by V4 (£2) and Vj,0(Q2) the Zienkiewicz element spaces with
respect to H?(Q) and HZ () respectively. It is known that V3, (Q) ¢ H2(2), Vio () ¢ HE(S),
and V3, (Q) € HY(Q), Vio(Q) C H}(Q). Given G C Q, V,(G) and 7;(G) are the restrictions of
V() and 75(2) to G, respectively. Set

Vio(G) = {v € Vio(R) : suppv C G }. (2.1)

For any G C Q mentioned in this paper, we assume that it aligns with 7, (Q) when it is necessary.
For nonnegative integer k and T' € 7;,(Q2), let P(T) denote the set of all polynomials with
degree not greater than k. Let ITL be the linear interpolation operator with the function values
at three vertices of T'.
For p € Pp, define 0;;rp € Pi(T), i,j € {1,2}, such that 1o rp = 921,7rp and for any

qc P1 (T)a
/qan,Tp: /qH1T31PV1 —/31(1311?7
T

T orT
/qazz,Tp: /qH1T82pV2 - /82118217, (2.2)
T oT T

2/q812,Tp = /q(HlTazpm + My d1pra) — / (929 01p + 91q 0ap).
T oT T
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Set
Er(p) = (011,1p, O22,7p, D12,7p) ', Vp € Pr.
For v, € V;,(Q) and i, € {1,2}, define 9, pvp, and Ep(vp) as follows: 0 pvp|r = 0ij,1vn,
VT € Th(Q), and

Ep(vy) = (011,00, D2z, n0n, Or2,nvn) "
Define
ap(v,w) = / En(v)" KEL(w), Yv,w € V. (2.3)
Q

The finite element method for problem (1.1) with the TQC9 element is: find up, € Vi such
that

an(un,vp) = (f,vn), Yon € Vio. (2.4)

Define, for the function v € L*(G) and v|p € H™(T),VT € Tn(G),

1/2 1/2
lollnrg = (3 Tolr) s Flne=( X wr) " (2.5)

TeTh(G) TeTh(G)

For convenience, following [13], the symbols <, 2 and = will be used in this paper. That
is, X1 S Y1, Xo 2 Y5 and X3 T Y3, mean that X7 < ¢1Y7, coXs > Y5 and ¢3X3 < Y3 < ¢4X3
for some constants c¢1, co, c3 and ¢4 that are independent of the mesh size h.

For a set B C Q, let

Su(B) = {T|TNB#0, VT € Tu(Q)},

and let Np,(B) be the number of elements in S (B).
From [16], the following inequalities hold,

p3r = Y. 105rplor. Vp € Pr, VT € Th(Q), (2.6)
1<i,j<2
> 0ip— 0ol ko3, Vp € Pr, VT € TH(Q). (2.7)
1<4,5<2

For D C G C Q, we use the notation D CC G to mean that dist (9D\9£2, 0G\9Q) > 0.

An assumption about the mesh is that it is not exceedingly overrefined locally, namely

AOQ. There exists v > 1 such that
h$, < h(z), z€Q, (2.8)

where hg = max h(z).

Now we list some properties of the finite element spaces V30(2) and V().
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P1. Approzimation. For all s € {0,1},

2

inf W2 (v — ha S hS|aas Yo € H2(Q) N H*T5(Q). 2.9
vhelvriom)j;' (v =vn)ljna < P V|21s0, Vv € Hy(Q) () (2.9)

P2. Weak Continuity. For all vy, € Vjo(R2), v, and its two first order derivatives are
continuous at all vertices of all T' € 7;(f2) and vanish at the vertices located on 9.

P3. Superapprorimation. Let II;, be the interpolation operator of the Zienkiewicz element
corresponding to 7,(€2). For G C , let ¢ € C§°(Q) with supp ¢ CC G. Then for any
v € Vh(G),

2
> 17 (pon = a(own)) |,
3=0 (2.10)
+ Z 1A~ (0035,n v — Bj,n 1k (pun)) HQG < lvnll2,n,a-

1<ij<2

Since the triangulations are shape regular, the following inverse and trace inequalities hold:

no S P T onllio1na0, Vo € Vi(Qo), j€{1,2,---}, (2.11)
H'U||078T N ||h_1/2’U||07T + |h1/2’U|17T, Yv € Ifl(T)7 VT € 'Th (2.12)

For the regularity of solution u of problem (1.1), if © is convex then for f € H~1(Q) and
u € H3(Q):
| S l-ve- (2.13)
For the solution u; of problem (2.5), the following global a priori error estimate is true
(cf. [15] or [16]).

Theorem 2.1. Let u and uy, be the solutions of problems (1.5) and (2.4) respectively. Then

(2.14)
when u € H3(Q). In addition, if Q is convex then
u—unllin0e < [[h(w—un)2n0- (2.15)
3. Local a Priori Error Estimate
Given p € C°°(Q2) and T € 75(Q), define

an,p(v,w) Z / KE(w), VU,wEHQ(Q)—i—Vh(Q), (3.1)

TET,(Q)
an,p(v,w) Z / P’ En(v TKEh( ), Yo,w € V(). (3.2)

TET,(Q)

Lemma 3.1. Assume that A0 holds. Let g € L?(2) and D CC Qo CC Q. If wy € Vio(Q)
satisfies
an(wn,vn) = (g,vn), Yun € Vio(Qo), (3.3)
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then

lwnllzn.p < llwallin.o + [19llo.0o- (3.4)
Proof. Let 0 be the integer such that § > 2y —1and Q; (j =1,2,---,6) satisfy
D cCcCcQyCCQy_1 CC---CC O CC Q.

Take Dy C Q with D CC Dy CC 2y and p € C*(£) such that p = 1 on D; and supp p CC Q.
From P2 and P3, we know that ITj,(p?ws) € Vio (),

| [ Buwn) B (0 Butun) = B 0))| S ol
and

(9. I (p*wn))| < Ilgllo.o I TTa (p*wh)llo.0

< Nlgllo,go (hao lwrll2,noq + l07whllo.n.e)-

Then
dh,p(whvwh):/QEh(wh)TK(PQEh(wh)*Eh(Hh(pQwh))) + (9, (p*wn))

< haolwall3 n.a, + 19llo.00 (Ao llwnll2.n.0, + lwallo.noo),

which gives that

an,p(wn, wn) S hoglwnl o, + lwnl e, + 19113.0,- (3.5)
By (2.6) we obtain
lwhllznp S bt lwnllznae + lwhllng, + lgllo.s. (3.6)

The above argument may be repeated for ||wp||2,n,0, on the right-hand side to yield

1/2 .
lwnllzng; S b lwnllzne,_, + lwnllino, + lgloges §=1,-- 6. (3.7)
By A0 and (2.11) we get
0
lwnllanp < by D7)

< hgﬂ)/z

lwall2,h,00 + [Wa 1,00 + [l9llo.00

1R~ wall1,m,00 + llwnll1,n.90 + lgllo.c

S lwallne, + llgllooo
This completes the proof of this lemma. 0O

Theorem 3.1. Assume that A0 holds. Let u and up be the solutions of problems (1.5) and
(2.4) respectively. For Qo CC Q, if D CC Qo, we have

lu = unll2.n.p < haollullsa, + halluls.o; (3.8)

when u € H3(Q).
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Proof. Let D CC Dy CC Qg and p € C>®(f) such that p = 1 on D; and supp p CC €.
Set @ = pu. Let up, € V3o(£20) be the solution of the problem

an (i, v) = (A%, v3), Yo € Vio(Qo). (3.9)
Applying Theorem 2.1 to g, we have
[ = Gnll2,n.00 < hoollElls,0- (3.10)
Since A% = A%u = f in Dy,
ap(up — Up,vp) =0, Yop € Vio(D1). (3.11)

From Lemma 3.1, we can derive that

lu — unll2,n,0 < |lu— @nll2,n,0 + [Jun — Gnll2,n,D

< llu— an|

2.0,0 + [un — @nll1,n,0, < llu—tnll2,n0, + [l —unll1,n,0,

S la — |

20,0y + [|[u = unll1,n,0, T @ —@nll2,n,0, + [[u—unll1,n0

Hence

3,0- (3.12)
This leads to the theorem. n

20,0 S hao llUll3,0, + hllu|

[ — ual

4. A Posteriori Error Estimate

In this section we consider the a posteriori error estimate of the TQC9 element.

Lemma 4.1. If G C Q and ¢ € C*(Q) with supp ¢ CC G, then fori,j € {1,2},
‘/(&jv — &-jﬁvh)cpw‘
Q

< (hallv = villang + v = onlline) (hallul

2,h,G t Hw||1,h,G) (4.1)
is true for all v € HZ(Y), vy, € Vio(Q), w € HZ () + Vio ().

Proof. Let v € H(S2), v, € Vio(2), w € HZ(Q) + Vio(Q). Then by P2, I} (pw) € HY(G)
and

/(81 iU — 8ij7hvh)gaw
Q
= [ (@0~ 2o i) + 2,00 = )0y T ()

— /Q i(v — Uh)ajﬂ,ll(gow) + / (0ijv — Oij,nvn) (apw — Hi((pﬂ}))

T

By the definition of 9;;; and the interpolation theory, we obtain

}/Q(é)ijv — &j,hvh)(pw}

S o = onllinel T (ew)lline + bellv = vnllzpallwlzne

S v — val LhG + hallewllane) + hEllv = vnll2ncllwllzme,

10,6 ([lpwl

which proves the desired inequality (4.1). 0
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Lemma 4.2. If Qo CC Q and p € C>®(Q) with supp p CC Qq, then

3 / ) — En(v)) KE(w— vh)‘

TeTh(Qo)

S| [ (B0 - Bue) KB - )
TeTh(Q0) "

([ (B0 - Buen) K (E0) - Biw)

+h%o||v—uh||§h90 + v —onllf h 0 (4.2)
T 2
Z — En(vn)) KE(p w)‘
TeTh (920)
-
SIS / — Bu(on))  KE(w)|
TeTh Q0)

+</Q p*(E(v) — Eh(“h))TK(E(U) - Eh(vh)))l/2
+( ) (haalwliz .

are true for all v € HZ(), v, € Vio(Q), w € HZ() + Vio(Q).

) (4.3)

Proof. Let k,l € {1,2} and v € H3(Q), vp, € Vio(Q), w € HE(Q) + Vio(Q). It is obvious
that
M(p*V) = p* Ot + 2p0kpOi + 2p0ypOi ) + O p*

holds for any function . Then we have

\ > /pQ(E(v) _Eh(Uh))TKE(’U—Uh)‘

TeT(Q0) T

| X B0 - ) KEG - o)

TeTh(Qo)

+(/ P (E(v) — Eh(vh))TK(E(v)—Eh(vh))>1/2

/ 150 — O non ) Okt p* (v *’Uh)‘
Qo

i,5,k,l=1
and

(E(v) — En(on) " KE(pw)|
TeTh(0) T

5 > / Eh(“h))TKE(w)‘

TGT}, Qg)

+ / (B - Eh@h))TK(E(v)fEh<vh>))”2Hw||1,h,ao

/ ij U — zjhvh)aklp w‘
Qo

,]kl 1



Local a Priori and a Posteriori Error Estimate for the Biharmonic Equation 203

By (4.1), we get inequalities (4.2) and (4.3). This completes the proof of this lemma. 0
Denote by 07}, the set consisting of all sides of all elements in 73,(2). Define
OTY ={F|F € 0T;,,F C 9Q}, 0T} =0T, — 9T}

For T € T,(Q) and F € 97; with F C 9T, let [-]] ;» be the jump of a function through F' from
the interior of T to the exterior. Define, for v, € V,,(Q2) and T € 7, (),

820h2
Rr(on) = (TP If 182 + 1T a3 e+ >0 IFI|52E]

Ovds
FCOT,FedT}

2 2
* Z |7 (‘ {C{)@:;}iF‘(Q)F + ‘ {gyg};}jF‘zF) (4.4)

FCOT,FedT}

Lemma 4.3. Let u and up, be the solutions of problems (1.5) and (2.5) respectively. For Qo CC
Q, if D CC Qg then

— 2 < R i —wl||?
u— U N up) +  inf u w
| nll2,p > Rr(un) v ) un — wliz,.0,
TeSK(Q0)
i, llu —unl3 0, + llu—un|f o (4.5)
Proof. Choose Dy C ) satisfying D CC Dy CC Qg and p € C5°(2) such that p =1 on Dy
and supp p CC Q. Set ep, = u — uy, and

Ap = /Q p?(E(u) — En(un)) K (E(u) — En(un)).

Let v, € Vio(Q0) and w € HZ(Q). Then

Z / Eh uh))TKE(p%h)

TeTh(0)

= (fo PP —w) — ) — / Bn(un) K (B(p* (u - w)) — En(vn)
-y / — En(un)) KE(p*(un —w)). (4.6)

TeTn(0)

Set e = p?(u — w). By the assumption P1 we can choose v, such that

2

D W72 (e = vn)linao + lonl2n,
=0

(4.7)

Let i,7,k,1 € {1,2}. From Lemma 5.1 in [12] and its proof, there exists ©;; € H*(Q) such that

2
10sun — 013 2 + T 0533 7 < |T| funl3 7 + Z Z |F| ‘ [O3jun] JF‘

T'€SK(T) Feot}
Feof

holds for all T' € 7,(Q2), and ¥;; is piecewise linear. Then

> (logun )5 Y Relw). (4.8)

T€Th(Q0) Te€SK(Q0)
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Note that

Z / U” 0kl€ — é)kl RUR) + 0]4)”01(6 — ’Uh)) =0.
TG'J’),/ Qg

It is can be derived that

Z / 0ij,nun(Okie — Okt nvn)

TeTh(0)
Z / Oijkun0i(e —vp) + Z / i b — Oijun)(Okie — Oki,nvn)
TGT}, Qg TG%
+ Z / (Oijun — Vij)(Okie — Ot nvn) + Z / Ok (0ijun — Ui5)01(e — vp).
TET,() TETH ()

By (2.7), (4.7), (4.8) and the Schwarz inequality, we obtain

‘ /31] huh(Okie — Ok, hVn ‘ ( Z Ry (up ) le]2,00-

TeTn(0) T€SKh(Q0)
Therefore,
T 2 /2
[ Bnw) K (B —w) - Buw)| < (Y Re(un) lelaae (49)
Qo TGS}L(QU)

By (4.7) and the Schwarz inequality, we have

1/2
(Fe=w)l < (X [TPIIRL) " lelog: (4.10)
TeTh(Q0)
By (4.3), we have
.
3 / — En(un)) KE(p*(un — w))‘
TE'Th(Qo)
.
5 > / — En(up)) KE(up — w)‘ + A2 un — wll1n g,

TeTh(Qo)

+ (e llenll2.n 0 + ||eh||1,h,90) (e llun = wllz.n g0 + un = wll 1.0, )-

Therefore,
.
3 / — Ep(un)) KE(p(up — w))‘
TE'Th(Qo)
1/2
S A un = wllzp0 + hlenllzna, + lenl? pay + lun — wld pg,-  (411)

Taking v = w and v, = up, in (4.2) and applying (4.6), (4.9), (4.10) and (4.11), we obtain

An 2 A (llenllingy + llur = wlzn.0,)

1/2
S Re(wn) " (Ifenlanan + lun = wlzne, )
TeSH(Q0)

+ thHehH%,h,Qo + ||@h||ih,90 + [Jun — w||§,h,90-
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Then

Ahﬁ( Z RT(uh))1/2|p2eh|2,h7QO+ Z Ry (up)

TeSH () T€Sh(Q0)
+ha,llen| %,h,ﬂo + Heh”ih,go + [Jun — w| %,h,Qo' (4.12)
It is easy to verify that
%enls n00 < anplensen) + llenllt h - (4.13)
On the other hand, (2.7) leads to
anplenen) S An+ Y [T |unl3 (4.14)

TeTh(0)

From (4.12)-(4.14), we obtain

1/2 1/2
anplensen) < (anplenen) (D Relw)
TeSK(Q0)
+ Re(up) + [[un — wl3 .0, + hi, llenll3 .0, + llenll?
T\Uh h 2,h,Q0 Qo 1CR 112,00 Rh1l1,h,Q"
TeSK(Qo)
Hence
anplenen) S Y Rr(un) + lun —wl3 5.0, + 1 llenll3.a, + lenl o (4.15)
TGSh(QO)
By the arbitrariness of w and
lenll3,p < an,p(ensen),
we obtain the lemma. 0

From Lemma 5.3 in [12] and Lemma 4.3, we obtain the following local a posteriori error
estimate.

Theorem 4.1. Let u and uyp, be the solutions of problems (1.5) and (2.4), respectively. For
Qo CC Q, if D CC Qq then

lu—unl3np < D Rr(un) + hyllu —un|
TGSh(QO)

%,h,ﬂo + [Ju — Uh||ih,9- (4.16)

By a similar argument, we can obtain global a posteriori error estimates of the TQC9
element.

Theorem 4.2. Let u and uyp, be the solutions of problems (1.5) and (2.4), respectively. Then

H“_“h”g,h,Q N Z R (up). (4.17)
TeTL(Q)
Define
82uh T 2
Er = A7 ]l e+ T b
4 Z . 7] ov? lyrlor +[THunls.r
FCOT,FedT; (4.18)

Eq = Z Er.

TETH(R)
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e
AN o

Fig. 5.1. Eliminating the hanging nodes.

By the assumption P2, we have
Rr(un) S Br + |TP|IF1I6 2 (4.19)

Similar to Theorem 5.3 in [12], we can prove that

> Re(un) £ |hulf 0+ IBFI5 0 (4.20)
TeTL(R)
> Br 5 |huli g (4.21)
TeTL(R)

Since the a priori error estimate of the TQC9 element for the biharmonic equation is of order
O(h), one can use Eq as the estimator for the adaptive algorithms of the TQC9 element.

5. Adaptive Algorithm

In this section, we give an adaptive algorithm for problem (1.1) according to the a posteriori
error estimator given in previous section, and show some numerical results. Our adaptive
algorithm is described as follows:

1) Chose an error bound £ > 0 and an initial coarse triangulation 7y which has at least one
inner node, put k := 0.

2) Solve the finite element problem (2.4) on 7.

3) For each element T € 7;, compute the a posteriori error estimator Ep given by (4.18).

4) If for all T € T;; Er < ¢, then stop. Otherwise refine the elements T so that Ep > e,
eliminate the hanging nodes, and then obtain the next triangulation 7;;. Replace k by
k + 1 and return to step 2.

In the adaptive algorithm, there are some strategies to refine the elements and to eliminate
the hanging nodes. We refine an element by connecting each two midpoints of its edges and
obtain four sub-triangles. To eliminate the hanging nodes, we use the method shown in Fig. 5.1.

Now let © = [0,1]? and o = 0 in (1.3). Define

w =2t 4yt us=1+e Y yy= e_(x2+y2), uy = sin 2z + sin 2y.
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1 T 1
09 1 09
08 1 0e
07 1 07
06 1 06
[t} 05
04 1 0.4
03 1 0.3
02 1 0.2
01 1 0.1
! D‘W DIQ 0‘3 Dlti 05 UIE 0‘7 U‘B 0‘9 DU U‘1 02 U‘3 U‘ﬂ 05 U‘E 07 U‘E UIB 1
Fig. 5.2. The initial triangulation. Fig. 5.3. v = z* + y*.
1 1 vl
09 3 09
0.8 1 [k} B
07 4 07
06 q 06
05 0s
04 . 04
0.3 9 03
0.2 4 0z
01 4 01
UD U."\ 02 03 D‘d 05 D‘E 07 DIB U.‘B 1 UU 01 02 0‘3 D‘d 0s U‘E 07 DIB U.‘B 1
2 2
Fig. 5.4. u =1+ e (@Y, Fig. 5.5. u = e~ (@ +¥7),
1 1
09 1 09
08 - o0&
07 ) 07
06 9 06
0s [k}
04 1 04
03 03
02 e 0z
01 q 01
DU 01 02 03 U‘fl 05 U‘E 07 U‘E U‘B 1 D[I [I‘W 02 [I‘E [I‘4 0a [I‘E EII7 D‘B DIB 1
. — 2 2 . . .
Fig. 5.6. u = e~ @ +¥) ¢ =0.0075. Fig. 5.7. u = sin 2z + sin 2y.

For 1 <i <4, let

0
=A%y, go =wuilon, g1 = o—wi| .
f i g ilog, g 55 % o

Then u = u; is the solution of the following problem:

A%y =f, inQ,
ou (5.1)
ulaq = go, 0 log = 91

We take € = 0.01 and the initial coarse triangulation to be the one shown in Fig. 5.2.
For u = u; and 1 < i < 4, the final triangulations T} are shown in Figs. 5.3 to 5.7. It is
observed that when v = z* + y* the triangulation is uniform while the others are not.
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