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Abstract

In this paper, we define a new nonconforming quadrilateral finite element based on the
nonconforming rotated Qi element by enforcing a constraint on each element, which has
only three degrees of freedom. We investigate the consistency, approximation, superclose
property, discrete Green’s function and superconvergence of this element. Moreover, we
propose a new postprocessing technique and apply it to this element. It is proved that the
postprocessed discrete solution is superconvergent under a mild assumption on the mesh.
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1. Introduction

There are some lower order quadrilateral finite elements, e.g., the conforming isoparametric
@1 element, the nonconforming rotated Q; element and the nonconforming Wilson element.
All these finite elements need at least four degrees of freedom. Recently, Park and Sheen have
proposed a nonconforming quadrilateral P; element, which has only three degrees of freedom
[10]. One of the key ideas of the P; element is that a linear function on a quadrilateral satisfies
a constraint that the summation of values at the midpoints of one pair of opposite edges equals
to the summation of values at the midpoints of the other pair of opposite edges.

In this paper, we define a new nonconforming quadrilateral finite element based on the
nonconforming rotated Q; element (NR Q; hereafter)[9] by imposing a similar constraint on
each element, the resulting element has only three degrees of freedom, too. We call this element
constrained nonconforming rotated Q; element(CNR Q; for short). The CNR ©Q; element
and the P, element are equivalent on a rectangle, however, they are different on a general
quadrilateral. We investigate some properties of this new element. A new postprocess technique
is proposed to obtain a superconvergent discrete postprocessed solution.

The outline of the paper is as follows. In Section 2 and Section 3, we define the CNR Q3
element and apply it to the second order elliptic problem. In section 4, we define regular deriva-
tive Green function of nonconforming finite elements and investigate its properties. Section 5
is devoted to the analysis of the supperclose property and superconvergence of the CNR Q3
element. In Section 6 , we discuss the postprocessing technique which admits a superconvergent
discrete postprocessed solution. This paper ends with numerical examples in Section 7.

We end this section with some notations. Let 2 be a convex polygon with the boundary
0Q. We use the standard notation and definition for the Sobolev spaces H*(£2) for s > 0 [1],
the associated inner product is denoted by (-,-)s , and the norm by || - ||s with the seminorm
| - |s. HO(Q) = L?(2), in this case, the norm and inner product are denoted by || - || and (-, )
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respectively. As usual, H3(Q) is the subspace of H*(?) with vanishing trace on 9. Define

H=1(Q) the dual space of H}(Q) equipped with the norm || - ||-1, and < -,- > denotes the
dual pair between H}(Q) and H1(2). We shall also use the Sobolev spaces W*? for s > 0
and p > 1, equipped with the norm || - ||sp,o with the seminorm | - |5, . If p = 2 we have
WeP = H5(Q).

We use the standard gradient operator:
_ [(0r/ox o [Or/og
V= <8r/8y> y Vr= (87"/877 :

Throughout this paper, C' denotes a generic constant, which is not necessarily the same at
different places, but independent of the mesh size h.

2. Constrained Nonconforming Rotated Q; Element

In this section, we introduce some notations and define a new nonconforming finite element
method, namely, CNR Q; element.

2.1 Quadrilateral Mesh

Let J* = {K;,i=1,--- , Ne} be a quasi-uniform quadrilateral partition of  with diam(K;) <
h. Let NV and N¥ denote the numbers of nodes and elements of the partition, respectively,
N} and N3 denote the numbers of interior nodes and boundary edges, respectively.

We shall frequently use the following assumption on the partition J".

Assumption 2.1. The distance d between the midpoints of two diagonals is of order O(h'*<)
with 1 > a > 0 when h tends to zero. If a =1, we obtain the usual Bi-section condition [11].

P4
Fy
K Fs
-
D1 Do .
Quadrilateral Element K and Reference Element K
For a given element K € J", its four nodes are denoted by p;(;,1;),i = 1,---,4 in the
counterclockwise order. Let K = [—1,1]? denote the reference element with nodes p; (&i,7:),1 =

1,---,4. Define the bilinear transformation Fx : K — K by

4 4
SCZZ%Nz(&U)a y:ZyZNz(gvn)a (5777)€f(7
i=1 1=1
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where N;(€,7),i = 1,2,3,4 are the bilinear basis functions, which can be written as

1 1
Ni(&n) = ;=81 —n), Nao(&n) = (1 +EA—m),
1 1
Ns(&m) = A+ +n), Na(&n) =71 +n).
Define
Co do 1 1 1 1 X1 Y1
C1 dl _l _1 1 1 —1 T2 y2
Co do T4 -1 -1 1 1 xr3 Y3 ’
C12 d12 1 -1 1 -1 T4  Yaq

then the Jacobian matrix of the bilinear transformation Fx can be expressed as
oz Oz
Tk = 9 an)| _ [ catecan etk
%% di +dian  dy + di2

with the determinant Jx (£,1) = Jo + J1€ + Jan, where Jo = c1day — cady, J1 = c1diz — c12dy,
Jo = c12ds — cadi2, and its inverse is

)
o % a_§ _ 1 dy +d12f  —c2—c2
K % 3—;’ Jr(&m) —dy —dian c1+c1an

In terms of the aforementioned mesh parameters, Assumption2.1 implies

|12 | + | dia |[< CRMT, (2.1)
| Ji |+ | J2 |< Ch*Fe, ,
| VI |< Chite, (2.3)

2.2 The constrained nonconforming rotated Q; element
For S C R?, denote P,(S) the space of polynomials of degrees < [ defined on S, Q. »(S)
the space of polynomials of degrees < m for the first variable and < n for the second variable.

For brevity, Qm(S) = Qm,m(95).
Before defining the constrained nonconforming rotated Q; element, we briefly describe the
nonconforming rotated Q; element [9]. Define

Qi(K) = Span(L,€,1,* — n?).
For any edge F C OK, the edge functional 77 is defined as
75 (v) = L/ vds, VYve L*(K).
| 7| JF
A local interpolation operator g is generated by 7§ with K|, = 7g for all F C K. The
NR Q; element space [9] is defined as
R'"={ve L*) | v =00 TRl b€ Q,(K),vis continuous regarding 7 }.
The corresponding homogeneous space is
R ={veR"|nf(v)=0, forFcCoQ}.

On the space Rh, we define the fOHOWng norm and Seminorm, respectively,
P
1/2 1/2

lonllin =< > llvall} x v lon =S D T Bk , Vo, €R". (2.4)
KeJh KeJh
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Obviously, | - |1,, is a norm on the space R} [9].

We are in the position to give our element. For a given element K € J", let F;,i =1,2,3,4
denote its four edges in the counterclockwise order. The constrained nonconforming rotated
Q; element space CR" and its homogenous space C R} read

Cha{veRh,/ vds—i—/ vds:/ vds+/ vds,VK},
Fi Fs Fa Fa

CR{)L:{UGRSL,/ vds+/ vds:/ vds—l—/ vds, VK }.
F1 Fs3 Fa Fa

Remark 2.1. As mentioned in the introduction, the constraint used in the P; quadrilateral
nonconforming element [10] is that: For a given element K € J h et mj,1 < j < 4 denote its
four midpoints of the edges in the counterclockwise order. Let u € P;(K) be a linear function
on K, then u(my) + u(ms) = u(ma) + u(ma). Conversely, if u;,j = 1,2,3,4, are given at
mj,j =1,2,3,4, respectively, and ui +u3z = us + w4, then there exists a unique u € P; (K) such
that, u(m;) =w;,j = 1,2,3,4. In our element, we use a similar, however different constraint.

For the CNR Q; element, there is an equivalent definition. Define

CQl(f()={q€Ql(f<),/h qd5+/h qu:/ﬂ qu+/ qds },
Fi F3 Fa Fa

then, we have the following result,

Lemma 2.1. R R
CQ1(K) = Pi(K).

Proof. Obviously, we have
P(K) CCOi(K).

We now show the converse relation of Py(K) and CQ1(K). Let ¢ € CQ;(K), which can be
expressed as
q = ag + a1 + azn + a3(§* — 1),

we assert that az = 0, otherwise
/ qu+/ qds # qds —|—/ qds,
F Fs Fo Fa

CO(K) c P (K),

thus

which ends the proof.
With this Lemma at hand, the CNR Q; element space CR" and its homogenous space CRS
read

CR"={veL*Q)| Ve =Do Filioe P (K),v is continuous regarding 7y }.
CR) ={ve CR" | 7J(v) =0, forF CoN}.
For this new element, several remarks are in order.

Remark 2.2. The CNR element can also be constructed from Cai-Douglas-Ye element [5] by
imposing the same constraint. Since Cai-Douglas-Ye element is a constrained Han element [6],
the CNR element can also be derived from the Han element by enforcing two constraints on
each element.
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Remark 2.3. On a rectangle K, the CNR Q; element is equivalent to the P; element. In fact,
in this case, the bilinear transformation Fx degenerates to a linear one, both the P; element
[10] and the CNR Q; element are linear, morover, v(m) = mg v if v is a linear function with
v(m) the value of v at the midpoint m of the edge F of K, therefore the constraint (see Remark
2.1 for the P, element) on each element and the continuity(see Ref.[10] for the P; element)
are the same. On a general quadrilateral, they are different, because the latter is still a linear
function in the case, while the former is not a polynomial any more.

Remark 2.4. Compared to the P; element, the CNR Q; element is defined on the reference
element through the bilinear transformation, therefore its implementation is standard; while
the P; element is directly defined on the physical element, its implementation is not standard.

We now evaluate the dimensions of CR" and CR}. Let NV and N¥ denote the numbers
of nodes and elements of the partition, N and N3 denote the numbers of interior nodes and
boundary edges, respectively. From the Euler relation of a quadrilateral partition, we have

dim(CR") =NV — 1.

The CR} is a subset of R", which satisfies

/ Uds—l—/ Uds—/ Uds—/ Uds:O,VKEJh,VUECNRS,
Fi1,x F3,K Fa x Fa K

/ vds = 0,YF;,Yv € CNR},
]:.

where F;,j = 1,--- , N5 are boundary edges of the partition. It is easy to find that, among
these linear constraints, only N¥ + N g — 1 of them are linearly independent, which implies
dim(CRY) = NV, (2.5)

Now we look for a basis for CR}!. From (2.5), we need to choose N linearly independent
functions from CR{. On the reference element K, define

¢1=%(1—€—n)7 é223(1+€—77)7

ds= (1 +E+n), di=10-E+u)

which are associated to nodes p;,7 = 1,2, 3,4 of K, respectively. In particular, it holds that
bids+ | dids= | ¢ids+ | ¢ids,i=1,2,3,4.
F F3 Fa Fa

For each node p;, let E(j) denote the set of elements with the node p; as one of their vertexes,
define

i) = { VI )b € B, 26)

where the subscript ¢ is determined by p; = p; k = Fr (pi) with p; x,i = 1,2, 3,4 four nodes
of element K. Let j =1,---, N denote the interior nodes, it is easy to see ¢ =1,--- ,NY
are linearly independent and that

span{¢1, -, ¢nv} C CR,

NY . . h
therefore, {¢;},; is a basis of CRg.
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Remark 2.5. Let Q1 denote the conforming bilinear finite element space, we can see from
(2.6) and the definition of 7, that CRE = 1,Q;.

3. Application to the Second Order Elliptic Problem
We consider the following second order elliptic problem in its weak formulation:
Problem 3.1. Find u € H}(2), such that
a(u,v) =< f,v >, Yve HJ(Q), (3.1)
where
2
Ju Ov Ju
a(u,v) = /Q 2:: am%%j + ;bja—xjv + bouv | dxidzs.
Let CR} approximate H}(f2), we get the discrete problem:
Problem 3.2. Find u;, € C’RS‘, such that
ap(up,v) =< fyop >, Yo, € CRS. (3.2)

where
ou Ov 2 ou
= % st b;j— b dxidzs.
a(u,v) E /K E a; 9a: Oz, —I—jE:l Jaszw— ouv | dridxs

Before considering the convergence of the discrete problem, we investigate the approximation
and consistency properties of the CNR Q; element.
Because C R} is a subset of R}, we have the following consistency error estimate [9]:

| Z/ v - nds |[< Chl|v|li sl ¥, Yo € REYE € (HY(Q))2. (3.3)
< JOK
In order to study the approximation of the CNR Q; element, we first summarize some
interpolation results for 7 and its global version defined as 7, I = TK-

Lemma 3.1. [9] The foregoing defined interpolation operator 73 and 7, admit the following
estimates

v = aZ (W)llor < ChYZ | v hx Vo€ HY(K). (3.4)
Moreover, if the (1 + «)—Section Condition holds, then
v — mhollo + hljv — Thvllin < CRMTY|v|ls Yo € Hf N H. (3.5)

For any v € H?(f2), let II"v denote its conforming bilinear interpolation, we have
| v =TI |,k < CR2 ™ ||v)l2, 5, m = 0,1, 2. (3.6)
Set I = 7, I1%. Because &7 is a bubble function for the operator 7, we have
v = 7, 11w € CRM.
From Lemma 3.1 and (3.6), we deduce
hlv—Tv |1,k +|v—Iv|o,x
<hlv—T{v |1k +h | v —Tv |1
+Jv = T} oo, + v — TIv]|o,x
< ChM™||v||2, - (3.7)
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For the interpolant ITv, there exists a simple expression in terms of ¢; = (Zﬁio}" ;(1, 1=1,2,3,4
for any v € H2(K). In fact, let v;,i = 1,2,3,4 be the values of v at vertexes p;,7 = 1,2,3,4, a
direct calculation gives
4
IIv = Z Ui¢i~
i=1

Remark 3.1. From (3.7), we note that the CNR Q; element shares the same approximation
property as the NR Q; element. This is partly because the term &2 — n? is added to the NR
9, element to satisfy the requirement of degrees of freedom, which has no contribution to the
approximation.

Remark 3.2. Compared to the P; element, the interpolation error estimate of the CNR Q1
element depends on the mesh distortion parameter a; while the interpolation error estimate of
the P; element is independent of av. However, when a = 1, they converge at the same rate.

From (3.3) and (3.7), proceeding along the standard line of nonconforming finite element
methods, we obtain the following error estimates,

Theorem 3.1. Let u € H%(Q) N H(Q) be the solution of Problem 3.1 and up € CRE be the
solution of Problem 3.2, then

lu = unll1.n < Ch[|ull2, (3-8)

lu—unllo < Ch>*[lul]2. (3.9)

4. Regular Green’s Function

In order to get the superconvergence in the L° norm, we introduce the following regular
delta function 6. (X, Z) for the point Z € K, which is defined such that

1. (v, =0pn0:) = (Oxpv,6:) = Oppv(Z), Yo € CRE, where the differential operator a% is
defined element by element and denoted by 0y 4,

2. | 56 |S,Q,OOS 05_2_875 = 07 1,
3. 0. € CO(Kz) ﬁH&(Kz) with € > C1h.

For example, let Z = (z0,k,, Yo,k ,) be the center of element Kz, let K’ be a subrectangle of
Kz with (z0,x,, Y0,k ,) the center and h, g+ and hy ks the meshsizes in the z and y direction.
The regular delta function §.(X, Z) can be defined as

9 T — T0,K \2 Y — Y0,K \o
(X, Z) = — (1 — 4T T0K 2y gV YOK 2y
5L(6,2) = o (- A g

For the general quadrilateral, d.(X, Z) can be defined in a similar way.
The regular derivative Green’s function G(X, Z) is defined by: Find G(X, Z) € H} () such
that

05, _ 00
ox’ ‘0z’
Its discrete problem is: Find G} (X, Z) € CR} such that

an(v,Gp) = (0x4v,0:) = 0p.pv(Z), Vv € OR}. (4.2)

a(v,G) = (v, — 5:), Vv € H(RQ). (4.1)

Introduce the weight function p defined by
P(X.Z) = (IX = 2| + 1?) (43)
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It is well known that p(X, Z) satisfies the following properties
X,Z) < C min p(X,Z KeJh 4.4
max p(X,Z) < C min p(X,Z), VK € J", (4.4)

—s Ch?is, s> 2,
Loz < { 0020 (4.5)

For s € R and k € N, the weighted norms and weighted seminorms are defined by

T p— / > | D | dady)?,
Q

181<k
| 0 |k,p0,0= (/ p* D | D ? dudy)=.
2 18l=k

In the analysis in the sequel, we use the following Sobolev inequality(see.Ref.[3] and the
references therein for the details),

Lemma 4.1. Let f € HY(Q) and p > 1, we have the following estimate
1
[flop.e < Cp2 | fll10
With these preparations at hand, we have

Lemma 4.2.
IGIT 20+ 1Gle+ IG5 < C [ nh|.

Proof. For the simplicity, we only consider the case where
a(u,v) = / Vu - Vodzdy.
Q

We shall use the duality method to bound ||G|lo. To this end, we introduce the following
auxiliary problem: Find ug € H}(Q) such that

a(qu U) = (G7 U)' (46)
Assume this problem admits the following regularity,

[ugllz < CllGllo-

Take v = G in (4.6), by the definition of the derivative Green function, we proceed as

8uG 6uG

1613 = alug,G) = (5.6 = (5.6
8UG .
<l lopallocllogr, (with ste=1)
X
< o ipr | 25, (by Lemma 4.1)

Ox
< Ch_%p%HGHO (by the regularity).

Let p =|Inh | in the above inequality, we obtain

IGllo < C | Inh|? .
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Take v = p2G in (4.1) and integrate by parts, we derive

0p*G
IpVGIE = (T5.6:) — 2(pVp. GVG)
oG ap
— 27 i —
= (075, 0) +2(0G 5, 8) = 2(pVp, GVG)

N

ClllpVGllo+ 1Gllo + 2V GllolIGllo)-

An application of Yong’s inequality gives
1pVGllo < C |Inh |z .

We now turn to ||G|1,1,o, which can be bounded as

IGlie = 30 / | DPG | dudy
Q

[B1<1

< X ([ o audyi([ DG P dudy)?
|Bl<1 V¢ @

< Cllh|,

which completes the proof.

Lemma 4.3. There exist a positive constant C' independent of h the mesh size and o the mesh
distortion parameter such that

|Ghll2 < Ch** 24+ C |Inh|.
Proof. First it is easy to see
IGrllin < Ch™L

We use the duality method again to bound ||G}||o, thus introduce the auxiliary problem: Find
ug, € HY(Q) such that

a(ug,,v) = (Gn,v),Yv € Hy (). (4.7

Let ug, » be the CNR Q; finite element solution to the above problem, from the consistency
error estimate of CNR Q; element and the regularity of ug, , we derive that

(Gh,Gh) (Gh,Gh) — an(ug,,Gn) + an(ug,, Gr)

< Chllug,|l2llGhlli,n + an(ua, —ua,.n, Gn) + an(ug, n, Gn)
< Chllug,|l2|Grll1,n + (Oz,nucy k) Oc)
ou
< Ch%llug, ll2|Grll1,n + (Ozn(uGs,,n — uc),)s 0c) + ( 8? ;0c)
a—1 Oug, : .
< Ch*||Ghpllo + (8—, de) (using Lemma 4.1 again)
xXr
< C(h 4 [k [#)]|Ghllo.

which ends the proof.

Lemma 4.4. Let J" be a rectangle partition of 0, it holds
1Gal3 o + Gl < C [ Inh |,
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Proof.
1pVLGhI§ = E:/pW@fwnm@
Kegr K
= Z / V(,OQG;,,) - VG — ZthVp- VGhda:dy
Kegr K
= Il + IQ.

We first estimate the first term in the above equation. Let Z € K, for a given element K
with the center (0%, yo,x) and the meshsizes 2h, and 2h, in the z and y direction respectively,
define

de = —(rz —2ox), dy=—(Yz — Yo,K)-
It follows that
X, Z) = (h2& 4 2hadel + him + 2hydyn + do + d;, + B?).
By virtue of (4.4), we have
d2 +d; < Cp”. (4.8)

Denote p;,i = 1,2,3,4 the nodes of K numbered counterclockwise. Suppose G}, can be ex-
pressed as

4
Gy |k= Zgigéi (see Section 2 for the definition of ¢;).

i=1

Let wy, € CR} be a formal interpolant of p?G), defined by

1
wh k=Y _ p}giti,

i=1
with p; the values of p at nodes p;, then we have

+(h3 = 2hady + h3 + 2hydy + d2 + di + h?)gacs.

Consequently,

PG —wy = (h3(€% = 1)+ 2hada(§ + 1) + hi(n® — 1) + 2hydy(n +1))g1¢1

+(R2(E% = 1) + 2hedy (6 — 1) + B2 (0" — 1) + 2hydy (1 + 1)) g2
+(h3(E% = 1) + 2hydy (€ — 1) + hiy(n° — 1) + 2hydy(n — 1)) g3
+(h2(E* = 1) + 2hydy (€ + 1) + B (0° — 1) + 2hydy (1 + 1))gadha
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and
8/)2 Gh — Wh,
ox

= (2hz& +2d,)g11 — (h2 (& = 1) + 2hed (§ + 1) + B2 (n° — 1) + 2hydy (1 + 1))

+(2h€ + 2d,) h 2 (h2(£2 = 1) + 2hged, (€= 1)+ hi(n® — 1) + 2hydy(n + 1))
+(2h€ + 2d.) g3 4h S (h3(e2 — 1)+2hmdm(§—1)+h2(n2—1)+2hydy(77—1))
+(2h2€ + 2ds)gaps — —(h2(£ — 1) 4 2hedo (€ + 1) + b2 (n* — 1) + 2hydy (n + 1)).

Which implies
/ 8(,02Gh - ’LU;,,) 8Gh
K

Ox oz My = /K (=91 + g2 + g3 — 9a)Eb I dédn

+/ (91 — 92 — g3 + g4)bJd€dn
K

<N

(n — 1)bJd&dn

$| %

+/(—91 + g2+ 93— g4)
K

+/ 2(—g1 + g2 + g3 — 9a)dy b I dEdn
K

Tth

< CRVG|G x +Ch|dy | VGl x
< CR|VG[§ i + ChIVGhllo x[|pV Gl
whereb = —( 91+ g2 + g3 — g4). In the same way, we can prove
I(p*Gp, — wy,) 0G
/ h s dy “dzdy < Ch*||VG2 i + CRIIVGhllo.xllpVGillo -
Since
ow 1 hyd
8; Kk = 5(91 + 92+ 93+ 94)ds +2(g1 — g2 + g3 — ga) 2 A, !
1
R+ Py i dy + B (=91 4 92 + 93— 94)
we proceed as
8wh
[ 2 VunVGn| = (G 0e)ke |
KeJh
< ClGrllo,xz + Chl|Ghllo,00,52 + ChIVGhrllo,k
< Cllh|?.
Therefore
(L] = | Y V(p*Gh—wy) VG + Vuy, - VGydady |
KeJh

C|Inh |2 +C|pViGhllo

IN

Obviously, we have
1
| L |<ClInh |2 |pViGhlo-
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Owing to the two estimates, using Young’s inequality, we come to
IpVaGrlE < C [ Inh].

By the usual way, we have
|Ghll1n < C[Inhl],

which completes the proof.

Lemma 4.5. For a general quadrilateral mesh J", we can prove
HGhH%,pz,h + |Grllian <CR** 2 +C | Inh|.

Proof. The proof is similar but lengthy expressions, for the brevity we omit it here.

5. Superconvergence of the CNR ©Q; Element

In this section, we discuss the superconvergence of the CNR Q; element. We shall get three
kinds of superconvergence points.

We consider the rectangular mesh with constant coefficients in the first subsection and the
rectangular mesh with variable coefficients in the second subsection. The general case is studied
in the third subsection.

5.1 The case of constant coefficients

Let J® = UK be a regular rectangle partition of the domain Q with 2hg. k and 2hy i the
mesh size of the element K in the x and y direction respectively, h = max max(hy i, Ry, i)
KeJh

For a given element K € J", let (20 x,%o0,i) be its center. Setting R = u — IT}u, expanding
R at the point (z,y), we have

R = ¢(x)ugs + Y(y)uyy + 73,

where

2 2
oy = CLoal_Bere -y Gt e

||T3HS7P-K < ChB_SHU'H&I%Ka s=0,1,1 <p < oo.

For any v € C'RE, we have the following decomposition

an(up — Hu,v) = ap(up — MPu,v) + ap (Tu — Hu, v)
= an(up —u,v) + an(R,v) + ap(Mu — Tu, v)
= 81+ 82 + 83. (5.1)

In order to show the superconvergence of the CNR Q; element, we have to prove the
superconvergence of the consistency error term s;, the interpolation error term so and s3.
For s1, we have

Theorem 5.1. Let u € H3(Q) N H(Q) be the solution of Problem 3.1, up, be the solution of
Problem 3.2, then

| s1|< Ch2||u||37g||v||17h,Vv € CRS’. (5.2)
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Proof. Let v = (v1,12) denote the unit outward normal, we have

s1 = ap(up —u,v) = (f,v )—ah(u v)
= Z / Z a”@ V]vds
KeJh 4,j=1
= - Z / Z am - F%)(v — ntv)vds
8{Ei
KeJhFcak i,j=1

Y yym

KeJhij=1m=1

where mf'w = % / pwds. Now we study the cancellation in the above identity. For a given

element K with the center (a,b) and the mesh sizes 2r and 2s in x and y direction respectively,
we only consider the case where i =1 and 57 = 1.

b+s oy 1 [ 9u
111,1 +I13,1 = —al,l/b [%(a—r,y)dy— %/b %(G—Tﬂf)dt]

—S8 —S8

1 b+s
x[v(a—7ry) — 2—5/}) v(a — r, t)dt|dy
—S

b+s b+s
U 1 ou

— dy — — t)dt
+a1,1/b zlatrvdy =50 | gy latmtd]

—S

1 b+s
x[v(a+71y) — %/ v(a + r,t)dt]dy. (5.3)
b—s
Note that v is a linear function on K, which implies
1 b+s 1 b+s
via—ry) — — / via —r,t)dt =v(a+r,y) — / v(a + r,t)dt. (5.4)
2s b—s 25

Substituting (5.4) into (5.3) gives

b+s a+r 82 b+s
Lo+, = a1,1/b [/ o 2(x y)dr — — / (z,t)dxdt]
—s a—r a—r
1 b+s
x[v(a+ry) — %) v(a + r,t)dt]dy

R { / / " dzdtdx}
25 Jyp_s b . 8 20z
b+s
{25/b ) a—l—r z)dzdt} dy.
v

Because % is a constant on K, we get
I+, <CR|ullsi [ vl -
Similarly
1N+ 12 < ChPulls i | v |1k, .5 = 1,2,
and

I+ 1Y < Ch2ulls i | v |1k, 6,5 =1,2.
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From these inequalities, we conclude that
2 4
[sil= D > Y 1% < Ch?|lullsq | v 1,
KeJhij=1m=1

which completes the proof.
For sy, we have

Theorem 5.2. Let u € H3(Q) N HL(Q) be the solution of Problem 3.1, then

| 2 |< Ch2|ulls.allv]|1n, Yo € CRE. (5.5)
Proof.
OR Ov
sy = Z / ’ja 8x Zb v—l—bon dxdy
KeJh
= Ji+J2+ J3~

On any element K, 8%,2' = 1,2 are constants and

OR
oz = @~ 0K )Uas + T4, ETi (Y = Yo,k )uyy + 75,

where
[rallo.x + lI7sllo.x < Ch?||ulls k-

Let IIy denote the L? projection operator onto the piecewise constant space, we proceed as

Ov
|/a11——d dy| < |/ a1,1r4a—dxdy|
K T
Udmdy|

—|—|/a (x — zo,x)u 9
K 1,1 0,K xwax

v
= |/Ka1717“4%dxdy|

ov
+ | / ai,1(z — zo,x ) (I — Io)ugyw—dady |
K

ox

IN

Ch?||ulls,kllvl1,x-

In the same way, we can obtain
R v 2
[ s gy 1< Ol ol

therefore,
| J1 1< CR®|lullsellvllp:

We turn to the second term .Js.

2
/Zbia—Rvdxdy
K3 Oz

2 2
OR OR
/K 2 bigy, (v~ Tov)dedy + /K 2 biggy, Hovdedy

Ch*|ulla,x | v |1, +CR||ulls,x[[v]lo,x

IA

which implies
| J2 |< CR®luls gllv]l,p-
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It is easy to see
| J3 |< CR?[|ull3.0llv]l1,n,

which ends the proof.
We remain to estimate the third term s3 in (5.1), which is bounded in the following theorem.

Theorem 5.3. Let u € H3(Q) N H(Q) be the solution of Problem 3.1, then
| an (I — T, v) |< Ch?|Julls.0llv]|in, Yo € CRE. (5.6)

Proof. Denote du = IT?u — ITu, we have

(T — T, v) = E:/ 22: ,.@@_FEQ bv@v—i—béuv dad
A1 Y= k| © @i ox; 8xj . ! ox; 0 Y
KeJh ,j=1 i=1

= J1+Jy3+ Js5.

Since
— Zo,K Y — Yo,k

T
1) =C
" |K K hw,K hy,K

3

where Ck is a constant, and %, 7 =1,2, are piecewise constants, we have
J
J1=0.

By virtue of | ITfu |2, < C|lul|3, i, proceeding along the same line of Theorem 5.2, we can show
that
| T2+ J5 |< CR?||ulls vl 1.n,

which ends the proof.
Combining Theorem 5.1, Theorem 5.2 and Theorem 5.3, we obtain

Theorem 5.4. Let u € H3(Q) N H () be the solution of Problem 3.1 and uy, be the solution
of Problem 3.2, then

| an(up, — Tu, v) |< CR?||ullz.0llv]|1n, Yo € CRE, (5.7)
and
| up, — Tu |1 5 < CR?||ull3.0- (5.8)
Theorem 5.5. A slight modification of the above analysis, we can obtain
| an(upn — Mu,v) |< Ch2||ul|3.00.0]0]|1.1.4, Yo € CRY (5.9)
where the broken norm || - ||1,1,5 s similarly defined as in (2.4)

For the analysis, we need the following result concerning the superconvergence at the centrial
points of elements for the interpolation operator I1

Theorem 5.6. Let u € W3°°(Q), then it holds that

max | V(u —u)(zo,x, Yo, k) |< Ch2||u||3,oo7g. (5.10)
KeJh

Proof. Denote Q(@) =| V(i — I12)(O) |, where O is the center of K. Note that

| Qa) |< Clally o 4
For any © € Py(K), it is easy to see
Q(0) =0.
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It follows from Bramble-Hilbert Lemma that

Q(’l},) S C | ﬁ |3,oo,f(a

which, together with the scaling argument, implies the desired result.
From Theorem 5.5, Lemma 4.4 and Theorem5.6, we have the following superconvergence

Theorem 5.7. Letu € W3 (Q)NHE(Q) be the solution of Problem 3.1, and uy, be the solution
of Problem 3.2, O be the center of K, then

max | V(u—up)(Ok) |< Ch? [ Inh | |ul|3,00.0- (5.11)
KeJh o

Proof. For a given element K with Z = (20 k, yo,1) the center, we have

6w,h(uh - Hu)(Z) ah(uh - Hu, Gh)
Ch2||ull3,00,0/|Grll1,1,1
Ch? | Inh | 1wl 3,00,0-

IN N

In the same way, we can prove
Oy,n(un —u)(Z) < Ch® [ nh | u]3,0,0.
The above two inequalities imply

max | V(up, — ITu) (z0, 1, Yo,5) |< Ch® | Inh | [|]|3,00,0-

Owing to Theorem 5.6, we come to

max | V(up —u)(zox,v0.5) | < max | V(un — u)(zo,x, Yo,k ) |
+ max | V(ITu — u)(zo,x, Yo,x) |
< Ch?*[Inh| |lulls.co0
which is the desired result.
04 03 02
D M
01 02 01

Figure 1: Node and Midpoint

Now we are going to discuss the superconvergence at nodes and midpoints of edges. In this
stage, we assume the partition is uniform. As illustrated by Figure 1, let the centrial points
near to the node p be denoted by O;,i = 1,--- ,4, assume that u € W3 (Q) N H}(Q).



Constrained Quadrilateral Nonconforming Rotated Q1 Element 577

Define

=1,2.

g

Let V; denote the set of interior nodes, then we have

4>|»~

Theorem 5.8. Letu € W3*°(Q)NHE(Q) be the solution of Problem 3.1, and uy, be the solution
of Problem 3.2, then

max | d;u(p) — Qyun(p) |[< Ch? [Inh | ||ul3.00.0-
PEV;

Proof. Denote dyu = 2% i — 1,2, by Taylor expansion, we have
@U(P) = 9;u(01) + VOiu(O1)(ha, hy) + 11,
Oiu(p) = 0iu(O2) + VOiu(O2)(—hay, hy) + 12,
Oiu(p) = 0;u(03) + VOiu(O3)(—hy, —hy) + 73,
Oiu(p) = 0iu(O4) + VOiu(O2)(hy, —hy) + 14,
which give

Z@u i)+ Tp,

| 7p [< Ch?[lulls 0.0

Then

| iu(p) — Oyun(p

u>|~

Z — 9un(0;)) | +Ch?|lull3,00,0- (5.12)

Owing to Theorem 5.7, we come to

max | diu(p) — drun(p) |< CR* [ nh | Jluls.co,

which is the desired result.
As illustrated by Figure 1, let the centrial points near to the midpoint M be O; and Oq

respectively, define

1 8uh

( 8uh
2" Ox;

B, ——(02)),i=1,2.

Ojup(M) = (O1) +

Let M7 be the set of midpoints of interior edges, similarly,

Theorem 5.9. Let u € W3 (Q)NHE(Q) be the solution of Problem 3.1, and uy, be the solution
of Problem 3.2, then

max | d;u(p) — Qun(p) |< Ch? [ Inh | ||ull3,00,0-
pEM

5.2 The case of variable coefficients
In this case, our main task is still to bound the three terms s1, s3 and s3 in the decoposition
(5.1), which are estimated in the following Theorem.
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Theorem 5.10. Assume that a; ; € W»>(Q),i,j = 1,2, b; € WH>(Q),i = 1,2, by € L™=(Q),
then

| 51|+ | 82 |< Ch2||ullz.allv)lin Vv € CRE, (5.13)
| an (I — T, v) |[< CR|Julls.0llv]|in, Yo € CRY. (5.14)
llun — Mull1 5 < Ch?||ul|3.0. (5.15)

Proof.

2
ou
s1 = ap(up —u,v) =— Z /31( Z ai,jﬁl/jvds

KeJh i,j=1
2
8“’ F 3u F
= Z / Z [ai,j% — Ty (ai,jg)] X [v— 7y v]y;ds.
KeghFcok” Fij=1 i i
By the assumption on a; ;, repeating the line of Theoremb.1, it can be shown that

|51 ]< CR2Jul

s.0llvl1n-

2 2
OR Ov OR
Z /K Z aida—xia—xj—F;bia—xi’U—FboR’U dxdy

S92 =
KeJh i,5=1
2 R dv & OR
= Z / Z Hoa; j7—5— + ZHObi—U + boRv p dxdy
K | .= Ox; 0x; & Oz,
KeJh i,j=1 i=1
2 AR v & OR
> / > (aig = Moai ;) o= =—+ ) (b —Tobi) 5 —~v o dady
Kegr /B |ig=1 Ow; Oxy = Oz,
= Ji1+ Jo.

The first term J; can be bounded in the same way as in Theorem 5.2, which reads
| T |< CR?|lulls llv]l1n-

It is easy to see that
| J2 |< CR®|lulls.ellvllp-

Similarly,
| an(ju —Tlu, v) [< Ch?||u]js0llv]1n,
which completes the proof.
Similarly, we have
| an(up — Tu,v) |< Ch2||ul|3,.00.0lv]1,1.0, Vv € CRE. (5.16)

Owing to (5.16), the same procedures of Theorem 5.7, Theroem 5.8 and Theorem 5.9 yield

Theorem 5.11. Let u € W3°°(Q) N HE(Q) be the solution of Problem 8.1, and uyp, be the
solution of Problem 3.2. In addition, assume that a; ; € W**°(Q),4,7 = 1,2, b; € Wh*°(Q),i =
1,2,bp € L>(Q), we have

max | V(u = un)(@o, i, y0,5) |< OB | Inh | [|ul[3,00,0, (5.17)
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s | ) -

i, 10lr) -

279

Jiun(p) |< Ch? | Inh | [Jul3,00,0,

Diun(p) |< Ch* [Inh | [lulls,c0.0-

In the last two estimates, we assume that J" is a uniform partition of the domain ).

5.3 The General Case

In this subsection, we give the analysis of the superconvergence on a general quadrilateral
mesh. We assume the partition satisfied the 1 + « condition defined by Assumption 2.1.

From the above discussion, in order to analyze the superconvergence, the key is to bound
the three term s1, s2 and ss in the decomposition (5.1). We first deal with the consistency error
term s1. As usual, we only consider the case where i = 1, j = 1 with constant coefficients. We

shall apply the technique of [11]. For a given element K,

Fl 8U

a /(%
b e T b

—) x (v — 70wy 1ds

0 0
+a1,1/ (—u g au) X (v — 7§30y 3ds
P

O

F 8
:a’|f1 1|/ U 177

d12_d2
<(o(1m) 7o)

+ar, 3|| |/ a“

di2 + d2

<(0(10) = mp o) B
Since | Fy |=| F3 |= 2, it follows that
du 1 [t ou u 1
o P
=—— [ =(-1,t)dt s =
081‘ |F1| 183?( a)a 081‘ |F3|

S Y B

Flau
— T or )

)

L ou

g0t

Note that ¢ is a linear function with respect to £ and n on K, we have

— —

b(—1,m) — my v = B(1,n) — m v

F3
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Using these equations, we derive as

I —|—Iil = a1 Ld / {/ / / 9505 8Z s z)dsdzdt}
X {/ / 2f/(l,z)clzclt} dn
ar; ] au 9 du
+—d12/ {/ / 5 8x 1,2)+ 5%(1,2)](s,z)dzdt}
9
X {/ / &v(l,z)dzdt} dn

< Ch| |2K|U|1K+Ch1+a|_|1K|v|1K
< Ch1+a||u||3,K||UH1,K-
Similarly,
| I1 + I3 i,7=1,2,
and
|I2 +I4J|<C i,7=1,2.
Therefore,
- Y S Y l<C 19
KeJhi,j=11=1
We now estimate the second sg of (5.1). On the reference element K, we have
- 21 21
R(&n) = € )Ugg + (€ )unn + 3, (5.19)

2 2

where 73 only consists of the third order derivatives of u with respect to & and 7.

OR dv <~ OR
O NN O bRy S dad
Z / ’jal‘i 8a:j +Z (9.237;v+ ORU ray
KeJh 1,j=1 i=1

= J1+Jo+ Js.

52

It is easy to find
| J3 1< CR?|lulls.ellvlln-

The key is to bound J; and J;. For a given element K, we consider the case where ¢ = 1 and
7 = 1. In this case,

OR R R
/Kal,lga—zdxdy = a 1/ [85 (d2 + d12€) + an —(—di — deU)]
00 (dz + dlgg) 00 (—d1 — d1277)
— = "= | d&dn.
§ [85 R T P e
Assume that « > 0. From Assumption 2.1, when h is small enough, it holds

1 1 Ji1€+ Jam
[ R L4
JK JO[ JO +T)]7

with | 7 |< Ch2e.
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Taking into account the expansion of R and the fact that ‘3—2’ and g—f” are constants on K,
we can prove

OR Ov
[ o1 Gy ety 1< OBl o i
which implies
| Ty |< CR** [l gllv]lp-
We now turn to .Jo, which can be decomposed as

Jy = Z/Za—vdxdy

KeJh

OR
Z / Z 8x7 U_HOU 8@;

KeJh
I + Is.

Obviously,
| I |< Ch**[lulls.ellvllp:

Repeating the line of estimating J;, we obtain
| I2 |[< Ch**|lull3,.0lvllp-
Therefore,
| s2|< CR*|lull3,0llvlln- (5.20)
From (5.18) and (5.20), we obtain
| an(up — I, v) |< CR2||ul|3.0l[v]1.h, Yo € CRE. (5.21)
Because du = only consists of the intersected term £n and © is a linear function on K , taking

into account the approximation of the operator 7, (see Lemma 3.1) and (2.1)-(2.3), a similar
procedure of estimating sy yields

| 53 |=| an(ITu — Tu, v) |< Ch2||ul|3.0llv])1.h Yo € CRE. (5.22)

Combining these estimates, we obtain
lun — Tul|1n < Ch**||ul|3.q. (5.23)

Repeating the same line, we can prove
| an(up — Hu,v) |< CR**|ull3.00.0llv]10.0, Yo € CRY. (5.24)

Applying (2.1)-(2.3) again, using Bramble-Hilbert Lemma and the scaling argument as in
Theorem 5.6, we get

max | V(u — Hu)(zo,x, Yo,x) |[< Ch**[|ulls,00 - (5.25)
KeJh

From (5.24) and (5.25), applying Lemma 4.5, we obtain

Theorem 5.12. Let u € W3 (Q)NHE () be the solution of Problem 3.1 and uy, be the solution
of Problem 3.2, assume that a;; € W2>(Q),i,j = 1,2, b € Wh>®(Q),i = 1,2,by € L>=(1),
and the partition satisfies 1 + « condition, then

max | V(u—up)(Ok) |< Ch* 2 | Inh | ||ul3,00.0- (5.26)
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Remark 5.1. For the general quarilateral mesh, there are no similar superconvergences at the
nodes of the partition and the midpoints of edges.

5.4 Summary

In this section, we analyze the superconvergence of the CNR Q; element. Because the
CNR Q; element is equivalent to the P; element on a rectangle, the analysis and results hold
equally for the the P; element when a rectangular mesh is uased. When a general quadrilateral
mesh is used, we don’t know whether there are similar results. The technique in this section is
inapplicable for the NR Q; element, because in this case, Theorem 5.2 doesn’t hold any more.

6. Postprocessing

In this section, we shall propose a new postprocessing technique which admits a supercon-
vergence postprocessed discrete solution.

Let J” be obtained from a coarse quadrilateral mesh .J2* by bi-sectioning each quadrilateral
M, p;,i=1,---,9 be the nodes on M(see Figure 2 for an example).

Figure 2: Macroelement

For any vy, € CR% in the form
9
on =Y vit,
i=1

we define an interpolant Ilyvy, € Q2(M) by

9
vy, = E 0; P,
i=1

where ®;,i = 1,---,9 are the basis functions of the space Q2(M). For any w € H?(Q)NHg (),
let IT,w its piecewise biquadratic interpolant with respect to the coarse partition .J?" defined
by

9
bW | = Z w; i,
i
where w; are the values of w on the nodes p;. Obviously, we have

Lemma 6.1. For any w € H?(Q) N H}(Q), it holds that

bw = Mlw.
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We now prove that II, is a bounded operator with repspect to the norm || - [|1,p,
Lemma 6.2. For any vy, € C’RS, it holds that

| ooy, |1, < C | vk 1,005 (6.1)

| vy, 1< C | op |1,n - (6.2)

Proof. In order to verify this inequality we consider the reference macroelement M consisting
of four subcells F];[l (K;),7=1,2,3,4. Let W denote the nonconforming finite element space of
piecewise linear functions(spanned by 1, &, 7) with zero meanvalue of the jumps over four inner
edges of the subcells. Define the following seminorm

4 2
. _ .y -
| W |, 57.0= Z | w |17F&1(Kj) Vo e W.

J
By virtue of the definition, for any w € /V[7, we have,
| ow |17F];11(Kj):| o |17F;11(Kj)§ CH@HOM,F;(Kj) < C”@HLF;(Kj)a

here w = w o F&l. Thus,

1

2

4
_— ~12
| Haw |1,1\?[S c Z ”wHLFJQl(Kj)
J

Moreover, | - || 37, is also a norm on the factor space W\/ R, which implies
4 2
[wl g < C{Y DI po e
J
4 2
< OV N0 puy (0 VOE W/R.
J

Further, both sides of the inequality vanish for a constant funcition @ € w. Thus,

2

4
| Ilow |17M < C Z | w |?,F1;11(Kj) ) Yw € W,
J

which prove (6.1). It is easy to see that Tlyvy, € H}(2) , and then (6.2) is the direct consequence
of (6.1).
For the postprocessed solution Ilouy, we have the following superconvergence,

Theorem 6.1. Let u € H3(Q) N H () be the solution of Problem 3.1 and uy, be the solution
of Problem 5.2, assume that a;; € W»>®(Q),i,j = 1,2, b € WH*°(Q),i = 1,2,by € L>(Q),
and the partition satisfies 1 + « condition, then

| u— Mauy, |1 < Ch*||ul3. (6.3)
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Proof. Owing to estimate (5.23), Lemma 6.1 and Lemma 6.2, we derive

| u—Thu |1 + | hu — MaMlu |1 + | Mollu — Hauy, |1
Ch**||ul|z + C | TTu — up, |1

Ch*ulls.

| u— Iaup |1

INIAIA

7. Numerical Examples

In this section, we consider numerical experiments of second order elliptic problems with
Dirichlet boundary condition, which reads as

—Au=f, Q=0 1]2a
u =0, 0.

We choose f such that the exact solution is u(z,y) = sin 27z sin 27y. The example meshes
are illustrated by Figures (3)-(5). In numerical examples, we compare the CNR Q; element
with the nonconforming quadrilateral P; element from [10]. The numerical results are listed in

Table 1-Table 3.

Figure 3: Example Mesh a = 1.0

Figure 4: Example Mesh a = 0.5

Figure 5: Example Mesh o =0

Table 1. Error of Pi, CNR Q; and NR Q; element o = 1
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Elements [lu — unlo Vi (u —un)llo
CNR NR P CNR NR P
8x8 0.034054 | 0.031303 | 0.034251 | 1.442686 | 1.422368 | 1.448856

16 x 16 0.008501 | 0.007715 | 0.008538 | 0.727732 | 0.715461 | 0.730244
32 x 32 0.002124 | 0.001921 | 0.002132 | 0.365815 | 0.358225 | 0.364638
64 x 64 0.000530 | 0.000479 | 0.000533 | 0.182415 | 0.179173 | 0.182993
128 x 128 | 0.000132 | 0.000120 | 0.000133 | 0.091219 | 0.089594 | 0.091507
256 x 256 | 0.000033 | 0.000030 | 0.000034 | 0.045123 | 0.044766 | 0.046180

Table 2. Error of P, CNR Q; and NR Q; element a = 0.5

Elements [lu — unlo [Vr(u—up)|lo
CNR NR P CNR NR P
8% 8 0.039254 | 0.038142 | 0.036890 | 1.541388 | 1.521077 | 1.476560

16 x 16 0.009854 | 0.009708 | 0.008447 | 0.796036 | 0.791288 | 0.727414
32 x 32 0.002834 | 0.002811 | 0.002006 | 0.426718 | 0.425625 | 0.360132
64 x 64 0.000972 | 0.000968 | 0.000488 | 0.241019 | 0.240780 | 0.179091
128 x 128 | 0.000394 | 0.000393 | 0.000120 | 0.144607 | 0.144558 | 0.089292
256 x 256 | 0.000178 | 0.000178 | 2.99E-05 | 0.091841 | 0.091837 | 0.044582

Table 3. Error of P, CNR Q; and NR Q; element o =0

Elements [lu — unllo [Vh(w—un)|lo
CNR NR P CNR NR Py
8§ x 8 0.041618 | 0.0410213 | 0.038437 | 1.57476 | 1.48928 | 1.49358

16 x 16 0.014419 | 0.0141182 | 0.009707 | 0.92364 | 0.91044 | 0.754329
32 x 32 0.008793 | 0.0085398 | 0.002429 | 0.66085 | 0.66491 | 0.378065
64 x 64 0.007793 | 0.0076641 | 0.000607 | 0.57625 | 0.56245 | 0.189144
128 x 128 | 0.007589 | 0.0074404 | 0.000152 | 0.55305 | 0.55130 | 0.094586
256 x 256 | 0.007542 | 0.0074012 | 3.79E-05 | 0.54710 | 0.54848 | 0.047294

Table 1 indicates that if the Bisection condition holds, namely a = 1, the CNR Q; element
and the P, element converge at the same rate. Otherwise, as demonstrated by Table 2-3, the
convergence rate of the CNR Q; element deteriorates when « tends to zero, and the convergence
rate of the P; element is independent of the mesh distortion parameter . These numerical
results coincide with the theoretical result.

In the next example, we test the superconvergence at three kinds of points. In this case,
we select f such that the exact solution is u(z,y) = x(x — 1)y(y — 1). The numerical result is
reported in Table.4, where uniform rectangle meshes are used.

Table 4. Derivative Error of CNR Q; at three kinds of points

Elements CNR

Center Node Midpoint
4x4 0.0059193 | 0.0069444 | 0.0095486
8 x & 0.0015681 | 0.0036764 | 0.0040020

16 x 16 0.0003971 | 0.0012943 | 0.0013351
32 x 32 9.961E-05 | 0.0003880 | 0.0003931
64 x 64 2.491E-05 | 0.000107 0.0001079
128 x 128 | 6.232E-06 | 2.839E-05 | 2.847E-05
256 x 256 | 1.55E-06 7.328E-06 | 7.338E-06

In the last example, we examine the superconvergence of the postprocessed sulotion Ilauyp,.
The exact solution is still u(z,y) = x(x—1)y(y—1), the numerical results is reported in Table.5.
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Table 5. Superconvergence of postprocessed solution Ilauy,

Elements | rectangle a=1 a=0.5 a=0

4 x4 0.0124225999 0.013832899 0.0158845238 0.0132328551

8 x 8 0.0028412121 0.00303176098 0.0036921097 0.0033364464
16 x 16 0.000695237312 | 0.000724880704 | 0.00093215325 0.000988615941
32 x 32 0.000172902193 | 0.000180134184 | 0.000272992359 | 0.000396499858
64 x 64 4.3169582E-05 4.50965764E-05 | 8.81364918E-05 | 0.000205713438
128 x 128 | 1.07889121E-05 | 1.12934922E-05 | 3.0224819E-05 0.000131823701
256 x 256 | 2.69701051E-06 | 2.82645534E-06 | 1.0850847E-05 0.000105685113
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