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Abstract

In this paper, we consider the nonconforming finite element approximations of fourth
order elliptic perturbation problems in two dimensions. We present an a posteriori error
estimator under certain conditions, and give an h-version adaptive algorithm based on the
error estimation. The local behavior of the estimator is analyzed as well. This estimator
works for several nonconforming methods, such as the modified Morley method and the
modified Zienkiewicz method, and under some assumptions, it is an optimal one. Numerical
examples are reported, with a linear stationary Cahn-Hilliard-type equation as a model
problem.
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1. Introduction

The parabolic perturbation problems, such as the Cahn-Hilliard-type equations, are fre-
quently encountered in applications, see, e.g., [12, 14, 20]. Their stationary formations, namely
the corresponding elliptic perturbation problems, are important for both theoretical analysis
and computation. The numerical solution to such problems has been an interesting and prac-
tical topic in computational mathematics. Various finite element methods, both standard and
nonstandard, have been developed for this problem, and their convergences were proven; see,
e.g., [16, 17, 25, 30].

The adaptive finite element methods, in particular the h-version methods, are very useful
for efficient numerical solutions. As to these methods, the key features are a posteriori error
estimation and the strategy of mesh refinement. The a posteriori error estimation can be
treated as an indicator of the distribution of the error on certain mesh. According to the a
posteriori error estimation, the numerical solution can be carried out in the local, parallel or
adaptive ways, see, e.g., [32]. In all these methods, an a posteriori error estimator is utilized
as an indicator of the quality of the mesh.

It is pointed by Bank [9] that the notion of using a posteriori error estimates to measure
and control the error in practical finite element calculations was first suggested by Babuska
and Rheinboldt [5]. The approach in [5] provided the earliest general way for a posteriori
error estimation with firm theoretical foundations. So far, a posteriori error estimation for
conforming finite element methods, especially on second order problems, has been the subject
of extensive investigation, see, e.g., [2, 5, 6, 9-12, 23, 33], the reviews [3, 8, 19, 21, 22] and the
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monographs [4, 7, 27]. However, the treatment of nonconforming methods has been subjected
to sporadic attention. Dari et al. [18] considered the error as a combination of a conforming
part and a nonconforming part, where the nonconforming part is estimated via the difference
between the nonconforming solution and its smooth approximation. The idea has been carried
out on the second order problems, with the help of the orthogonal decomposition (Helmholtz
decomposition) of L2. According to this, many ways were put forward to extend the method for
conforming methods to nonconforming ones; see, e.g., [1] and the references therein. Castensen
et al. [15] followed the idea and developed a technique to present a framework of a posteriori
estimation for a class of nonconforming methods on parallelogram meshes. The framework
has been shown to be effective for problems of second order. Even though the a posteriori
estimation for fourth order problems can date back to [27], however, partially because that few
nonconforming finite element spaces contain a subspace consisting of C' continuous functions,
there are few works dealing with the nonconforming methods directly. A general framework of a
posteriori error estimation is presented in [26] for the nonconforming methods, and it is shown
that the methodology of decomposing the errors can be used for problems with arbitrarily high
order.

The error estimators obtained in such ways give upper bounds of the global error, and can
be computed in a posteriori way. However, in local sense, they may provide upper bounds of
error as well as mesh indicators. Xu and Zhou [32] showed a local upper bound for conforming
methods applied to second order problems. Wang and Zhang [31] proved that a local a posteriori
error estimator can be a local upper bound of the error up to higher order terms for the
nonconforming finite element methods to two dimensional biharmonic equations.

In this paper, we study the a posteriori error estimation for nonconforming finite element
methods for the elliptic perturbation problems. A two dimensional linear stationary Cahn-
Hilliard-type equation is used as a model problem. The rest of the paper is organized as
follows. In Section 2, some preliminary materials are provided. In Section 3, global a posteriori
error estimator is obtained for general nonconforming finite element discretization methods on
shape-regular grids for the model problem. The deduction uses the same idea of the framework
[26]. The efficiency of the estimator is devised and analyzed in Section 4. Based upon certain
convergence assumptions, the estimator is optimal in the sense that the a posteriori error
estimator has the same convergence order as that of the a priori error estimator. An h-version
adaptive method is discussed and some numerical experiments are reported in Section 5. In
the final section, further discussions are presented and the local behavior of the estimator is
analyzed.

2. Preliminaries

In this section, we describe the model problem and the corresponding nonconforming finite
element methods.

Let Q be a bounded domain in R?, with the boundary 9 and v the unit outer normal
vector to 9€). For nonnegative integer s, we shall use the standard notation H*(Q2) for Sobolev
space, || - ||s,o the associated norm and | - |5 o the associated seminorm. We shall omit s and
not distinguish the norm and the seminorm when s = 0. In addition we denote

HY Q) = {v e HYQ) : v]oq = 0}, H2(Q) = {v e H2(Q) N HL(Q) : %}m = 0}.
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2.1. A model problem

In this paper, we consider the nonconforming finite element methods for the elliptic pertur-
bation problems (EPPs) of the form

2A%u — Au=f, in Q,
(2.1)
u =0, @:0, on 0%},
v

where A is the standard Laplacian operator, 0 < ¢ < 1 is a small parameter, and f € L?(f).
The equation can be viewed as a linear stationary Cahn-Hilliard-type equation.

Let 4,5 € {1,2} and set 0; = %, 9;; = 0;0;. For a domain B C R?, define the bilinear
forms

ap(u,v) = / {AuAv + (1 — 0)(2012u012v — 11ub22v — 822u811v)}
B

for u,v € H*(B), where o € [0, 1], and

2
bB(u,v):/ Zaiuc?ﬂ)
B =1

for u,v € H*(B). The weak problem (WP) is to find u € H3({) such that
e2aq(u,v) + ba(u,v) = (f,v), Yve H(Q), (2.2)

where by (-,-) we denote the inner product of L?(Q2). Without loss of generality, throughout
this paper, we set o = 0.

Some mathematical properties of (EPP) have been studied, which are useful in this work.
Let u® be the solution of following problem (DP):

{ —Au=f, in{Q,

(2.3)
u =0, on 0f.

The following lemma can be found in [25]:

Lemma 2.1. Let u and u® be the solutions of (WP) and (DP) respectively. If Q is convez,
then there exists a constant C independent of € such that, for all f € L?(2),

lul2,0 + eluls.o < Ce™2| flla, (2.4)
[u’]l2.0 < Cllfle
lu— 1’10 < Ce?| flla.

2.2. Finite element methods

By a triple (T, Pr, ®7) we denote a finite element with T the geometric shape, Pr the shape
function space and ®p the set of nodal parameters, and let ®7 be Pp-unisolvent. Let {7,(Q)}
be a family of triangulations corresponding to element (7, Py, ®r) and the mesh size h, with
h > hp, the mesh-size of element T, on VT € 7 (Q). In this paper, we always assume that the
geometric shape is triangle or rectangle, the triangulation is shape-regular.

Given a mesh parameter h and a triangulation 75,(€2), denote by V"(Q) and V() the
finite element spaces with respect to H2(Q)) and HZ(Q) respectively. We do not need that
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Vi(Q) c H2(Q) or VI(Q) € HZ(). For a domain G C €, we denote by 7;,(G) and V*(G) the
restrictions of 7;,(2) and V() to G, respectively. Accordingly we denote

VG = {ve Vi) : supp(v) C G}.

For ease of exposition, we assume that any G C € mentioned below would align with 7, ()
when necessary, which is reasonable. We introduce the piecewise space

H*(Ti(G)) = {v € L*(G) : o], € H*(T), VT € Tu(G)}

associated with the triangulation for nonnegative integer s, and use || - ||s.n,¢ and | - |s,n,¢ to
denote the norms and semi-norms on H* (Th(G)). In particular, for simplicity and convenience,
we use the notations H*(7), || - ||s,n and | - |s,, when G = 2, and H*(T), || - ||s,r and | - |s,7
when G =T, T € Tp(Q).

Define

ap(v,w) = Z ar(v,w), Yv,w € H*(Tp),
TGT},(Q)

by (v, w) Z br(v,w), Yv,w € Hl(Th).
TGT},(Q)

Let Ly, : V*(Q) — H?(T},) be a linear interpolation operator. We consider the following discrete
weak problem (DWP): Find u" € V(Q), such that

e2ap (ul, o) + by (Lpu, Lyo™) = (f, L"), Yol € VI(Q). (2.7)

Note that the standard finite element method is a special case while Ly is chosen to be the
identity operator.

2.3. Basic assumptions

Let p € H?(7;,) be C'—continuous in each element 7. Then p is said to be weakly continuous
on § if for any mutual side F' of two neighbor elements, there exists a point on F, at which p
is continuous. If p is weakly continuous, and for each mutual side F' of two neighbor elements,
there exists a point on F' at which J;p, ] = 1,2, are continuous, then p is said to be weakly
C' continuous on €. Besides, if for any side F' C 052, there exists a point on F such that p
vanishes there, then p is said to satisfy the weakly homogeneous boundary condition. Further,
if p satisfies the weakly homogeneous boundary condition, and for any side F' C 0, there
exists a point on F such that d;p, | = 1,2, vanish there, then p is said to satisfy the weakly C*
homogeneous boundary condition.

For any nonnegative integer k and T' € 7,(Q2), let Py(T) denote the set of all polynomials
with degree not greater than k, and Q(T") the set of all polynomials with degree of each variable
not greater than k. Throughout this paper, Q7 is the polynomial space of the Bell element
when T is a triangle, and is the bi-cubic polynomial space when T is a rectangle, VCh (©) and
VChO(Q) are the corresponding conforming finite element spaces for biharmonic problems and

P.r(Q) = {p cL*(Q): plr €Qp, VT € T(Q)}
Further we introduce the following notations. For a set B C {2,

SW(B)={T e T,(2): TN B £ 2.
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For D C G C Q, we use the notation D CC G to mean that dist(0D \ 99, 9G \ 99Q) > 0, see
also [32]. Throughout this paper, we use the letter C' (with or without subscripts) to denote a
generic positive constant which may stand for different values at its different occurrences. For
convenience, similar to [32], the symbols <, 2 and = are used in this paper. Specially,

~) A~
z1 Sy, 222Y2, 33 Y3,

mean that

1 < Ciyr, @2 2 coy2, c3x3 < Y3 < Cszs

for some constants C1, c2, c3 and C3, which are independent of the varying parameters.
Certain basic assumptions on the finite element methods, listed below, are needed.
A1. (Approzimation.) There exists r; > 2 such that given an s € [0, 1], for Vv € H5T1(Q),
there exists a v € V(Q), such that

t+1
dSohdle—o"Gr < Y m Tl p. VTETM(Q) 0<t<s  (28)
j T’GSh( )

In addition, if v € H*+1(Q) N HZ(SY), we can choose v" € V{*(2) which satisfies (2.8). For the
interpolation operator, it is assumed that

2
DR =L S Y0 B B, VO EVHQ), (2.9)
i— T'€SKh(T)

A2. (Consistency.) There exists ro > 1 such that given an s € [1,73], for G C Q and
i,7 € {1,2}, the following are true:

Z /&jwcerawajga)‘ Z hylwlz,rlels T,

TeTL(G) TeTh(G)
Vw e H2(G) + VIG), Vo € HY(G); (2.10)
B> / duwp +wdip)| < Y Mhlulirlelr,
TeTh(G) TeTn(G)
Yw e Hy(G) + LpV(G), Y € H(G). (2.11)

A3. (Weak Continuity.) Let v € V(). Then it possesses the following properties: 1) v"
is weakly C! continuous; 2) if v" € V(Q), it also satisfies the weak C! homogeneous boundary
condition; 3) Lpv" is weakly continuous; further when v € V(Q), Lyo" satisfies the weakly
homogeneous boundary condition.

A4. VMQ) C Pop(Q); LV (Q) C Pap(9).

The above assumptions are natural in some sense, and they are satisfied by some known
finite element methods, such as the modified Morley method and the modified Zienkiewicz
method.

2.4. Global a posteriori estimation: A framework

The following lemma would be used as a framework. The same idea can be found in [26].
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Lemma 2.2. Assume that X and X", with the mesh parameter h, are subspaces of a linear
space. For each h and parameter T, assume that there exist a bilinear form d. (-, -) defined on
(X + XM x (X + Xh), and || - ||l-.n be a norm on X + X", Suppose that d, p(-,-) possesses
continuity in the sense that

shy Yw,ve€ X+ XM (2.12)

drp(w,0) S [Jw]l7nv]
and is coercive on X x X in the sense that
drp(w,w) 2 ||w|\37h, Vwe X. (2.13)
Then it holds for v € X and v" € X" that

‘dTyh(v, w) — dy p (0", w)‘

h = : h
v—0"||n T sup + inf |[v" —w||p. 2.14
|| HT 0£wEX ||wHT,h wEX H HT ( )
Proof. We first prove that
d rlv,w) — d h ’Uh,’w .
H,U _ Uh||7',h 5 sup | T, L( ) T, L( )| + inf H,Uh _ w”r,h- (2.15)
0AweX wllzn weX

For any h and 7, let v € X. Then by the coercivity condition (2.13), we derive for v* € X"
and arbitrary w’ € X that

lv = w'll? ), < drn(v —w';0 —w)

Th ~
=drp(v—v" v —w) —drp(w — v v —w').
Hence by the continuity condition (2.12), we have that
drn(v,v —w) —drp (V" v—w'
o= o s 1t == Gl 2oty
[o = w[l+n
drpn(v,w) — drp (V" w
< sup L) denCB O]y
0£weV lwllr,n
Noting that
lo =" lrn < llo = w'llep + 0’ = 0" ]|z,
by the arbitrariness of w’ € X, we obtain (2.15). Since
|dr (v, w) = drn (0", w)[ < |l = 0"z pllw]lrn, Vo€ X,

we can prove the remaining immediately. [

Remark 2.1. Let X be the Sobolev space corresponding to some elliptic equation and X" the
nonconforming finite element space. Then this lemma can be regarded as an analogue of the
second Strang lemma, with X and X" exchanging their positions.

3. Construction of an Estimator: Reliability

In this section, we follow Lemma 2.2 to estimate the two terms on the righthand of (2.14)
and to establish an estimator for the model problem. Denote by 07}, the set consisting of all
sides of all elements in 75, (). Define

T ={F € 0T, : F COQ}, 0T;=0T,\ 0T
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For T € 7,,(Q) and a side F C 9T, we denote by []]  the jump of a function through F from
the interior of T' to the outer when F € 97!, and itself when F € 9T. Let |T'| and |F| denote
the measures of T' and F' respectively. For w on which the definition makes sense, define

2 2
AR w17 I =4 W W [ = o

FCOT,FedT;

2
D S (([ P~ R = )] (31)

FCOT,FedT}

Z ‘F|(H{8VT}JFH2 +H[§s—1§}i}?Hjﬂ)’ (3:2)
Jo (w) = Z LaicsEe e (3:3)

Fcor

where vT = (v, )T = is

vl vl T T)T _ (_ T T)T

is the unit outer normal of 9T, and sT = (sT,s2 vy , Vi
the unit tangent vector of 9T. For convenience, in the remaining, we make use of the following
notations. Let o = (a1, a2) be a multiple index, oy, as > 0, |o| = a1 + az. By 02, we denote
olel / Ov*10s*2 where v and s are corresponding normal and tangent unit vectors, if there is
no extra announcement.

Furthermore, we define
RT(u") = 23 |u3 1 +€2J5 (u") + K3 | Lpu”(3 o + Jf (Lpu”)
B
+ min(h%, %)|u” |2 7 + min(h3, —g If —2A%u" + AL W2, (3.4)
Then we are to show that

52|u7uh| A lu— Lpu®|? h S Z RT (u

Te€Th

Remark 3.1. If nonhomogeneous boundary conditions are used, the estimator will work once
we take into consideration the difference between the boundary data and the traces of u”
and Lpv". In fact, (3.1)-(3.4) are special cases corresponding to the homogeneous boundary
conditions.

Lemma 3.1. For any v € P.,(Q), we have that for all T € T, (),

JreM S Y W'y, r=0,1,2. (3.5)

T'eSK(T)

Proof. Let F be a side of T. When F ¢ 9, there exists a 7' € T, such that F =T'NT.
For |a| = 2, by the inverse inequality, we have that

Sh ;1(|vh|§,T + |Uh|§,T/)'

When F C 99, for |a| =2, aq < 2, by the inverse inequality, we have

1105015 el < 050"l + 05" a1

g™ [ <

"
hr ‘v 2,7

Then (3.5) is proved for r = 2. Similarly we can prove the other cases. O
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Lemma 3.2. Letv" € H?(T;,) be weakly continuous and satisfy the weakly homogeneous bound-
ary condition. Then we have the following estimate:

Jg (") < hipJi (o). (3.6)

Furthermore, if v is weakly C' continuous and satisfies the weakly C* homogeneous boundary
condition, then it holds that
I (") S hpdy (o). (3.7)

his weakly continuous and satisfies the weak homogeneous condition, for

Proof. Since v
each side F' € 9T, there exists zy € F, such that v" is continuous at zy when F € 8’2}3 and vy,

vanishes at xo when F' € 6’2’,5’. Therefore we have that

1Tl = [ (075e) < [ () |5

rox % [v

(O a0l a0 o) = [ ([500,,) 0

where by s we denote the unit vector along F. The second inequality follows the generalized
Minkowski inequality.

From the definition of JI and JI, we proved (3.6). When v" is weakly C! continuous and
satisfies the weakly C'' homogeneous boundary condition, we can prove (3.7) similarly. O

nT 2
J5.p|at) as

The following lemmas can be found in [31], and we refer there for the constructive proofs.
Lemma 3.3. For arbitrary v € P.,(Q), there exists w € H*(Q) such that, for all T € T, (),

lv = wli7 + 17| Jwlf 7

STz + Y > IFlRTe

T'€Sy(T) FedT} ,FCOT!

2. (3.8)

Lemma 3.4. There exists a linear interpolation operator Q from Pu,(Q) to V5,(Q), thus
HE(R), such that for all p € Pp(Q),

o=@l s Y { @+l @)+ 0 B)} YT ET(Q).  (39)
T'eSp(T)

s . 2
For ease of exposition, for any vector functions w = (w1, w2)",v = (v1,v2)" € (H*(Tp))",
we introduce a bilinear form as follows:

2 2
Ae’h(W,V) = Z {EQ/T Z &jwlaijvl +/T281w28w2}. (310)
] =1

TETL(Q) ij=1
Further we define a linear expansion operator I from L?(Q2) to (L2(Q))2:
Iw = (w,w)", Ywe L*(Q);
a linear interpolation operator L from V"(Q2) to (HQ(’EL))Q:

Lo" = (v", L") T, Vol e Vi(Q);
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and a linear functional F on (L? (Q))Q:

F(w) = (f,ws), Vw = (w,uw)’ € (L3(2))".

Note that (-, -) denotes the inner product in L?(£2) here.
Then (WP) can be rewritten as to find u € H2(2) such that

Ao p(Tu, o) =F(Iv), Vo€ HZ(Q);
and (DWP) is to find u" € VJ*(Q) such that
Ao p(Lu Lo™) = F(Lo"), Vol € V(D).
Now we are to establish the global estimator, which is a main result of this paper.

Theorem 3.1. Suppose Assumptions A1-A4 hold. Let u and u" be the solutions of (WP) and
(DWP), respectively. Then it holds that

Elu—u"3, + lu—Luu"}, S Y RT (W), (3.11)
Te€Th

Proof. Define for w = (wy,ws)" € (HQ('Th))2 the functional || - ||, to be

1/2
[Wllen = (*Jwr[3 5 + [w2lis) " (3.12)

It follows from the assumptions that || - ||, is a norm on THZ(Q) + LV (Q2) based on A, (-, ),
and the left-hand side of (3.11) is ||Tu — LuhHg’h. It is easy to check that the bilinear form A, p,
and the norm || - || 5 satisfy the assumptions of Lemma 2.2. Therefore, by the lemma,

e*|u — Uh|§,h + [u — Lhuhﬁ,h

F(Iv) — A p(Lu 1
< sup [F(T) (L, o) inf ||Lu® — Tw||. 5.
veEH2(Q) [Tv|lc.n weHF(Q)

We only need to estimate the two terms on the right-hand side.
Set v € HZ(Q). For v" € V(Q), we have that

F(Iv) — A (L™, o) = (f,v — Lpo™) — Ao (Lu”, To — Lo™).

Using integrating by parts, we have that, for ¢, 5,1 € {1,2},
/ aijuhaij(v - ’Uh) = —/ é)iijuhaj(v — ’Uh) + E,L-j;, (313)
T T
/ athuhal(’U — thh) = —/ 0”Lhuh(v — Lh’Uh) + ElT, (3.14)
T T
where
E;I.; = /T(aijuh — Uij)ai '(1} — ’Uh) —+ /T (Uijaij (1} — ’Uh) —+ &-vijaj (1} — ’Uh))
+ / 81(8”uh — vij)aj(v — ’Uh),
T
El = / (é?thuh — )0 (v — Lyv™) + / (vlal(v — thh) + vy (v — thh)>
T T

+ / OO Ly — ) (v — L™,
T
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for any v;j, v; € H'(2). By the divergence theorem, (3.13) and (3.14), we have

(fyv— Lyo" ) — Ae,h(Luh,Iv — Lo™)

963

Z / — 2 A%P 4+ ALyu) (v — Lpo™) Z / 2 A%y (v — Lyo™)

TeTh(2) TeTh(2)

P 2
+ Z /8T52$Au v—o Z {ZE2E£+;ElT}

TeTn(Q) TeTn(Q) tj=1
=1 + I + Is + I4.

From the assumption A1, we can choose v" € V*(Q) such that

t+1

—2(t+1—35
Soh T e S YD Wl YT ETHQ), t=0,5;
=0 T'e€SK(T)

the property of the interpolation operator L; and the inverse inequalities imply that,

Wpl" = Lo 4+ 0" = Lao" 17 S D b o
T'eSK(T)

Hence by (3.15) and (3.16), we can obtain that

o LBt o~ L3S Y Wfefanm, 1= 0.1
T'eSh(T)

Therefore, by the Schwartz inequality and the inverse inequality,

Ll s Y {If - A%t + AL oo — Lav" |7 }

TeThL(2)
Y {||f—82A2uh+ALhuhHT
TeThL(2)
) h2 1/2
xmm(hT,?T)( 3 {52|v|§7T/+|v|iT,}) }
T'eSK(T)
. 2 h%“ 2A2, h h12 1/2
S (X {min ()1 —28%" + AL} ) T,
TeT(Q)
1/2 1/2
Bl s Y {ehrllsr( Y SpBe) s (X hbEe)
TETL() T'€Sy(T) TeTHL(Q)

We have used the shape regularity several times, and once again for

9 —1/2 n
| 5o, < h s

Applying the Schwartz inequality, we get

1/2
LIS (> rbuEr)

TeT, (Q)

(3.15)

(3.16)

(3.17)
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By (2.10) and (2.11) and the inverse inequalities, we have that

Z EZ‘S Z {(Haz'juh*Uij||T+hT|’Uij|1,T)

TeT,L(Q) TeT,L(Q)
x(Jv = v"|o.r + byt —uh|1,T)}, (3.18)
Z EIT} S Z {(H@thuh —vtllr + hrlvli,r)
TeThL(2) TeTH(R2)
><(|v—thh|17T+h;1Hv—thhHT)}. (3.19)

By Lemma 3.3, given v”, thus Ljv", we can choose Vij, U € H'(Q) such that

060" = vis |17 + T |viz | 7

SEEA T A PR S N o 0 A

T'eSK(T) Feo1),FcoT’

0 L™ — w5 + T o]}

SITNOLw G+ Rl 3 2
T'eSy(T) FEdT,!,FCOT'

Therefore we derive that,

2 2
L= 3 {EQZEE;JrZEITH
TETH(Q) = iy=1 1=1
D SRR G (AT PR S SO0 eI S PO G
TETH(Q) T'eSK(T) T'€SK(T)
+ 2 {(mmat e+ Y T @at) Y k)
TeTHL(Q) T'eSn(T) T €Sn(T)
1/2
(X (SRt Bar+ I W) + B Lt B+ T (L) }) T,

TeT,(Q)

Combining all the inequalities above, and noting the arbitrariness of v € HZ(£2), we can obtain
by the Schwartz inequality that

|F(Iv) — Ac p(Lu”, Tv
sup

vEHZ(Q) [Tv][e,n

)‘5( 3 RT(uh))l/Q. (3.20)

TeTh(2)

We are to estimate in2f( : |Lu” — Twl|c. . We only need to choose a proper w” € HZ(§2) and
weHZ (2
to estimate the difference. Set 4" defined piecewisely as

uh|T, if hp <e,
~h
u |T =

Lyu"|7, otherwise.

Let w" = Qnu", where the operator @y, follows that in Lemma 3.4. For VT € 75,(f2), by the
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definition of 4" and (2.9), direct computation leads to that,
eu” — wh@,T + |Lpu" — whﬁ,T
{ e2uh — wh|§7T + |Lpu — wh|iT, if hy < g,

e2lulh — wh|3 ; + |[u" — wh|? 5, otherwise;

h|2

€2|ﬂh _ wh@,T + |ﬂh _ whﬁ,T + |uh _ Lhuhﬁ,T, it hy <e,
%,T + Wh —w" ]+ E2|uh - Lhuh@’T, otherwise;

e2|ah — wh|

2~h h)2 ~h h)2 2 r2
eflu" —w"(3 p + [u" —w" ] + by g |u"(3 7, if hy < ¢,

< T'eSK(T)
- e2|u — wh|§,T + Jah — whﬁ,T + &2 Z |uh|§7T/, otherwise;
T'eSK(T)
el — wh@,T + [a" — whﬁ,T + min(h%, %) Z |Uh|§,T/-
T’GS}L(T)

We point out here that, since the mesh is shape-regular, that 7" € Sy (T) (with hp < € < hp or
hr < e < hy) implies that hp < hp ( hp < hy S €). Taking summation on all the elements,
we have that

I — T2, S S {2 — w4 [T — 0”2+ min(hd, ) B}, (3.21)
TeTh(Q)
By Lemma 3.4 and the inverse inequality, we have for all T' € 7, (f2) that
i — w2 Shr Y (@ R @) i JE @} = 0,1,2.
T’GS}L(T)
Take summation, make use of the shape regularity and we will obtain that

Z {52|ah - wh@,T + [a" - whﬁ,T}
TeTL(Q)

< 3 {42t (T @) + B3IT @) + hgIE @)
TeT,(Q)
Utilizing Lemmas 3.2 and 3.1, we can derive from the definition that

hakJY (uM) + > Wy 30, ifhr <e,
T'€Sh(T),hpr >
hZJL (Lyuh) + Z hpu|3 0, otherwise;
T'€SK(T),hys <e
hakJY (uM) + > Wy 30, ifhr <e,

T'€Sh(T),hpr >

hZJL (Lyul) + E Wy u|3 0, otherwise;
T/ €Sh(T) hys <e

Jo (@) <

hpJi (") <

and
hAJE (M) + > Wy 30, ifhr <e,
T'€S),(T),hyr >e

E Wy | Lpu[3 70 + E Wpu"|3 7/, otherwise.
T'eSK(T) T'e€Sp(T),hypr<e

hpJy (@) <
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Therefore, on the elements where hy < ¢, we have that,

<
(h;2+52h (J ~h —|—h2 JT(~h) +hAJT (~h))
) (I () > whlBs)

T'e€Sp(T),hypr>e

< e2J7 (ul) + Z min(h3.,e%)|u"|3 2.7
T'€8, (T) hops >e

< (hy? 4+ &%hgt

Similarly, on the elements where hr > ¢, we can show that
(72 + ehp?) (I (@) + 3T (@) + Wb Jf @)
< JIT(Lhuh) + Z h2,|Lhuh|§7T, + Z min(h%,,€2)|uh|g,T,.
T’GS}L(T) T’GS}L(T),hT/ <e

Taking summation on all the elements and noting the shape regularity of the elements, we can
obtain the estimate from (3.21) that

> Pt - B+ L —w R |
TGT},(Q)

S > Wt + I (D) + W3 L B+ min(hF, e B} (3.22)
TeT,(Q)

Combining (3.20) and (3.22) yields the desired result. O

Remark 3.2. If the interpolation operator is identity, i.e., L;, = I, and VJ*(Q2) C H}(Q), then
the estimator can be simplified as

lu—u"3 ), + lu— "7,

4
< X0 B B+ IE ) + I ) in (3, U0 7 - %"+ A (3.2
TGT},(Q)

4. Efficiency of the Estimator

The reliability of the estimator has been proven, and it remains to show its efficiency. We
will demonstrate that the error estimators can be controlled by the true error up to an extra
term.

Lemma 4.1. Let w" € P.,(2). Then it holds for w € H3(Q) N HZ(Y) that

RT(wh) < Z {(52|w - wh|§7T, +|w— Lhw}l|iT,)
T'eSK(T)

h,

=) 17113} (4.1)
Proof. We shall estimate each term in the estimator respectively. Since w € H3(Q)NHZ(Q),

by the interpolation theory, there exists v € P.;,(f), such that

+ b3 (2|wl3 7 + w3 /) + min (hF.,

Zh2j| |JTNh4+2‘S|w|2+5 7, VT € Tr(Q), s € {0,1}. (4.2)
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Therefore, by the inverse inequality, we obtain that
|wh2T S |wh*”h|§,T+|U 3TNh ?lwh — h|§,T+|w|§,T
< hpl|w" — w|§T + hp?|w — ”h|2,T + |w|§T
< hpPlw" — w'%T + |w|§,T' (4.3)
Similarly, we can prove that
|Lpw"[3 7 Shy 7w — Lhwhﬁ,T + |w|§,T' (4.4)
Hence, also by the inverse inequality, it is derived that
in (b7, hp/®) | f — e2A%0" + ALpw"||7
< min (hTa h /) fIIF + b7/ A% |17 + hT”ALhwh”T
S min (b7, hy /)| fI17 + hge?[w" (3 3Tt h| Lpw" |3 T
< min (b7, hp/e*) | fIIF + (€*[w — "3 7 + [w = Lpw"[§ 1) + b7 (2wl3 1 + |wl3 7). (4.5)
Let F be a side of T. When F ¢ 99, there exists T’ € 7y, such that F =T'NT. For |a| = 2,

by the inverse inequality, we have that

HW%H

- [ =l 5 s = o -l
< hpt |w - Uh|2 TuT T hT|w|3,TUT’ S hptlw” - w|§,TUT' + hT|w|§,TUT’
with v" here chosen to satisfy (4.2). When F C 99, for |a| = 2, a1 < 2, by the inverse
inequality, noting that 02, w‘ » =0, we have
50" 7 = g = w) [ < og (" = ") + 050" — w7
S hytlwh —wv L|2,T + hT‘w‘S,T'

Then
TS Y lw-wGe+ Y Blw (4.6)

T'eSK(T) T'eSn(T)

Similarly, we can prove that

T (L") S Y w— Ly + Y w3 (4.7)
T'eSK(T) T'eSn(T)

As for the remaining term, we have the result that
min(h7, e )|wh|2 r < min(h7, %) (jw" — w|§,T + |w|gT)
< w — w3 ¢ + Wi |wl3 o (4.8)
Combining (4.3)-(4.8), we obtain the estimate (4.1). O
Lemma 4.2. Let w" € P.,(Q). Then for w € H3(Q) N HZ(Q) and w° € H*(Q) N H(Q), it
holds for all T € Tn(Q) that

RTw") s Y {(52|w — w3 + [Lpw — w°2 1)
T'eSK(T)

+ (ol + W B + B3 F113) (4.9)
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Proof. By the inverse inequality,
min (h7, hp/e?)|| f — e A% + ALy |7 S WE (|17 + €2 w3 7 + W7 | Lpw" 3 1.
Similar to (4.7), we can show that

H (L") S Y [’ = Law"3p + Y w3 (4.10)
T'eSK(T) T'eSn(T)

Using the same argument as (4.2) and (4.3), we can prove that
h2T|Lhwh|§,T < |Lpw" — w° %,T + b w® %,T-
As for the remaining, we have
w3 < e’ — wi3 p + 2wl 7.
Combining all the inequalities above together and noting that

TS Y w3,
T'eSp(T)

we obtain the conclusion. [
Define for T € 7;,(Q), w € H3(T) and w° € H*(T),
Ef (w,w°) = hi(*|wl3 ¢ + [wl3 7) +min (b7, b1 /) | fII7,
By (w,w®) = e®|w|3 ¢ + W |w’[5 o + hEI 17 + lw — w®[F 1.
Combining the two lemmas above, we can obtain the following upper bounds for the estimator.

Theorem 4.1. Let w" € P.,(Q). Then for w € H3(Q) N HZ(Q) and w® € H*(Q) N HE(Q) the
following estimate holds

Z R (w") £ 2w — w3 ), + |lw— Lyw" |3 ), + Z El (w,w®), k=1,2. (4.11)
TeTn(Q) TeTHL ()

By the theorem, the efficiency is proved once we have shown the equivalence between the
convergence of the true error and that of an upper bound of the estimator. In fact, the a poste-
riori estimator would be shown to be an optimal one if it could possess the same convergence
rates as the error itself. In the way similar to that of [16, 25, 30], we can prove the following
result.

Lemma 4.3. Assume that Assumptions A1-AJ hold. Let u and u” be the solutions of (WP)
and (DWP) respectively. If u € H3(Q) N HZ(Q), then

h4

h h .

elu—uM3 4 + llu— Luw"|3 , S 0P (€?[uli o + |uf3 o) + min (A%, =) 1£1%- (4.12)
So far, we have not seen an a priori estimate with sharper convergence rate for the noncon-

forming finite element methods. Making use of the extra term E{ we have the following optimal
estimation theorem by Theorem 4.1 and Lemma 4.3.
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Theorem 4.2. Assume that Assumptions A1-AJ hold. Let u and u" be the solutions of (WP)
and (DWP) respectively. Then if u € H3(Q) N HZ(Q), we have

: h*
Y RT(W") S Kl + ul3 o) + min (A%, =)/l (4.13)
TGT},(Q)

Remark 4.1. If ) is convex, then we can obtain the following robust estimation through more
careful arguments (see also [16, 25, 30]):

&llu—u|3 5 + llu = Lyu |13 5 < hIIFIE- (4.14)

Assume that u” is derived via some finite element method and satisfies assumptions stronger
than A1-A4, such as the modified Morley method and the modified Zienkiewicz method. There-
fore, applying the extra terms Ef when h < ¢ and EI when h > &, we get the estimation by
(4.14), Theorem 4.1 and Lemma 2.1 that

> BT Sh|fIIR. (4.15)

T€eTL(Q)

5. Numerical Examples

Several finite element methods of the type described in Section 2 have been applied to
the elliptic perturbation problems, such as the modified Zienkiewicz method and the modified
Morley method. The modified Zienkiewicz method is to make use of modified Zienkiewicz
element; we refer to [29] for details. For the lower order part, the interpolation operator is the
identity operator.

As for the modified Morley method, the finite element space follows the Morley element, see
[24]. When utilized to discretize the model problem, the interpolation operator Lj for lower
order part is no longer the identity. Instead, it uses the interpolation operator corresponding
to the Courant triangle; see [30].

The convergences of the two methods are guaranteed by Lemma 4.3.

The behavior of the estimator is illustrated for a representative problem in this section.
We shall solve the model problem numerically on an initial coarse mesh, and refine the mesh
according to the a posteriori error estimation, and repeat this procedure. The sequence of
meshes will be constructed adaptively by selecting for refinement all elements where the local
error indicator exceeds a pre-given threshold value. To refine a triangle T" when necessary, we
divide it into four sub-triangles by connecting the midpoints of the edges of T', and eliminate
the hanging points. The refinement strategy is shown in Fig. 5.1.

Example 5.1. The domain for computing is [0, 1] x [0, 1], and the model problem is
2 A%y — Au = f.
We set the solution of the model problem to be
u = (sin(mx) sin(71‘y))27

and f and the boundary conditions are chosen to satisfy the solution.
We make the parameter ¢ > 0 vary in the computations. The initial mesh is shown in
Fig. 5.2. In this example, the threshold value of the error indicator on each element is 1073.
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Fig. 5.1. The mesh-refine strategy. Left is the method to refine a chosen element, and right is the
method to eliminate the hanging points.

Fig. 5.2. Original triangulations before refinement. Left is on the unit square, and right is on the
‘L-’shape domain.

On each mesh, we compute the quantities ||u — u”|.; and R(u") at each element. A
numerical quadrature rule using seven quadrature points per element was used. In particular,
for those that are known to be piecewise polynomials, their numerical norms are computed
exactly.

Firstly we make the parameter ¢ vary, and the performances of the estimator are shown in
Table 5.1, where

ERR=|u—u"|.p, and EST= (> R"(u")"".
TeT,
All data are collected when the computation and refinements have stopped. We see that the
proportion between the error and the estimator is robust in the parameter, even when ¢ is small.
Fig. 5.3 shows the final meshes obtained with the modified Morley method and the modified
Zienkiewicz method.

Example 5.2. The domain for computing is still [0, 1] x [0, 1], and the model problem is (5.1).
We set the solution of the model problem to be

x

+y
V2e s

u=1—e

and f and the boundary conditions are chosen to satisfy the solution.

For this example, we set the threshold value to be 107°, and make £ > 0 vary. For each ¢,
we calculate ERR and EST on the final mesh and list them in Table 5.2. Fig. 5.4 shows the
final meshes obtained using two finite element methods with ¢ = 1074,
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Fig. 5.3. Final meshes of Example 5.1. Left is via modified Morley method, and right is via modified

Zienkiewicz method. £ = 1073,

Table 5.1: Performance of estimators with respect to € in Example 5.1.

modified Zienkiewicz method modified Morley method
€
ERRor | ESTimator | EST/ERR | ERRor | ESTimator | EST/ERR
107 | 0.0760 0.5531 7.28 0.1592 0.8790 5.52
1072 | 0.0275 0.1435 5.22 0.1384 0.7983 5.77
1073 | 0.0346 0.1606 4.64 0.1378 0.7837 5.69
107* | 0.0348 0.1615 4.64 0.1378 0.7835 5.69
Table 5.2: Performance of estimators with respect to € in Example 5.2.
modified Zienkiewicz method modified Morley method
€
ERRor ESTimator | EST/ERR ERRor ESTimator | EST/ERR
107! | 1.5117E-2 8.5072E-2 5.63 2.6503E-2 1.3489E-1 5.09
1072 | 1.4866E-2 8.3468E-2 5.61 2.5803E-2 1.3134E-1 5.09
1073 | 1.4964E-2 8.4590E-2 5.65 2.5635E-2 1.3048E-1 5.09
107* | 1.4853E-2 8.4344E-2 5.68 2.6492E-2 1.3483E-1 5.09
Table 5.3: Performance of estimators with respect to € in Example 5.3.
modified Zienkiewicz method modified Morley method
€
ERRor ESTimator | EST/ERR ERRor ESTimator | EST/ERR
107! | 1.9456E-2 1.3366E-1 6.87 4.4615E-2 2.2749E-1 5.77
1072 | 1.2334E-2 8.5135E-2 6.90 3.5617E-2 2.0948E-1 5.88
1073 | 8.4258E-3 4.7328E-2 5.62 3.3513E-2 1.9964E-1 5.96
107* | 7.3541E-3 4.0581E-2 5.62 3.3112E-2 1.9113E-1 5.77

Example 5.3. In this example, the governing equation is (5.1) and the computing domain is
the closure of ([0,1] x [0, 1])\([0.5,1] x [0.5,1]). We let the solution of the model problem be

_ (2-0.5)24(y-0.5)2

u=1—e

€
)

and choose f and boundary conditions correspondingly.
The initial mesh is shown in Fig. 5.2, and we follow the refinement strategy as in the previous

two examples. We set the threshold value to be 10~° and make ¢ > 0 vary. For each ¢, we
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Fig. 5.4. Final meshes of Example 5.2. Left is via modified Morley method, and right is via modified
Zienkiewicz method. ¢ = 1074,
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Fig. 5.5. Final meshes of Example 5.3. Left is via modified Morley method, and right is via modified
Zienkiewicz method. € = 104,
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Fig. 5.6. Final meshes of Example 5.4. Left is via modified Morley method, and right is via modified
Zienkiewicz method. € = 107,
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calculate ERR and EST on the final mesh, which are listed in Table 5.3. Fig. 5.5 shows the
final meshes obtained with ¢ = 1074,

Example 5.4. In this example, the computing domain is also the “L-”shape domain as the
previous example. The problem is the model problem (5.1), and we set f = 1 and choose
homogeneous boundary conditions.

We set the threshold value to be 10~ and make € > 0 vary. Fig. 5.6 shows the final meshes
obtained with each method, € = 1074,

6. Analysis on the Local Behavior of the Estimator

In this section, we provide an analysis for the local behavior of the estimator. We mainly
follow [32] and [31].
Given a function p € C°°(Q), we introduce the bilinear form

Ah,p w, V = Z / Z awwlamvl + Z@lw26lv2)
TeTh(2) 4,j=1

where w = (wq, wg)—r7 v = (v1, )T € (HQ('T;L))2 For technical reasons, the following lemmas
are needed.

Lemma 6.1. Let A2 and A3 be true. Let G be a subdomain of Q and ¢ € C°(Q) with
supp(¢) CC G. Then fori,j € {1,2} and any v,w € HZ(Q) + VI(Q),

Z /&jwpw < Z (hrlvlz,r + [v]ir) (

TeTH(S) TeSH(G)

) (6.1)

Proof. Let IIY be the Clément interpolation operator from L2(Q) to Pix (), Pix(2) the
linear finite element space when the triangulation consists of triangles and the bilinear finite
element space when each cell is a rectangle. For w € HZ(2) + VP (), I (pw) € HY(), and
the weak continuity assumption A3 gives

S

SohHlpw -1 (ew)2e S > Bplewlie, s=1,2, YT €T,(Q).
j=0 T'eSn(T)

Then from the consistency assumption A2, and approximation property, we obtain that

/ awvgaw‘ =

/ D vITE (pw) + 0,00, 115 (cpw))

TETH(R) TeT,(Q)
- / D0, TS (pw) + / 8”1) ow — Hc(gow))‘
TeTh(Q) TeTh(Q)
S Y (hrlolea |1 (pw)], 4+ ol 05 (pw)], .+ B lolarlpwlar)
T€eSKL(G)
S Y (hrllr(lewlr +hrlowlsr)
TeSK(G)

+lvl1r (lpwl,r + hrlpwl2r) + h2T|U|2,T|90w|2,T>-

Therefore the lemma follows. O
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Lemma 6.2. Let A2 and A3 be true. Let Qy be a subdomain of Q, and p € C° (ﬁ) with
supp(p) CC Qo. Then for v, w € (H3(Q) + VJ(Q)) x (HZ(Q) + LV (),

Anp0) S Anv )|+ Y {BSlnle + ol + el (62)
T€Sh(Q0)
2 1/2 2 2 2\ /2
A (v, 22 W)] S [Anp(viw)] + (Anp Vi) 2 (D i+ wsF)
T€SK(Q0)
+ 3 {0l + o) (el + i)} (6.3)
TeSh ()

Proof. Direct calculation leads to that
00105 (p*w1) = p?0ijv10ijw1 + 0ijv10; p* w1 + 2p0;v1(Dipdjwy + w1 ;p),
01020, (png) = P20 wadyws + 20120 pwo.
Then we have

2
A}L(V,pQW) = Ap (v, w) + Z {52 Z / aijvlaiijwl
T

T€Sr(0) i,j=1

2 2
+52 Z/2p6ijv1(8iw16jp+6ip6jw1)+ Z/Zpé)wgé)lpwg}.
T T

ij=1 i.j=1

Thus by Lemma 6.1 and Schwartz inequality, we obtain (6.3). The estimate (6.2) can be
obtained in a similar way. [

Theorem 6.1. Let A1-A be true. Let D be a subdomain of 2, and Qg be a subdomain of Q
such that D CC Qq. If u and u" are the solutions of (WP) and (DWP) respectively, then

e%lu — Uh|§,h,D +|u— Lhuhﬁ,h,D

S > {RTW) + Rl - B+ -t + e - Lo 3} (6.4)
TGSh(QO)

Proof. Let p € C>(Q), with supp (p) CC Qp, and p|p = 1. Then it is obvious that
e2|u — uh|§’h7D + Ju — Lhuhﬁ’mD < App(Tu — Lu” Tu — La™).
It follows from Lemma 6.2 that

App(Tu — Lu" Tu — Lu™) < |Ap (Tu — Lu", p?(Tu — Luh))‘

+ Y Pl + e — WM+ e — LR} (65)
TESKh(Q0)

For w € H3(), we have that

A (Tu — Lu, p?(Tu — Lu™))
= Ap(Tu — L, p*T(u — w)) + Ap (Tu — Lu”, p?(Tw — Lu™)). (6.6)
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Similar to (3.12), we define || - ||, 7 and || - ||c,¢, where G is a subdomain of Q. As for the
second term in the right-hand side of (6.6), by Lemma 6.2, we can derive that

‘Ah (Tu — Lu", p?(Tw — Luh))‘
S |Anp(Tu — Lu”, Tw — Luh)\

1/2
+Ap,,(Tu — Lu" Tu — 1/2< Z {€2|wfuh| +Hw*LhuhH2T})
TeSK(Q0)
b (Wt fu— R+ W — a3+ o — )
TGSh(QO)
< App(Tu — Lu” Tu — Lu™) 1/2( Z {Tw — LuhH
TeSK(Q0)

1/2
e2fw — w3 g+ Jw - Dy |3}
+ Y (Bl B+l u B B = WM+ o — |3 ). (6.7)

T€Snh(Q0)
Using the same argument as that in the derivation of (3.20), we have
1/2
(=Lt 2l - w)| S (3 RT@)) 1PN - w)len, (68)
TGSh(QO)

Note that

1P X(u = w)I[2 oy < Anp(Tu — Lu" Tu — Lu") + &2[lu — u"[F 5 o,

Hlu = Lnut [, + e u” —wll3 o, + ||w = Lnu 17 1.0
Hence combining (6.6)-(6.8) gives

Ah,p(quLuh,quLuh)§Ah,p(quLuh,Iu7Luh)1/2< Z {RT(uh)
T€Sh(Q0)

1/2
HITw = L |2 7+ 2w = w3 7+ [l — Lou" |3 })
+ > {RT(uh) + 2T lu — ut |3 7+ e flu — uP |+ flu— Lpu®||7
TESKh(Q0)

et w — "+ ¥ — u R+ ¥l =t -+ o — Lo 3 -
So by the arbitrariness of w € HZ(£2), as we have dropped the terms with higher order, we
derive that

Ay p(Tu — Lu” Tu — Lu™)

SR DR F e B e T P e AT 3
TGSh(QO)

+inf (2t = wl g0, + 1Law" — wl g, )- (6.9)

weHZ(Q)
u”, if hp <e
~h o
u |T =

Lyu",  otherwise,

Again we set piecewise
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and w" = Quu" as in the proof of Theorem 3.1. Then via a similar argument, we can estimate

h h

the differences u" —w" and Lpu" —w

the higher order terms. [

simultaneously, and derive the conclusion after dropping
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