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Abstract

In this paper,we will prove the derivative of tetrahedral quadratic finite element ap-
proximation is superapproximate to the derivative of the quadratic Lagrange interpolant
of the exact solution in the L°°-norm, which can be used to enhance the accuracy of the
derivative of tetrahedral quadratic finite element approximation to the derivative of the
exact solution.
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1. Introduction

Recently, J.H. Brandts and M. Kiizek [1] discussed the superconvergence of tetrahedral
quadratic finite elements. Their work focused on the superapproximation of the gradient of the
quadratic finite element approximation to the gradient of the quadratic Lagrange interpolant of
the exact solution in L2?-norm. For the same model problem, utilizing the theory of the discrete
Green’s function, this paper studies the superapproximation in L°°-norm.

2. Preliminaries

Let Q be a convex bounded polyhedral domain in R? with Lipschitz boundary and denote by
Wk P(Q) the usual Sobolev spaces of functions having generalized partial derivatives up to order
k in LP(Q) and their usual norm and seminorm by || - ||%,p and |- |, p, respectively. In addition,
we denote by Wy ?(Q) the subspace of W1 ?() with suppu C € for each u € Wy ?(€). In
particular, we set

HNQ) =Wh2(Q),  Hi(Q) = Wy ()
Flle =1 le2s [ e =1 k2

In this paper, let 7" be the same uniform partition of  into tetrahedra as in [1], and
h be the largest diameter of all element E from the partition 7". Relative to the partition
T", let SF be the k-order finite element subspace of H'(f2), and set S§, = SF N H(Q).
Let Ly : H?(Q) — S} be the linear Lagrange interpolation operator on the vertices of the
tetrahedra, and Qp, : H?(2) — S? be the quadratic Lagrange interpolation operator on the
vertices and midpoints of edges of the tetrahedra.
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Now we introduce the subspace th C Sgh of so-called quadratic bubble functions, defined
by
Bg, ={(I—Lnv|veSs}.

This definition induces the following space-decomposition
Son = Son © Bi,

which expresses that each v € S’gh can be uniquely written as [ + b with [ € Séh and b € th
(cf. [1]). This decomposition will be used in our main results. Obviously, B3, is spanned by
the basis ¢;, (i =1, ---, M), where each 1; € Sg,, has a positive value at the midpoint of the
internal edge e;, has norm |¢;|; = 1, and vanishes at all other edges.

Next, we define discrete § function 8% € S3,(Q), discrete derivative § function 9,6 €
S2,(Q), L? projection Pu € S2,(Q2) of u € L?(Q), discrete derivative Green’s function 9,G" €
S2,(2), and derivative zhun Green’s function 9,G% € Hg(Q) as follows [2]:

(v, 6") = w(2), Yo € 52,(Q)

(u — Pu, v) =0, Vv € 53,

(v, 0,6) = dw(2), Vv € S,
(VO.G, Vv) = dv(z), Vo€ S%,(Q)
(VO,G%, Vv) = (0,6, v),  Yue HYRQ)

z

where S2, (2) C H{(Q) is the quadratic tetrahedral finite element space. Obviously, 8,G" is
the finite element approximation to 9,G%.
In addition, for u € HJ(£2), we can easily obtain

(VO.G%, Vu) = (0,0, u) = (0.0", Pu) = 9, Pu(z).
Further, the following stability estimate holds
[Pull1,q < Cllullr,q for 3 <gq<oo,

which can be similarly proved as Corollary 2 in Zhu,Lin[2, pp104].

Finally, we will give the following two fundamental assumptions which are needed in next
sections (cf. [2,3]):

(Al). For the model problem (1) considered in Section 3, there exist 1 < go < oo and a
constant C(p) such that the following a priori estimate holds

lull2.p.0 < CO)IFll0.p.0; V1 <p < g0, w € WHP(2) N Wy "(Q).
(A2). For each v € W24(Q) N W, %(Q) there exists a y € SZ, such that
o= xl.g < Chllulla,g for 1<q<cc.

In this paper we shall use letter C' to denote a generic constant which may not be the same
in each occurrence.

3. The Tetrahedral Quadratic Finite Element Method

Let us consider the following boundary value problem

—Au=f, inQ
{ u =0, on 012, (1)



Uniform Superapproximation of the Derivative of Tetrahedral Quadratic Finite Element Approximation 77

and the associated weak formulation is

(Vu, Vv) = (f, v), Yo € Hy ().
The finite element method is to find uy € Sgh such that

(Vun, Vo) = (f, v), Yo € Sg,.
Clearly, there is Galerkin orthogonality relation

(V(u —up), Vv) =0, Vv € S3,. (2)

4. Some Propositions and Lemmas

In this section, we will introduce some propositions and lemmas that are needed in the proof
of our main theorem.
Proposition 1. Suppose T" is a uniform tetrahedral partition, and Qy, is defined as in Section
2. Then for all v € W3 >(Q) and each element E from the partition T", we have

[v—Qnvl1, 00, B < Ch*[0l3, o0, - (3)

Proposition 202 (Sobolev integral identity) Let Q@ C R™ be a bounded open domain,
S C Q a closed ball such that ) is star-shaped with respect to S, and uw € C™ (). Then u(x)
can be expressed by

wo)= Y (w37 Qule D (),

la|<m—1 la|=m

where 1o (u) is a linear functional on C™(Q) defined by

lo(u) = A Ca(y)uly) dy,

and (o (y) is a continuous bounded function with respect to variable y with |a] < m — 1. More-
over, Qq(x, y) with |a| = m is a bounded infinite-times differentiable function with respect to
variables x and y. In addition,

n

r=lr—y|l= Z|xjfyj|2 for xz, y e Q.

j=1
Proposition 3. Let uy, be the finite element approzimation of u € H?(Q), then
lu—unllo < Ch?||ull2,

and
|u—unlr < Chllull2.

Lemma 1. Suppose 0.6" is defined as in Section 2, then
108" (x)| < Ch=4e=Ch =2l vz, 2 € Q, (4)

and \
Haz(SZHO,q < Ch_4+3, Jor 1 <q < oo, (5)
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where C' is a positive constant independent of x,z and h.
With the same argument as in [2] (cf. [2], Theorem 3.6, 100-103), Lemma 1 can be easily
proved.

Lemma 2. Suppose k > 1, qo > 2, and 0.G* and 0,G" are defined as in Section 2, then we
have

-G — 0.G 1., < Ch7 ™, (6)
where C' is a positive constant independent of z and h, and 2 < p < qq.

Proof. Let g = 0.G%, gn = 0.G", and g1 be the interpolant of g. Then by (5), interpolation
error estimate, and a priori estimate, i.e., assumption (A1), we obtain

3_
lg = g1ll.p < ChlIV2gllo,p < Ch[|8:6% 0, < Ch7 7.
Further, by inverse estimate we have

3_3
lgr — gnlli,p < Chr ™2 |lgr — gnll1, 2

However, by Proposition 3, Lemma 1, and the triangular inequality, we obtain

lgr —gnlli,2 < lgr —glli,2 + 119 — gnll1,2

< Chllgll2,2 + Chlgll2,2

< Ch1026% 0,2

< Ch™ 3.
Thus,

3_
lgr — gnll,p < Ch¥ 2.

As a result,

3 _
lg = gnllip < llg—grlltp+ lgr — gnll,p < Chr 2.

Hence, the proof of Lemma 2 is completed.
Lemma 3. [|0.G%|lo < Ch~2|Inh|3.
Proof. Setting g = 0.G%, gn = 0.G! and taking w € H}(f2) such that
(Vo, Vw) = (v, g), Vo € Hy (%),

by the stability estimate we obtain

913 = (9. 9) = (Vg, Vw) = 9. Pw(z) < |w

1,00 (7)

where Pw is the L?-projection of w.
By Proposition 2, we derive

w1, 00 < Clg)[[wll2,q,

where C(q) < C(q—3)"3, (¢ — 3+0).
Hence, by a priori estimate, we have

w1, 00 < Clg—3)"%lgllo,g, for 3<q< g 8)
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For 3 < ¢ < qo, taking 1 < ¢ = qqu < 2, then by assumption (A2), there exist v €

W24 (Q) W (Q) and x € 53, such that

lg—gnlld., = (lg—9nl" "sgnlg —gn), 9 — gn)
= (Vv, V(g9 —gn))

(V(v—=x), V(9 — gn))

Cllv = xll1,a'llg = gnll,q

Chllvll2, ¢ lg — gnl

IAIA

1,9
By a priori estimate again, we have
_ -1
lvllz.q < Clllg = gnl"H |y, < Cllg = anllE 4

Thus, it follows that
lg = gnllo.q < Chllg — gnll,q-

By Lemma 2 and inverse estimate,

3_
lg = gnllo,q < Chllg = gnll1,q < Cha~2, (9)

and .
lgnllo,q < Cha™Z|gnllo,2- (10)

From (9) and (10), using the triangular inequality, we derive
3_ 3_3
lgllo.q < Cha™2 + Cha~%lgnllo,2- (11)
Therefore, from (7), (8) and (11), we obtain
3 _2,3 3
lgllf < Cla=3)73h172 + Clg = 3) 731~ |lgnllo

However, by Proposition 3, Lemma 1, and the triangular inequality, we have

lgrllo < llgn — gllo + llgllo
< Ch?||gll2 + llgllo
< Ch?)106%lo + llgllo
< Ch™% +]igllo

Thus,
_2.,3_ _2.,3_3
lgllg < Clqg—3)"5ha 2+ Clqg—3)"5ha 2|gllo

By Young inequality, we have
3 3
lgllo < C(q—3)4ha .

Since C' is independent of ¢, in particular, taking ¢ = 3 + (1n %)_1, we obtain
lgllo < Ch™2 5.

Therefore, Lemma 3 is proved.

Remark 1. In fact, for a general convex polyhedral domain, we have known gy > 2. However,
if the biggest dihedra of the boundary of a convex polyhedron is smaller than gw, one can
discover gy > 3 (cf. [4]).
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Lemma 4. [|0.G% — 9,G"|o < Ch™ .
Proof. By Lemma 1, a priori estimate, and L? estimate,

10.G% — 8.G"||o < Ch?||0.G%||o < Ch2(|8.0" o < Ch? - Ch=**3 < Ch™3.

Thus, the proof is completed.
Lemma 5. Let T" be a uniform partition, {¢;} and {1;} be the basis functions sets of S¢;, and
B2, respectively. Then for all cubic polynomials p, we have

and
(V(p - th)a vd%)sl =0, (13)
where T; = supp ¢;, and S; = supp V;.
Remark 2. (13) has been proved in [1], and (12) can be similarly proved.
Lemma 6. Let vy, € SOQh. Then vy, =l + by,

brlo < Clonlo (14)

and

llhlo < Clonlo, (15)

where Uy, = Lyvy, € Séh and by, = (I — Lh)vh € th.
Proof. By the interpolation error estimate, there exists a constant C' > 0 such that

|(I — Lp)vrlo, & < Clonlo, B,

i.e.
|brlo, < Clvnlo, E-
Summing over all elements in the partition 7" proves (14). Applying the triangular inequality
and lp, = vy, — by, we immediately obtain (15).
Lemma 7. Under the conditions of Lemma 5 and Lemma 6, let 1, = Y, Bi¢; € S&h and
b, =Y, ;b € Bay,. Then,
> 1Bl < Ch™%|lu]o (16)

and

> Jai] < Ch™F bl (17)

K2

Proof. First define an affine transformation by
F:3€E—z=Bi+bcE

such that

E = F(E),
where B = (b;;) is a matrix of order 3 x 3. Then, writing 9(2) = v(Fz2), for all v € L*(E), we
have )
0]o, p < CldetB|™2[v]o, (18)

and )
[vlo, 5 < CldetB|z[0], z, (19)

moreover,

|detB| < Ch? (20)
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(cf. [2] 79-81).
By the equivalence of norms in the finite-dimensional space, we have

> "18il < Clinly 5

and

Z || < Clbaly, -
From (18), (20), (21), and taking v = 5, we derive
Z 16i] < Ch7%|lh|0,Ea
which proves (16) by summing over all elements. (17) can be similarly proved.

5. The Main Theorem

81

Theorem. Let u € W4 (Q), uy, be its tetrahedral quadratic finite element approzimation, and

Qnru the quadratic Lagrange interpolant of u. Then we have
lun — Quuli, 0o, 0 < C(u)h®| k|3,

where C(u) is a positive constant independent of h.

Proof. Since 6ZGZ S Sgh having decomposition 8ZGZ =l + by, with I}, = Lhang S S&h

and by, = (I — Lp)0,G" € th is the finite element approximation of 9,G}, we have

Oun — Qru)(z) = (VO.G", V(up — Qnu))
= (VO.G%, V(u— Qpu))
(Vip, V(u—Qpu)) + (Vbr, V(u — Qpu)) .

Let I, = >, Bi¢; and by, = Y, ay1);, then by (14) and (16), we obtain
218 [ (Voi, V(u— Qnu))

O3 o - (V65,9 = Queo)|
Ch=310.G -| (90, V(I = Quu)y .

|(Vin, V(u— Qnu))

VAN VANRVAN

where T; = supp ¢;.
By Proposition 1 and Lemma 5, for all cubic polynomials p, we obtain

(Vo5 VI = Qu)u)y,| = |(Ves, VT = Qn)(u—p))y,

IV = Qnr)(w =)o, 0o 1, - V5o, 1.1
Ch3|u —Pl3,00,1; - Ch?
Ch4|u—p|31m7Tj.

ININA A

Let p be the cubic Lagrange interpolant of u, then
(Vé;, V(I = Qu)u)y, | < CR°uls, 00,1, < CR°Jul4, 0, 0.

Further, applying Lemma 3, Lemma 4, and the triangular inequality, we derive

10.G"|o < Ch™7|Inh]3.

(23)

(24)
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From (24), (26) and (27), it follows that

(Vin, V(u— Quu))| < Ch® [Inh|? |uls, oo, 0- (28)
Similarly, we can obtain

|(Vbn, V(u— Quu))| < OB [nh? Juls, o, . (29)

Finally, Theorem follows from (23), (28) and (29).
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