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Abstract

In this paper, the numerical solutions of heat equation on 3-D unbounded spatial do-
main are considered. An artificial boundary T' is introduced to finite the computational
domain. On the artificial boundary I', the exact boundary condition and a series of approx-
imating boundary conditions are derived, which are called artificial boundary conditions.
By the exact or approximating boundary condition on the artificial boundary, the original
problem is reduced to an initial-boundary value problem on the bounded computational
domain, which is equivalent or approximating to the original problem. The finite difference
method and finite element method are used to solve the reduced problems on the finite
computational domain. The numerical results demonstrate that the method given in this
paper is effective and feasible.
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1. Introduction

Numerical solutions of heat equation on unbounded 3-D spatial domains are considered.
This kind of problems originate from the heat transfer, fluid dynamics, astrophysics, finance or
other areas of applied mathematics. Because of the unboundedness of the physical domains,
how to numerically solve these problems efficiently is real a challenge.

Strain [14] developed a method to solve the parabolic equations on unbounded domains,
which combines the fast Gauss transform with an adaptive refinement scheme. This method
can solve heat equation with large timesteps, especially for highly nonuniform or discontinuous
initial data.

Artificial boundary method [3, 4, 10, 11] is a powerful tool of the numerical solution for
the boundary-valued problems on unbounded domains. By introducing an artificial boundary,
the domain is divided into two parts, a finite computational domain and an infinite domain.
A suitable boundary condition is imposed on the artificial boundary, such that the solution
of the problem with the suitable boundary condition on the artificial boundary on the finite
computational domain is a good approximation of the original problem.

For the elliptic problems on unbounded domains, there are many approaches to construct
artificial boundary condition to solve them [5, 10, 11, 12], but for the parabolic problems on
unbounded domains there are only a few results related to the artificial boundary conditions.
L. Halpern and J. Rauch[7] proposed a family of artificial boundary conditions for parabolic
equations on unbounded domains, which are local in time, and there are many auxiliary func-
tions involved in the artificial boundary conditions. C. J. Zhu and Q. K. Du [15] studied the
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parabolic problem on an unbounded domain by a semi-discrete approach in time. On each time
step, they used the nature boundary element method to solve an elliptic problem on unbounded
domain. Recently, H. Han and Z. Huang [8, 9] gave the exact boundary conditions for the heat
problems on unbounded domains in one dimension and in two dimensions. Furthermore, a
series of artificial boundary conditions are given. Han and Zheng [13] derived the nonreflecting
boundary conditions for acoustic problems in three dimensions.

In this paper, the exact boundary condition is derived on the given artificial boundary I" for
the parabolic problem on unbounded three dimensional spatial domain, that is, the relationship
between g—z |F and %‘r is given. Moreover, a series of artificial boundary conditions with high
accuracy are obtained. By the artificial boundary conditions, a family of approximate problems
of the original problem on the bounded computational domain are constructed. The stability
of the approximate problem is proved. Finally, numerical examples manifest the feasibility and
effectiveness of the given method.

2. The Artificial Boundary Condition

Let D C R? denote a bounded domain, namely D C B(0,a) = {z € R? | ||z|| < a} with
a > 0. Suppose

D¢ =R3\D, QI =D¢x(0,T], To=0D x (0,T).

Consider the following initial-boundary value problem:

% — Au= f(x,1), (z,t) € QF (2.1)
ul, = g(x, ), (z,t) € Iy, (2.2)
ul,_, = ug(x), x e D°, (2.3)

t=
u— 0, when ||z|| — +o0, (2.4)

where f(z,t), g(z,t) and ug(x) are given smooth functions and f(x,t), uo(x) vanish outside the
ball B(0,a), namely

flz,t) =0, wup(z) =0, if ||z]| > a.
We introduce an artificial boundary I' = {(x,¢) | ||z|| = 0,0 < t < T} with b > a to divide
domain Q7 into two parts,
or {(z,t) | x € D and ||z|| < b,0 <t < T},
Q% = {(t) |zl 2b0<t<T}
If we can seek a suitable boundary condition on I'; problem (2.1)-(2.4) can be reduced to a

problem on the bounded computational domain Q7. In the sphere coordinate, the restriction
of the solution u(r, 8, ¢,t) of problem (2.1)-(2.4) on the unbounded domain QI satisfies

ou Pu  20u 1 1 9 ,. ,0u 1 9%

5 = WJ“FEJW_?smo%(SlM%Hiﬂ 20907 (r,0,6,t) € QL (2.5)
Uz = u(b,0,0,1), (2.6)
uli=o = 0, (2.7)

v — 0, when r— +o0, (2.8)

where QT = {r > b,0 € [0,7],¢ € [0,27],t € [0,T]}.

Since u(b, 8, ¢, t) is unknown, problem (2.5)-(2.8) is an uncompleted posed problem; it can’t
be solved independently. If u(b, 0, ¢, 1) is given, problem (2.5)-(2.8) is well posed, so the solution
u(r,0,¢,t) of (2.5)-(2.8) can be given by u(b, 8, ¢,t).
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Let
u(b,0,0,t) = {ano P?(cos 0)

Z P (cos0) (anm( ) cosme + by (t) sin qu) } , (2.9)

where P (cosf), (n=1,2,--- ,m 1— 1,2, ) are the Associate Legendre functions[1] and
anm (t) = (2n + 711 ) /277/ (b,&,9,t) P (cos &) cos map sin Edédrp,  (2.10)
bum(t) = (2”2: o = = / " / (b, £,9, 1) P (cos €) sinmyp sin £dédy. (2.11)

Let the solution of problem (2.5)7( .8), u(r,0,¢,t), b
u(r.0,¢,t) = W - ,i {WP,?(COS 0)
+ i P! (cos0) (unm(r, t) cosmep + v (1, 1) sin mqb) } . (2.12)
m=1

Substituting (2.12) into (2.5), we obtain:
(i) wuoo(r, t) satisfies the following initial-boundary value problem:

Ouoo Dugy 2 dugo
= - b t<T 2.1
ot or? +r or '’ r>b60<tsT (2.13)
uoolr=b = aoo(t), (2.14)
ugolt=0 = 0, (2.15)
ugp — 0, when 7 — +00. (2.16)
(ii) Unm (7, t) (Or vpm (1, t)) satisfies the following initial-boundary value problem:
oG 9?°G  20G  n(n+1)
G _ 206 _nn+l) <T 2.1
5 72 T35 = G, r>b0<t<T, (2.17)
Glr=b = apm(t)(or bym(t)), (2.18)
Gli=o = 0, (2.19)
G — 0, when r — +o0. (2.20)
In [2], we have the solution uoo(r t) of problem (2. 13) (2.16), which is given by:
—-b)°, _
(1) = o / - ) et dp, (2.21)
and
8UO0 8@00 1
bt r= 2.22
T b,t) = fummlr—s — = / ) (222

We now consider the initial-boundary value problem (2.17)-(2.20). First consider the fol-
lowing simplified problem:

oGy, 9?G,  20G, n(n+1)
- S8 - bo<t<T, 2.9
ot or? + r or r? ¢ r>50< (2.23)
Gnlry = 1, (2.24)
Gult=o = 0, (2.25)
G, — 0, when 7 — +o0. (2.26)
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Let )
Gp(r,t) = e " tw(r). (2.27)
Substituting (2.27) into (2.23), we have
Pw 20w 5 n(n+1)
— 4 22= — 2 N =0. 2.2
or? +r5r+(u r2 Jw=0 (2.28)

Equation (2.28) has two independent solutions:
wi(pr) = [ 5= g2 (), }

w2 ,u’/’ — 4/ QNTYnJrl/Q

G 1) = %/Ooo -2t Wi(pr)wa (pb) — wi(pblws(ur) dp (2.30)

(2.29)

Let

wi (pb) + w3 (1b) n
It is straight to check that G.(r,t) satisfies equation (2.23) and
Gu(r,D)lr=p = 0,
G.(rt)i=0 = tETO G (r,t)

/°° wy (pr)wa (pub) — wi(pb)ws (pr) dp
0 wf (ub) + w3 (ub) 7

)1/2 % Jns1y2(r) Vg2 (ub) = Yoga 2(pr) Jns1/2(ub) du
T2 2 i) + V2, (D) r
_ ﬁ) - b
.

The last equality is from [[6], formula 6.542]. Let

Gn(r,t) = (g)nﬂ + Ga(r,t), (2.31)

then G, (r,t) is the solution of problem (2.23)-(2.26). By Duhamel’s theorem we obtain the
solution (7, t) (or vy, (r,t)) of problem (2.17)—(2.20)

t
Unm (T? t) = / Anm ()\)ﬁGn (7", t - )\)dA
0 ot

2
m
2
m

S|

t
0
= —/0 anm()\)aGn(r,t—/\)dA

A=t t
= —apm(N)Gp(r,t — )\)‘ + / 7danm(d)\) Grn(r,t — X)dA
0

A=0 A
b danm(N)
= ———2Gp(r, t — N)dA. 2.32
/0 o Onlr ) (2.32)
Similarly we have
t
Vnm (7, 1) :/ MGn(r,t—)\)dA. (2.33)
0 dA
Furthermore we get
8U7Lm ¢ danm(A) 8Gn (’I", t— A)
= d\ 2.34
87’ r=b /0 dA a’]" r=b ( 3 )
n+1 4 P dapm(N) /°° e H (=N gy
= - Anm(t) = —5 [ — dX(2.35
TR Sl I v R 0 B e )|
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On the other hand,

vt g o= AVET e de
m2b 0 /‘[J121+1/2(Mb)+y+1/2(ub)] 72 b 0 Jn+1/2(§)+Y+1/2(§) &
= Hoprpalt/1?). (2.36)
Combining (2.35) and (2.36), we have
8unm n+1 K aanm()\) Hn+1/2(tb__2A)
= - nm(t) — d. 2.37
or ey AUl M N (2:37)

Similarly we obtain

_ o n+l, ()_/fabnm(A)HnH/g(%—?)
0

OVpm
= dA. 2.38
o\ VA ( )

or lr=b B b
From (2.12), we have the exact boundary condition on T'y:

ouf 10w
orle=y 2 37“

+Z

r=b
]. 8un0

Oun, v
0 m nm .
P( mg 1 P (cos0) ( 37“ cosmeo + o sin mqﬁ)] .

S / Gan(X dA
= ) -5 B} ,/—t_

n+1a (t)—/ danO()\)HnJrl/Q(tl?_;\)
b o A\ Vi-a

1
3 d\| P%(cos6)

+)
n=1
+2.
m=1

b
Edapm (A dbrm(N) . H7L+1/2(_t;2A)
— -~ 7 + - - Y
/0 N cos mao N sin qu) N

ou
= & <u - E|F) . (2.39)

where I' = {(z,t) | ||z]| = b,0 <t < T}. By the addition theorem of Legendre functions [6]:

n [_ n+1 (anm (t) cosme + by (t) sin m¢)
< ) dX

P (cos0) }

Py.(cosy) = P%(cos £)P?(cos 6) + 2 Z Pm (cos &) P (cos B) cosm(v) — ¢),
m:l

where

cosy = cos € cosf + sin € sin O cos(y — @),

we can simplify the formula in (2.39) into:
u 1 AR |
Sl = L6 S / / Wev ="

—Z{%/ (b, . 1)Pa(cos)dS% o

Hyp1/0(5%
2n+1//8ub§¢, —— ni1y2(5 )d/\}

VAR

o <u|r,a—;‘|r> . (2.40)
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This is the exact boundary condition satisfied by the solution of problem (2.1)-(2.4). Therefore,
problem (2.1)-(2.4) is equivalent to the following initial-boundary value problem on the bounded
domain Qf = {(r,0,¢,t) € Qf |r < b} with Q; = {(r,0,¢) € D°,r <b}.

ou O%u  10u 1 1 90,. Ou 1 0%u T
3 = o2 ror e op) T matgag (MO0 €N 24D
ulp, = g(6,9,t), (2.42)
ou ou
i, = O <u|F, E|F) : (2.43)
| (2.44)
If we take the first few terms of the above summation, namely for N =0,1,2,---
ou B ou(b, f 0, A 1
arlr=p 47rb (b &9, 0dSew = o 3/2/ / S“’ N
N
B (n+1)(2n+1)/
Z {—4771) u(b, &, 1, ) Py(cosr)dSe
2n—|—1 ou(b, 5 P, A n+1/2(b_A)
P, (cosr)dSe y ——F——— i A
U
= Py (u\F, E|F) : (2.45)

Using boundary condition (2.45) instead of (2.43), we obtain a series of approximate problems.

3. Stability Analysis of the Reduced Problems on the Bounded
Computational Domain

We firstly concentrate on the approximate problem for N =0,1,2,---,

% = Au, (z,t)€Qf, (3.1)
ulr, = g(0,9,t), (3.2)
ou ou
S, = o (u\F, a“) : (3.3)
uli=o = wuo(x). (3.4)

Suppose that u(r, 6, ¢, t) is a solution of problem (3.1)-(3.4), then

Lemma 3.1. The following inequality holds:

t p2m pm
/ / / Dy <u|r, %\J ul.b* sin 0dfdpdr < 0. (3.5)
0 J0O 0

Proof. Recall that

u(b,0,¢,t) =

{ano PY(cos6)

Z P (cos ) (anm( ) cos Mm@ + by, (1) sin qu) } . (3.6)

m=1
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Substituting (3.6) into (2.45), we can get
du _ 1 Dago(A

Oxlulp Gyl = —gpaoolt) - 2\r/ o \/tT

N t—\
1| n+1 dano(N) Hyq1/2(57)
+3 {5 ——ano(t)—/o o) Ho1 U
n=1

b A Vit—2A
+ Z [— nTH (anm (t) cos me + by (t) sin m¢)

m=1

t Hn LA
—/ <danm()\) cosme + brm () sinm¢> 7+1/2( b2 )d/\
0

PY(cos )

d\ d\ V=X

P (cosb) }

N
Wo(aoo) + Z WZDS(COS 0) +

n=1

N n
Z Z { (@ (1)) cosme + Wi, (bpm (1)) sin qu} " (cos b)), (3.7)

n=1m=1

with
dA,

Wo(f(1) = —5f M/ e F

Wa(f0) = ) - /OdJ;(A) nf/l% N

Combining (3.6) and (3.7), we obtain

2m
// / <I>N< | 8t‘ >u‘rb2sm9d9d¢d7—

27rb2/0 {% +Z 2n—|—1 Ny (@no(7))ano(1)+

Z Z (n+m) ' {Wn(anm(T))anm(T) + Wn(bnm(’f))bnm(’f)}} dr  (3.8)

(2n+ 1)( m).

On the other hand, we consider the following auxiliary problem on the domain {(r,t) | b < r <
+00,0<t<T}forn=0,1,2,---,N:

oG, 0°G, 20G, n(n+1)
_ z _ < .
5 52 +T o 2 Gn, r>b0<t<T, (3.9)
Gn|r:b =  Onm (t), (310)
Gnlt=o = 0, (3.11)
G, — 0, when r — +o0. (3.12)
From (2.37) we have
Ly = Walanm () (3.13)
or r=b — n\Anm . .

Multiplying r2G,,(r,t) on equation (3.8), integrating by parts on [b, +00) x [0,¢] and using
(3.11)-(3.12), we have

NG (r ) , B / 2 0G, (b, T)
/b g T dr = 787“ Gp (b, T)dT.

// [ KT ye 4 (2 )G ()| drr. (314)
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Namely

) 2 t )
[T G s [T ]2 s 0620 avar
o Jb r

- / bgaaT(fT)Gn(b,T)dT. (3.15)

This means
aG t
(b7 T)dT = W (anm (7—))anm (T)dT <0. (316)
0
Similarly we have

t
/ Wi (b (1) )b (7)d < 0. (3.17)
0

Combining (3.8), (3.16) and (3.17), we complete the proof of the lemma.
For the approximate problem (3.1)-(3.4), we have the following stability estimate:

Theorem 3.1. Suppose that u is a solution of problem (3.1)-(3.4), then the following stability
holds:

/ lu(z, O)2dz < [ |uo(x)2de, 0<t<T. (3.18)
Qy Qp

Proof. For simpleness, only consider the case g = 0. Multiplying « on the equation (3.1)
and integrating by parts on I, we obtain:

1 8u Ou Ou
5 o, lu(z, t)|>dxdt = / luo(x)] dx—i—/ det—/ / Ead xdt

(3.19)

From the lemma, we know that

//8”” r,t)| dSdt < 0.

/ Iu(a:,t)IQda:S/ luo(z)>dz, 0<t<T.
Qp Q

From estimate (3.18), we have:

This means

Theorem 3.2. The approximate problem (3.1)-(3.4) at most has one solution.

Let N — oo in (3.3), one gets
Corollary 3.1. The reduced problem (2.41)-(2.44) at most has one solution.

4. Numerical Examples

In order to demonstrate the effectiveness of the artificial boundary conditions given in this
paper, three numerical examples are discussed. T'wo kinds of numerical methods, finite element
method(FEM) and finite difference method(FDM), are used to solve these examples.
Example 1. Let’s consider an initial-boundary value problem on the domain out of a sphere:

ou 0%u 2 0u 1 1 0 ou 1 9%u

% = a2 Tror T emeaa o)t agrgag (o0 € (4)
Ul p=q = 9(0,9,1), (42)
A (4.3)

u — 0, when r — 4o0. (4'4)
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where a =1,T =1, g(0,¢,t) = ﬁge*ﬁ/‘“. The exact solution of problem (4.1)—(4.4) is
Tt)2

u(r, 6, 6,1) = —— e/, (4.5)

8(mt)2
First, Crank-Nicholson difference scheme is used to solve problem (4.1)—(4.4). The interval
[0,T] is divided into L equal parts:
O=to<t1 < ---<tr=T. (4.6)
An artificial boundary I'y = {(r,0,¢,t) | r = b,0 < t < T} with b = 2 is introduced to finite
QT and a bounded computational domain Q' = {(r,0,¢,t)|a <r < b,0 <t < T} is obtained.
Then we divide the interval [a, b] of r-axis into M equal parts, the interval [0, 7] into J equal
parts and the interval [0, 27] into K equal parts:
a=rg<---<ry=0>b 0=60<---<O;=7m. 0=¢g < <o =27 (4.7)
Let T=T/L,h=(b—a)/M ,0 =7/J and € = 2w /K. In this example we choose N = 0. Now
we have the following formula by Crank-Nicholson scheme:

n+1 n+1 n+1 n n n n+1 n+1 n n
Uity e~ 2 kT et e 2 Tk . ”z‘+1,j7k_“i—l,j7k+“i+1,j7k_”z'—l,ayk+
2h2 hTi
n+1 n+1 n+1 n n n n+1 n+1 n n
Ui g k™ 2 5 o U e~ 200 T A R N A
2r242 2r2tand;
n+1 n+1 n+1 n n n n+1 n
L Ugpn = 2U 50t U1 T U e — 2 Ui Yigg ik 0
. - 9
sin? ¢y, 2r2e? .

1<i<M, 1<j<J,0<n<L-1 1<k<K;

ug’j7k:g(9j,ek,tn), 1<n<L, 1<j5j<J 1<k<K;

where t, = n71,1; = ih,0; = jo, o = ke and the artificial boundary conditions on I'y are given
by numerical integrals of ®q(u|r,, %h)- For different M, J ,L and K, we have the results in
the first column of Table. 1. In Fig.1, we give the error function |u(b, 8, ¢,t) — up(b, 8, ¢, t)| for
t€10,7] with 0 =7/3,¢ = 7/3.

Table 1: The results of Example 1.

FDM FEM
M lu —unllr,o/llullL,o llu —unllre/llull1,e
8 2.6674e-1 2.4610e-1
16 1.3412e-1 1.2624e-1
32 6.6020e-2 6.3601e-2
64 3.4168e-2 3.2338e-2

Furthermore, we use finite element method to solve problem (4.1)—(4.4). To do so, we should
give the variational form of problem (4.1)—(4.4):

Find v € U, such that
d 4.8
7 (W v)a, +a(u,v) =0, Y eV, (48)
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error

where

(uv U)Qo

a(u,v)

Vv
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x 10~
45

= =8
— M=16
4l —— M=32 [
—£- M=64
351 |
af |
251 g
oL
15- =
1L |
0.5+ =
—— e N e = == == L = = = = I = = = =
0 01 02 03 04 05 06 07 038 09 1
t
Fig. 1: The numerical result of example 1
Qo ={(r0,¢)]a<r<b 0<0<m 0<¢< 2}, (4.9)
= / uvr? sin @ drdfde, (4.10)
Qo

Judv 10u 1 OuOv cosf Ou

oror r 87" v r2 00 00 TQSinﬂ%v
1 Ou Ov
r2sinZ 6 5¢ oo}

= {w(ro,0.0)|te 0,7 (,,,t),a(,,,) H' (), and

w(r,0,¢,0) = O,w|T:a =g(0,¢,t),w(r,0,0,t) = w(r,@,Zﬂ',t)}, (4.12)

2
— }r?sin Odrdfdg — / / —v V|r=pb? sin Odfdg,  (4.11)

- {v(r, 0,0) € H' () ‘ v(a,8,0) = 0,v(r,0,0) = v(r,0, 2@}. (4.13)

If we give a partition of Qg such as (4.7), we can construct the finite dimension subspace V}, of
V' by using piecewise trilinear functions:

Vi = {pu(r.0.0) € () | pn

[ri—1,mi] X [05-1,05] X [dr—1,0k] € Py (r, 0, (b)}’

where Pi11(r, 0, ¢) is the space of trilinear functions with pp(r,0,0) = py(r,0,27) and 1 <i <
M, 1<j<J1<k<K. Let {Ni(r,0,¢),Ni(r,0,¢), -~ ,Num(r,0,¢)} is a basis of space V
with M = dimV},, and

Uy,

- {whreqs, ‘whr9¢t Zal i(r,0,0)

and wh(a79j5¢k7t) = g(9j5¢k7t)aai S Hl([O,T]),OQ(O) = 0}7

= {op(r,0,0) € Vi | vn(a,0,¢) =0,v,(r,0,0) = vp(r,0,2m)}.
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Then we will solve the following approximation problem of (4.8):

Find uy € Uy, such that
d
%(Uhavh)ﬂo + alup,vy) = 0, Yoy, € V2,

From variational problem (4.14), we obtain an initial value problem of ordinary differential
equations containing functions s (t),---,ap(t). Then we can obtain aq(t), - ,ap(t) from
the initial value problem (4.14) by numerical method. The numerical results are shown in the

second column of Table.1.

(4.14)

Example 2. Consider the same problem in Example 1 with another boundary condition
1 (rsin 0 cos p—xg) 2+ (rsin 6 cos p—yg)2 + (r cos 6 —z0)2

9(0,6.1) = ——¢ B )
8(mt)2
where (29, Yo, z0) = (0.5,0.5,0.5). We introduce an artificial boundary I', with b = 2 to bounded
the domain QI Finite element method similar to that in Example 1 is used to solve this
example. For different choices of N, the order of the artificial boundary condition in (2.45),
errors ||u — up|l1,0/]|ull1,0 are shown in Table 2.

Table 2: The results of Example 2

N =0 N =2 N =4
M FDM FEM FDM FEM FDM FEM
8  3.1130e-1  2.9592e-1 1.9184e-1 1.8592e-1 1.440le-1  1.3592e-1
16 2.5075e-1  2.4119e-1  9.7369e-2  9.4319e-2  7.4747e-2  6.8319e-2
32 1.8521e-1 1.7143e-1 4.9782e-2  4.7765e-2  3.8673e-2  3.5461e-2
64 1.7438e-1 1.6732e-1 2.5241e-2  2.3321e-2 1.9162e-2  1.7435e-2
N=17 N =12

M FDM FEM FDM FEM

8 1.3531e-1 1.3032e-1 1.3078e-1 1.2473e-1

16 6.8863¢-2 6.4568e-2 6.4484e-2 6.0259¢-2

32 3.4883e-2 3.2182e-2 3.1486e-2 3.0093e-2

64 1.6853e-2 1.5346e-2 1.5185e-2 1.4528e-2

In Fig. 2, the error function |u(b, 8, ¢,t) — up(b, 0, ¢,t)| for t € [0,T] with § = 7/3,¢ = /3

are demonstrated.

Example 3. Consider the following problem:

ou
— - Au=
5 u=0, (=1
ul  =g(z,t), (z,1)
o
u‘ =0,
t=0
u— 0

c ol

S FOa

when ||z|| — +o0,

(4.15)
(4.16)

(4.17

)
(4.18)

where T is the boundary of Q = {(z1,22,23) € R3,|z;] < 1,i = 1,2,3} x [0,T] and QF =

R? x [0, T]\Q2
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Fig. 2: The numerical result of example 2
The exact solution is
1 _(@1—2)) 24 (@ —a))? 4 (23 —a§)?
U(xl,xg,.’fg,,t) = at

8(mt)?

with (29,29, 29) = (0.5,0.5,0.5). The boundary condition is given by the exact solution. The
standard finite element method is used to solve this problem. For different choices of N and
b = 3, the results of ||u — up|1.0/|lull1,0 at (z,y,2) = (1.5,1.5,1.5) are shown in Table 3.

Table 3: The errors for artificial boundaries with different accuracy

M N =0 N=1 N =3 N =6 N =9

8 2.8628e-1 2.1532e-1 1.9653e-1 1.7891e-1 1.6962e-1
16 2.2846e-1 1.2457e-1 1.1462e-1 1.0641e-1 9.8843e-2
32 1.6862e-1 6.4392e-2 5.6673e-2 5.0843e-2 4.9273e-2
64 1.2463e-1 3.3648e-2 2.7356e-2 2.5143e-2 2.4762e-2

Table 4: The result for different artificial boundaries

Mesh size b=2 b=3 b=4 b=5
1/4 2.3364e-1 1.9884e-1 1.8634e-1 1.8023e-1
1/8 1.4973e-1 1.2859e-2 1.2256e-1 1.18262-1

1/16 7.6462e-2 6.4328e-2 6.1638¢-2 5.9634e-2

1/32 3.8288e-2 3.2232¢-2 3.0934e-2 2.9783e-2
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Fig. 3: The convergent rate of the artificial boundary conditions with different accuracy

To know the relation between the errors and the location of artificial boundary condition, we
select different artificial boundaries, namely b=2, 3, 4, 5. The error function ||u—up|/1.0/|u/1.0
at (x1,x9,23) = (1.5,1.5,1.5) are shown in Table.4. In this example, N is chosen to be 4.

Fig.3 demonstrates the convergent rates of the artificial boundary conditions with different
accuracy.

5. Conclusion

The exact boundary condition and a family of artificial boundary conditions of heat equation
on unbounded domains in 3-D spatial space are provided. By them the reduced problems
on bounded computational domain are obtained, which is equivalent or approximate to the
original problem. Furthermore the stability analysis of the reduced problems is given. The good
performance of the numerical examples shows that the given method is feasible and effective.

References

[1] L.C. Andrews, Special functions of mathematics for engineers, second Edition, McGraw-Hill Inc.
1992.

[2] H.S. Carslaw and J.C. Jaeger, Conduction of Heat in Solids, (second edition), Oxford University
press, New York, 1959.

[3] B. Engquist and A. Majda, Absorbing boundary conditions for the numerical simulation of waves,
Math. Comp., 31 (1977), 629.

[4] K. Feng, Asymptotic radiation conditions for reduced wave equations, J. Comp. Math., 2 (1984),
130.

[5] D. Givoli, Numerical Methods for Problems in Infinite Domains, Elsevier, Amsterdam, 1992.

[6] I.S. Graashteyn and I.M. Ryzhik, Table of integrals, series and products, sixth Edition, Academic
Press.

[7] L. Halpern and J. Rauch, Absorbing boundary conditions for diffusion equations, Numer. Math.,
71:2 (1995), 185-224.



462
[8]
[9]

(10]

(11]

H.D. HAN AND D.S. YIN

H. Han and Z. Huang, A class of artificial boundary conditions for heat equation in unbounded
domains, Computers & Mathematics with applications, 43 (2002), 889-900.

H. Han and Z. Huang, Exact and approximating boundary conditions for the parabolic problems
on unbounded domains, Computers & Mathematics with applications, 44 (2002), 655-666.

H. Han and X. Wu, Approximation of infinite boundary condition and its application to finite
element methods, Journal of Computational Mathematics, 3 (1985), 179-192.

H. Han and X. Wu, The mixed finite element method for Stokes equations on unbounded domains,
Journal of Systems Sci and Mathematical Sci, 5 (1985), 121-132.

H. Han and X. Wu, The approximation of the exact boundary conditions at an artificial boundary
for linear elastic equations and its application, Mathematics of Computation, 59 (1992), 21-37.
H. Han and C.-X. Zheng, Exact nonreflecting boundary conditions for an acoustic problem in
three dimensions, J. Comput. Math., 21 (2003), 15-24.

J. Strain, Fast adaptive methods for the free-space heat equation, SIAM J. Sci. Comput., 15
(1992), 185-206.

C.J. Zhu and Q.K. Du, Natural boundary element method for parabolic equations in an un-
bounded domain, J. Math. Res. Ezxposition, 22:2 (2002), 177-188.



