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Abstract

We present a class of relaxed asynchronous parallel multisplitting iterative methods for
solving the linear complementarity problem on multiprocessor systems, and set up their
convergence theories when the system matrix of the linear complementarity problem is an
H-matrix with positive diagonal elements.
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1. Introduction

Consider the large sparse Linear Complementarity Problem (LCP):
Mz+q¢>0, 2>0, 2zI'(Mz+q) =0,

where M = (my;) € L(R") is a given real matrix and ¢ = (g) € R" a given real vector. This
problem arises in many areas of scientific computing. For example, it arises from problems
in (linear and) convex quadratic programming, the problem of finding a Nash equilibrium
point of a bimatrix game (e.g., Cottle and Dantzig[5] and Lemke[13]), and also a number of free
boundary problems of fluid mechanics (e.g., Cryer[8]). There have been a lot of researches on the
approximate solution of the LCP in the literature, e.g., Cottle and Sacher[7], Cottle, Golub and
Sacher[6], Mangasarian[14], Mangasarian and De Leone[15] and De Leone and Mangasarian[9].
These works, besides presenting efficient iterative methods, afforded feasible ways and essential
techniques for studying the numerical solution of the LCP.

To solve the LCP on high-speed multiprocessor systems, recently, Bai and Evans[2] and Bali,
Evans and Wang|[3] presented a class of relaxed parallel iterative methods. These methods are
based upon several splittings of the system matrix M € L(R™), as well as the equivalence of the
LCP to a fixed-point system, and they have many advantages such as high parallelism, strong
generality and extensive applicability.

In accordance with the principle of sufficiently using the delayed information, and by making
use of both the matrix multisplitting and the successive overrelaxation techniques, in this paper
we propose a class of new relaxed asynchronous iterations for solving the LCP on the MIMD
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systems. These new methods decrease the exchange frequencies of the information among
the processors and increase the efficient numerical computations of each processor. Moreover,
mutual waits among the processors of the multiprocessor system are thoroughly avoided. In
addition, since two relaxation sweeps are induced within each iteration, and each sweep possibly
includes its own pair of relaxation parameters, these new methods can cover all the known and
a lot of novel practical and efficient relaxed asynchronous parallel methods in the sense of
multisplitting. Following suitable adjustments of the relaxation parameters, the convergence
properties of this class of new asynchronous parallel multisplitting relaxation methods can be
greatly improved. These are the advantages of our new methods over the known ones discussed
in [2] and [3]. When the system matrix M € L(R") is an H-matrix with positive diagonal
elements, we establish the convergence theories of these new methods under proper constraints
on both the multiple splittings and the relaxation parameters.

This paper affords efficient method models and necessary convergence theories for the asyn-
chronous parallel multisplitting relaxation iterations for solving the LCP on MIMD multipro-
cessor systems. Essentially, it is an extension of the work of Bai and Evans in [2]; and is also a
development of those of Bai, Evans and Wang in [3].

2. Preliminaries

We first briefly describe the notations. Let C' = (¢x;) be an n x n matrix. By diag(C) we
denote the n x n diagonal matrix coinciding in its diagonal with C'. For A = (ax;), B = (bx;) €
L(R"), we write A < B if ax; < by; holds for all k,j = 1,2,---,n. We call A nonnegative
if A > 0. This definition carries immediately over to vectors by identifying them with n x 1
matrices. In particular, we call the vector x € R™ positive (writing = > 0) if all its entries
are positive. By |A| = (Jag;|) we define the absolute value of A € L(R™); it is a nonnegative
n X n matrix satisfying |AB| < |A||B| for any B € L(R™). We denote by (4) = (ag;) the
n X n comparison matrix of A € L(R") where ay; = |agk| for k = j and ap; = —|ag;| for
k#3j,kj=12---,n Wecall A= (arj) € L(R") an M-matrix if it is nonsingular with
arj <0 for k # j and A=' > 0. We call it an H-matrix if (4) is an M-matrix. Note that an
H-matrix is nonsingular, and has the properties that |A7!| < (A)~! and p(|Da|~}|B4l) < 1,
where D4 = diag(A), Ba = D4 — A and p(e) the spectral radius of a matrix. If x € R™, x4 is
used to denote the vector with elements (24); = max{0,z;}, j =1,2,---,n. Forany z,y € R",
there hold: (a) (z +y)+ < a4 +y4; (b) o4 —ys < (z—y)y; () |2] = 24 + (—2)4; and (d)
x <y implies x4 < y4.

It is well-known that the LCP can be equivalently transformed to a fixed-point problem.
More concretely, we have the following conclusion:

Lemma 2.1. (see [2, 14]) A vector z € R"™ solves the LCP if and only if it satisfies
z=(2-2(Mz+7q)), ,

where ® = diag(pi1, P2, -, on) € L(R™) is any positive diagonal matriz.

Since a fixed point equation readily leads to an iterative method, Lemma 2.1 then affords
one basis for the establishments of some efficient and practical iterative methods for solving
the LCP; see, e.g., [1]-[3], [6]-[9], [13]-[15] and references therein. Moreover, the existence and
uniqueness of the solution of the LCP can be directly concluded from Lemma 2.1.

Lemma 2.2. (see [2]) Let M € L(R™) be an H-matriz with positive diagonal elements.
Then the LCP has a unique solution z* € R".
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3. Establishment of the Methods

Given a positive integer a (a < m), we separate the number set N := {1,2,---,n} into a
nonempty subsets J;(i = 1,2,---,a) such that U¥,.J; = N. Corresponding to this separation,
fori € A:={1,2,- -, a} we introduce matrices

. . 1, fork,je J;and k > j,
L= e Ly, o) ={ Y o P okjen,
J J 0, otherwise,
(4) ; :
, . Uy, for k,j € J; and k < j,
U= @) € o, u) = { 0P o Pokjen,
J J 0, otherwise,
: : 0, for k = j,
=Wy e L(RY), WY = { 0 J k,j €N,
J J otherwise,
(4) (i) e,(:z) Z 0, for k € Ji,
E; = diag(e;’) € L(R"), ¢, = ke N.
0, otherwise,
Evidently, L;(i = 1,2,---,«) are strictly lower triangular matrices, U;(i = 1,2, -+, «a) are
strictly upper triangular matrices, W;(i = 1,2,--+,a) are zero-diagonal matrices, and E;(i =
1,2,---,a) are nonnegatively diagonal matrices. For the system matrix M € L(R"™) of the LCP,

let D —dmg(M) nonsingular and M = D + B. If
(a )M D+L;+U;+W;=D+B, i=12,---,«a

(b) Z E; = I (the n x n identity matrix),

then the collectlon (D+ LD+ U;,W;,E;)(i = 1,2,---,a) is called a multisplitting of the
matrix M € L(R").

Assume that the considered multiprocessor system is constructed by a processors. Then,
to describe the new asynchronous parallel multisplitting relaxation methods, we introduce the
following notations.

(1) for Vi € A and Vp € Ng := {0,1,2,---}, Ji(p) denotes a subset of the set J;. Write
JW = {Ji(p)}peno;

(2) for Yk € N and Vp € Ny, Np(p) ={i | k € Ji(p), i=1,2,---,a};

(3) for Vk € N and Vi € A, {sk)( ) }pen, denotes an infinite nonnegative integer sequence.
Write 51 = {s '0),55 (), 1) () e -

J® and SW(i = 1,2,---,a) have the following properties:

(a) for Vk € N and Vi € A, the set {p € Ny | k € J;i(p)} is infinite;

(b) for Vp € Ny, U, J;(p) # 0; '

(c) for Yk € N, Vi € A and Vp € Ny, sgcl)(p) <p;

(d) for Vk € N and Vi € A, lim s\” (p) = oc.

p—0o0

For Vp € Ny, if we define s(p) = kerjr\lfineA s,(:) (p), then there hold s(p) < p and ILm s(p) = oc.
,T p—00

Here, we remark that a is the number of the processors, J; is the subset of variables assigned
to processor 4, J;(p) is the subset of variables updated by processor i at iteration p, N (p) is
the subset of processors updating the k-th entry of the global variable at iteration p, and sy) (p)
is the iteration index for the j-th entry of the global variable received by processor ¢ from the
host processor at iteration p.

Now, based upon the above prerequisites, we can establish the following asynchronous par-
allel multisplitting relaxation method for solving the LCP.
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Method I. Let z° € R" be an initial vector, and assume that we have got the approx-

imate solutions 2%, 2%, -+ 2P of the LCP. Then the (p + 1)-th approximate solution zP*! =
(zPT1 .. 2Pt T of the LCP can be obtained element by element from
2 = Z ekl)zz+“+ Z ek zk, k€ N, (3.1)
€N (p) i€ Nk (p)

where zzﬂ’i(k € Ji(p),i € A) are successively determined by the formulas

o (4) . o - s(.i)( )
ziﬂ/“ = (z,j’“ ® _ <,0§€1) {71 Z l,(;j) (zfﬂ/z’z -z ? )

j<k
) ) k€ Jl(p)z
+

J€Ji(p)

(z)
ca(Smu " )

(3.2)

p+l,i _ [ p+1/2,i _  (2) (0)( p+li _ _p+1/2,i

2, =\ z, or |72 Z Uy, (z z; )
>k
Jj€Ji(p)

p+1/2,i s{" (p)

Z My 2" + Z M2, + qk , ke Ji(p).
J€Ji(p) JEN\J:(p) +

Here 71,72 € [0,00) are relaxation factors, wy, w2 € (0,00) are acceleration factors, and @y =
diag(go;.k)), k = 1,2, are positively diagonal matrices.

In Method I, we have stipulated that the multiprocessor system is made up of « processors,
and the host processor is undertaken by any one of these a processors. Processor i only
needs to solve variables in the variable subset .J; assigned to it through the two relaxation
sweeps in (3.2) defined explicitly by the i-th splitting M = D + L; + U; + W; of the system
matrix M € L(R™). Because the subset J;(p) of the variables updated by processor i at
iteration p is again a subset of J;, a piece of new local iteration zP*!? can be contributed
frequently by processor i to form the global iteration zP*!. The « splittings M = D + L; +
U +W; (i =1,2,---,a) and the a weightings E; (i = 1,2,---,a) can be chosen suitably
so that the workloads among the processors are well balanced, and Method I achieves high
parallel efficiency. Moreover, considerable computational workloads can be saved since the
elements of the local variables corresponding to the zero entries of the weightings need not be
calculated. In addition, corresponding to suitable choices of the involved arbitrary parameters,
a series of practical asynchronous parallel relaxation methods for solving the LCP in the sense
of multisplitting can be generated. In particular, this method covers the asynchronous matrix
multisplitting AOR method discussed in [2], which is given by choosing v2 = ws = 0 and

Jip) = Ji, s\V(p) =si(p) € No, VieA, VkeN, Vpe Ny

the multi-parameter relaxed parallel multisplitting methods investigated in [3], which are re-
sulted by letting

Ji(p) =J; = N, sgf)(p) =p, VieA, VkeN, Vpée Ny;
and a class of applicable asynchronous variants of the latter ones, which are yielded by selecting

Jip)=Ji, s\V(p) =si(p) €Ny, VieA, VkeN, VpeN,.
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Moreover, reasonable adjustments of the relaxation parameters can considerably improve the
convergence property of this method.

On the other hand, it is evident that, in this method, each processor is allowed to update
the globally approximated solution, or retrive any subset of the elements of the globally ap-
proximated solution residing in the host processor, at any time. Hence, new information can
be used on time once it is available.

: ()

If we supplement z2*" "+ = Zg+1/2,z =z (p)(k € N\ Ji(p),i € A), then for Vk € J;(p),

by the concrete structures of the matrices L; and U; (i = 1,2, -+, «) (3.2) can be equivalently

)

expressed in the following form:

2i _ [ 0 5" (v) ~ )
zﬁﬂ/“ = (zs’“ {71 Z lch primt zi' ) +w Z mkjz;t otk
j=1

i<k
Je€Ji
n
p+1,5 p+1/2,i p+1 i p+1 2 z p+ K3
2, =\ 2, /2t _ {725 u - / +qu<§ MpjZ; & +Qk> .
j>k Jj=1 +
Jj€Ji

Furthermore, by introducing a new relaxation parameter 5 € (0, 00), we can extend Method
I to the following extrapolated one.

Method II. Let 2° € R" be an initial vector, and assume that we have got the approximate
solutions 2%, 21, -+, 2P of the LCP. Then the (p + 1)-th approximate solution 2P*! of the LCP
can be obtained element by element from

A= 3 ety N elil, keN (3.4)
i€ENK(p) i€ Nk (p)
with
. . (%)
A= gt (1= )2 P e Ji(p), i€ A, (3.5)

where zi“’i and z£+1/2’i(k € Ji(p),i € A) are successively determined by (3.2) or (3.3).

Obviously, Method II is a meaningful modification of Method I, and it possesses all the
properties and advantages of Method I. Likewise, corresponding to different choices of the
arbitrary parameters involved in it, Method II can result in another series of asynchronous
parallel multisplitting relaxation methods for solving the LCP on MIMD-systems. This then
makes it be possible to implement all the synchronous parallel multisplitting relaxation methods
in [2, 3] for solving the LCP in the asynchronous parallel environments.

4. Convergence Theories

To establish the convergence theorems of the new asynchronous parallel multisplitting re-
laxation methods, we require the following known result, which was proved in [4].

Lemma 4.1. (see [4]) Given T* € R™ and {z'}}_, C R"(Vp € Ny). Assume for all
t € {0,1,---,p} that there exist a positive constant 6 and a positive vector v € R" such that
|zt —z*| < dv. Then there hold |z° SO z*| < dv for Vi € A, provided s( )( ) < p(Vk € N,Vi €
A), where

s (p) s () sy () SOw
T P) = ;1;11 7;1;22 yor Tt
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Forallpe Noand k€ N,let I, = e,(:) and P = I (Z7)*, where (Z;)* is equal to

i€NK(p)
(ZP)~' if Z¥ # 0 and 0 otherwise. Then the following useful relations are evident.

Lemma 4.2. The following conclusions are true:

(1) 0< Iy <Py <1; (PR)?* =Py, ¥p € No;

(2) PYI;, =1;Py =1}, Yk € N, Vp € No;

(3) (1 =PHIF =17 (1 —P;) =0, Vk € N, Vp € Ny;

4 Q=-PHOA-IH)=01-I0)1-P;)=1-PF, Vk € N, Vp € Ny.

Define the positive integer sequence {m;}ien, by induction in accordance with the fol-

lowing rule: mg = 0, and for ¢ = 0,1,2,---, myy; is the least positive integer such that
U Ji(p) = Ji, i = 1,2,---,a. Then by the definitions of the subsets J;, J;(p)
my<s(p)<p<mi41

and the nonnegative integer sequences {sg-i) (P) }peno> {5(P) }pen,, the positive integer sequence
{mi}ien, is well-defined and possesses the following properties:
Lemma 4.3. For Vk € N and YVt € Ny, there hold

I = .
(1) Q7 = Y. Py is positive;
bp=my
+ me41—1
@s”= 11 a-P)=o.
p=my¢
Proof. Evidently, for Yk € N and Vt € Ny, there hold P? € {0,1}, that is, either P =0
or Pr = 1. Now, we first verify (1). Suppose that for some ky € N and some t, € Np there

nu0+1—1

hold Q) = 3 PP = 0. Then we have PL = 0, p = myy,my, + 1,---,meys1 — L.
p=myg,
Hence, I,’:O =0, p = my,my + 1,---,myy41 — 1, or in other words, > egfo) =0,p=
iEA@OW)
Mgy, My, +1, - myg 11 — 1. These equalities and the definition of the integer sequence {m:}ten,

. a .
straightforwardly imply that e,(fo) =0,i=1,2,---,a, or equivalently, > e,(fo) = 0. However,
i=1

(e} .

this obviously contradicts with > e,(;) =1(k=1,2,---,n), which is required by the weighting
i=1

matrices E;(i =1,2,---,a).

To verify (2), we notice that P} (1—PF) = 0 holds for Vk € N and Vp € Ny. Then, by direct
calculations we immediately obtain

me41—1 myy1—1
Qz“s,i“z( > Pf:)( I1 (1—73{;))
p=m p=my
mt+171
= > |ma-rh I a-»Ph|=0
p=mgy m<g<mg41

q#p

From (1) we see that Q,(:) > (. Therefore, SIEt) =0.

Now, let the system matrix M € L(R") of the LCP be an H-matrix with positive diagonal
elements. Then in accordance with Lemma 2.2 we know that the LCP has a unique solution
2* = (z},25,--,25)T € R™. Hence, Lemma 2.1 gives the identities

25 = (ZZ — prw {Z myjz; + qk]> , ke N. (4.1)
+

Jj=1
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Subtracting (4.1) from (3.3) we have for k € J;(p) and i € A that

+1/2,i
ZP /2, Z*

k — 2
s 5 () - 5\ (p)
= (z W _ [71 Z l(l) +1/z - z;? ) +wr kajzj] + qx
j<k j=1 n
JEJ;
n
(o]
Jj=1 +
SE:)(P) * (l) P+1/2 [ S; (l)(p *
g W Do — % +°"12ka —Zj
j<k i
JjeJ:
and
2T
. . o - n o -
_ ( £+1/2 i @562) {72 Z “Ec? (Z;)Jrl,z _ Z;)+1/2,z) +ws (Z mkj2§)+1/2,z n qk> )
>k j=1 n
JE€Ji
n
2
- (2’ — o wy [Z mjz; + qk )
Jj=1 +
n
< <z£+1/2” -z {72 Z uk] +1 - z§+1/2’l) + wy kaj (zf+1/2” - zj*> > i
j>k J=1 +
Jj€Ji

Therefore, it holds for k € J;(p) and ¢ € A that

1/2,i
CH
+
(l)(

(i)
< (Zk @ _, : [%Zl(z) (2, 2 p) +W12mk1< Z;>]>

i<k
JjeJ:

n
< (Zi*i’l/ll Lo {72 Z UEJJ) (b1 Z§)+1/2,z) b Z g (Z;)H/m 3 Z;>

J>k j=1
JjeJi

Similarly, we can also obtain for k € J;(p) and i € A that

+1/2,i
(z};—zz / z)
+

(l) ()
< (ZI: Zlc () [ Zl(z) Z;)Jrl/Zz +W12mk]<2’ —Z] (P)>:|>

i<k j=1

+
JEJ;
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and

5
(= ="
+

n
< (z,’; _ Zﬁ+1/z7z _ (10562) {72 Z USJ) (Z';)+1/Z7l . Z;}—i—l,z) T+ wy Z M (zj* . Z;)H/Lz)

J>k j=1
JEJ;

),

Hence, for k € J;(p) and i € A there hold

1/2.4
ZP+ /2,8 _ Z,t

k
_ <25+1/27i _ z,ﬁ) + (z,’; _ Z£+1/27i>
+ + (4.2)
s (p) (1) (), p1/2,i _50(p) - sV (p)
< |zt —2p — Py [71 Zlkj (zf T -z ) +wi kaj <Zj’ —z;>]
i<k j=1
JEJ;
and
e 5

= ( pHLE _ z,ﬁ) + <zk 2 Z)
+ + (4.3)

n
A s =l [ T = e Y (7 -5 )| \

J>k j=1
JjE€J;

<

From (4.2) and (4.3) we know that for k € J;(p) and i € A the estimates

‘ oDy 3 I 2

1/2,¢
‘Zg—i-/,z_ *

i<k
Jj€J:
(i) (l) (2)
() o () 2 ()
i<k
JEJ;
and
‘Z£+1,i_ * ‘ <p 72 Zu p+1l_z}<)
>k
JjE€J;
n
e (=) ol on S (72 = 5 ) < ) (7 - 5|
j=1 >k
JEJ;

hold. Therefore, we have

220 | < e U= L)~ @1 M = L)) — )
|87 = 2| < ef (L= @afU) T 1 = @a(waM = U J T2 = 2,

ke Ji(p), 1€A, pé€E Ny,
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i (4) (4) i
where e, denotes the k-th unit basis vector in R", and 25" (#) = <zf1 (p), ezt (p)> ,i €A,

Represent by

Bi(y,w1) = I —m®1|Li|, Ci(yn,wi) = [T — @1(wiM — L), ien (4.4)
Bi(y2,w2) = I —2®s|Uil,  Ci(v2,wa) = [I = P2(waM — 12U, '
Then the above estimates can be briefly expressed as
i * — s *
272 2| < e B, ) i) - 2,
|25 = 22| < el Bl wn) T Gl wn) 12 = ), (43)

ke Ji(p), i€A, peN.

Based on (4.4) and (4.5), we can prove the convergence of Method I and Method II under
proper conditions.

Theorem 4.1. Let M = (my;) € L(R™) be an H-matriz with positive diagonal elements.
Let (D + L;,D + U;, W;, E;)(i = 1,2,-- -, &) be its multisplitting with

(M)=D—|L| - [Ui| - Wil =D ~|B], i=12,--a. (4.6)

Then for any initial approzimation z° € R", the sequence {zP},cn, generated by Method I
converges to the unique solution of the LCP provided

0<el <1fmy,  j=12-m k=12, (4.7)

and the relaxation parameters vy, and wi(k = 1,2) satisfy

1
oin {7 my; }
Proof. From the definition of Method I, we easily see that
Pt =zl Y el s+ Y elsp -2l ke N, (4.9)

i€ Nk (p) i€ Nk (p)

On the other hand, from the proof of Theorem 4.1 in [3], we know that under our hypotheses
there exist a positive vector u € R™ and two nonnegative constants 61,62 € [0, 1) such that

Bi 5 71Ci ) <6 ’
{ (myw)” Gl w)u < Orw, (4.10)

Bi(y1,w1) 7 Ci(y1,wi)u < Bau,

Let @ = 0165, and let § > 0 be such that |2° — 2*| < du. Then by applying (4.5), (4.9) and
(4.10), we can directly verify the validity of the inequalities |z — z*| < du(p = 0,1,2,--+)
through induction. Moreover, we can assert that there hold

|2 — 2*| < T*6u, Vp > my, Vte€ No, (4.11a)

where .
T=1-(1-6)emn, €mn=min{e) >0[keN, icA} (4.11b)
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In fact, (4.11) is trivial when ¢ = 0. Suppose that (4.11) is true for some ¢t > 1, we now prove that
it is also true for t+1. From Lemma 4.1 we can easily get |zs(i)(p) —2*| <T%u(Vi € A). Thereby,
(4.5) and (4.10) immediately give the estimates |z/™"" — z*| < 6T%duy (Vk € N,Vi € A). Now,
by making use of (4.9), we obtain for Vk € N that

A —sls 3 elortout S0 el — 5l
i€Ni(p) i¢ Ny, (p) (4.12)

Moreover, because for Yk € N and Vp > my41, from (4.12) and Lemma 4.2 we have

(1 =P — 23] < (1= PE) [ZEOT 6wk + (1 — I7)|24 — z; ]

o p . (4.13)
= (1 ="Pp)lz, — 2kl

and
PRIzt — 2| < P [ZEOT 6wy, + (1 - I7) |27 — 2]

= IPOT Suy, + (PY — IF)|2% — z;| (4.14)
< (PY = (1= O)Z))T" duy,
where the last inequality is got by the induction hypothesis.
(4.13) and (4.14) immediately give the estimate

2p ™ =2kl = PRl = 2+ (L= Pl — 2]
< (PP = (L= )T duy, + (1 = PY)lzy, — 2l

Since for Vk € N and Vp € Ny, P} = 0 if and only if Z;] = 0, by using Lemma 4.2(1)-(2) we see
that (Py — (1 —6)Z;) <T'P; (Vk € N, Vp € Ny). Therefore,

|22 — 2% < PET L Suy + (1= PP)|2E — 27, Vke N, Vp>mu. (4.15)
Let pr, = max{p | 79,’: =1,p = m¢,my41,---,p}. Because st) is a positive integer by Lemma

4.3(1), we know that the positive integer pj. is well-defined. In addition, remembering that
Py €{0,1} (Vk € N, Vp € Ny), based on (4.15) we have

|z,€+1 —zi| £ P,f’“l"”léuk +(1- 77,’:’“)|z,’3’“ — zf| = D' 6wy,

for all K € N and for all p > myy; — 1. This shows that (4.11) is also valid for ¢ + 1. By
induction, we have confirmed (4.11).

Because of I' € [0,1), by (4.11) we finally get |27 — 2*| < I'du — O(p — 00), or in other
words, zP — z*(p — 00).

Theorem 4.2. Let the conditions of Theorem 4.1 be satisfied. Then for any initial ap-
prozimation 2° € R", the sequence {zP},cn, generated by Method II converges to the unique
solution of the LCP provided npg.k) (j € N;k = 1,2) satisfy (4.7), the relazation parameters vy
and wi(k = 1,2) satisfy (4.8), and the extrapolation parameter 8 satisfies

2

0<pB< )
ﬁ 1+U(w1,<1>1)0(w2,<1>2)

(4.16)

where for ® = diag(v1, 92, -, Pn),

o(w, ®) = max {1 —wg;m;;(1-p(D*|B))}.

1<j<n
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Proof. In accordance with the definition of Method II, we easily see that

-zl < Y e -+ Y el -5l keN,
i€Ng(p) i¢ Ny (p)

and
. . (7)
o < Bl s 1= B2 P =2t ke Jip), i€

On the other hand, for any n > 0, let J, = D7'|B| + nee” with e = (1,1,---,1)7 € R®
and let p, = p(Jp) < 1. Then from the proof of Theorem 4.3 in [3], we know that under our
assumptions there exists a positive vector u, € R™ such that

Bi(v1,w1) T Ci(y, wi)uy < [I —wi®1D(1 = py)Juy = Oy (w1, 1)uy
Bi(72,w2) "' Ci(y2, wa)uy < [I — w2 D(1 — pyy)Juy = 0 (wa, Ba)u,

hold for i =1,2,---,a. Define
op(w, @) = max {1 —wp;m;;(1—py)}-
<jsn
Then the above estimates straightforwardly show that

Bi(v1,w1) " Ci(y1, w1)
Bi(v2,w2) ' Ci(72,w2)

uy < oW, @1)uy, .
1=1,2,--, .
uy < op(wz, B2)uy,
In addition, considering the restriction (4.16) on the extrapolation parameter 3, we can take 7
small enough such that

|1 - 6| + 6077(("}17 (bl)aﬂ(w% (I>2) <1

Now, quite analogously to the proof of Theorem 4.1, we can deduce that the iterative sequence
{#P}pen, generated by Method II converges to the unique solution z* € R™ of the LCP.

From the above discussions we see that one reasonable and practical choice of the positive
diagonal matrices ®(k = 1,2) in both Method I and Method II is ®; = ®, = D~!. This
naturally leads to two multi-parameter relaxed asynchronous parallel multisplitting methods,
referred to Method IIT and Method IV, corresponding to Method I and Method II, respectively,
for solving the LCP. Analogously to Theorem 4.1 and Theorem 4.2, we can discuss the con-
vergence properties of the latter two methods. Since the convergence of these two concrete
methods can be demonstrated in a similar way to the proofs of Theorem 4.1 and Theorem 4.2,
we will only state the conclusions but omit their proofs.

Theorem 4.3. Let the conditions of Theorem 4.1 be satisfied. Then for any initial guess
e R,

(1) the sequence {zP}pen, generated by Method III converges to the unique solution of the
LCP provided the relaxation parameters v, and wi(k = 1,2) satisfy

2

0< < 0 <—m——————
S Ve S Wk, <wk_1+p(D,1|B|),

(4.17)
(2) the sequence {zP}pen, generated by Method IV converges to the unique solution of the
LCP provided the relazation parameters vy, and wi(k = 1,2) satisfy (4.17), and the extrapolation

parameter (3 satisfies 0 < 8 < m, where 5(w) = |1 —w| +wp(DYB|) < 1.
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5. Numerical Results

We consider the linear complementarity problem with the system matrix and given vector

R -I c
-I R -1 —c
M= SO € L(R"), gq= : € R",
-I R -I (=)t
-I R (=o)"

respectively, where R = tridiag(—1,4,—1) € L(R"), I € L(R™) is the identity matrix, n = 712,
and c is a parameter.

The test methods used in our numerical experiments are:

(a) the sequential relaxation methods in [6, 7, 14], including SOR, SSOR, AOR and SAOR;

(b) the synchronous parallel multisplitting relaxation methods in [2, 3], including MSOR,
MSSOR, MAOR and MSAOR; as well as

(c) the new asynchronous parallel multisplitting relaxation methods, including AMSOR,
AMSSOR, AMAOR and AMSAOR.

The parallel machine used in our computations is an SGI Power Challenge multiprocessor
computer. It consists of four 75 MHz TFP 64-bit RISC processors. These CMOS processors
each delivers a peak theoretical performance of 0.3 GFLOPS. The data cache size is 16 Kbytes.

In our computations, for i = 1,2, ---,a we take J; = {f;_1n+ 1,7, 1A +2,---,R;411}, with
g = Int (2 ), and
. , me;, for k,j € J; and k > j,
Li= (L)) € LA™, Lf) ={ N e " kjen,
0, otherwise,
. ) M, for k,j € J; and k < j, )
Ui = Uy)) € LY, U] = { _ k.j €N,
0, otherwise,
0, for k = j,
Wi = W) e L(RY), W) =3 o, fork,j€J;,  kj€EN,
Mgy, otherwise,
1, for 1 <k <inm, i=1,
: : 0.5, forn; n+1<k<nn, 2<i<a,
E; = diag(eg)) € L(R"), eg) = ~Z~1 - l~ )
0.5, fornin+1<k<npn, 1<i<a-—1,
1, forign +1<k<n, i=aqa.

The LCP is solved by the aforementioned test methods corresponding to various problem
sizes, right-hand sides, and relaxation parameters when the processor number « is respectively
taken to be @ = 2, @« = 3 and a = 4. From the numerical computations we see that in the
sense of CPU time and the parallel efficiency, the asynchronous parallel multisplitting relaxation
methods are superior to the corresponding synchronous parallel multisplitting relaxation meth-
ods, the multisplitting accelerated overrelaxation methods are superior to the corresponding
multisplitting successive overrelaxation methods, and the multisplitting symmetric relaxation
methods are superior to the corresponding multisplitting relaxation methods. In particular, the
advantages of the AMAOR and AMSAOR methods over the AMSOR and AMSSOR methods,
respectively, are that (i) when the latter ones diverge, the former ones can still converge; (ii)
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when the latter ones converge, the former ones converge faster with higher parallel efficiency;
and (iii) the former ones are less sensitive to the relaxation parameters and they have larger
convergence domains than the latter ones. Therefore, we can conclude that the new asyn-
chronous parallel multisplitting relaxation methods have better numerical properties than both
their corresponding synchronous and sequential alternatives.

For n = 6400, ¢ = 1.0 and a = 2, some of the numerical results are listed in Tables 1-6 and
plotted in Figures 1-4. Moreover, the optimal CPU timings and the corresponding speed-ups of
the AOR-type methods are listed in Table 7 for various problem sizes. All these computations
are started from an initial vector having all components equal to 40.0, and terminated once the
current iterations z? obey

1077,

IN

|(z7) T (M2P + q)|
|(29)T(M=° + g)

Here and in the following, we use CPU to denote the CPU time required for an iteration to
attain the above stopping criterions, oo to denote that an iteration does not satisfy the stopping
criterions after 5000 iterations, and SP to denote the speed-up of a parallel synchronous or
asynchronous multisplitting relaxation method, which is defined to be the ratio of the CPU
times of the sequential relaxation method to the corresponding parallel multisplitting relaxation
method. The numerical results for three and four processor cases are much similar to the two
processor case.

Table 1. CPUs of SOR and SSOR methods

w 1 1.1 1.2 1.3 14 1.5
SOR | 50.70 | 41.48 | 33.85 | 27.30 | 21.72 | 16.89
SSOR | 25.34 | 20.68 | 16.88 | 13.65 | 54.55 00

Table 2. CPUs and SPs of MSOR and MSSOR methods

w 1 1.1 1.2 1.3 14 1.5
CPU | 38.99 | 32.38 | 26.23 | 21.05 | 16.78 | 13.09
MSOR Sp 146 | 146 | 146 | 144 | 143 | 143
CPU | 19.60 | 16.10 | 13.08 | 10.59 00 00
MSSOR | SP 145 | 142 | 141 | 1.42 - -

Table 3. CPUs and SPs of AMSOR and AMSSOR methods

w 1 1.1 1.2 1.3 14 1.5
CPU | 34.73 | 28.42 | 23.25 | 18.99 | 15.16 | 11.82
AMSOR Sp 1.30 | 1.28 | 1.29 | 1.30 | 1.29 | 1.29
CPU | 17.51 | 14.56 | 11.84 | 9.60 00 00
AMSSOR | SP 1.29 | 1.28 | 1.29 | 1.29 - -




110

7.Z. BAI AND Y.G. HUANG

Table 4. CPUs of AOR and SAOR methods

¥ 1.1 1.2 14 1.6 1.8 19 (195|197 | 199 | 2.1
w 1.3 1.3 1.3 1.2 1.1 1.0 1.0 1.0 1.0 | 1.0
AOR | 35.08 | 31.19 | 23.39 | 16.95 | 9.17 | 4.85 | 2.66 | 2.01 | 2.26 | oo
SAOR | 17.63 | 15.57 | 12.07 | 892 | 5.00 | 2.54 | 1.71 | 2.53 | 5.36 | o©
Table 5. CPUs and SPs of MAOR and MSAOR methods
¥ 1.1 1.2 1.4 1.6 1.8 1.9 | 195|197 | 199 | 21
w 1.3 1.3 1.3 1.2 1.1 1.0 1.0 1.0 1.0 | 1.0
CPU | 27.14 | 24.08 | 1812 | 13.14 | 7.25 | 4.01 | 2.16 | 1.91 | 1.99 | o0
MAOR SP 1.29 1.30 1.29 1.29 | 1.26 | 1.21 | 1.23 | 1.05 | 1.14 -
CPU | 13.65 | 1251 | 935 | 6.95 | 3.91 | 2.09 | 1.28 | 1.75 | 2.65 | c©
MSAOR SP 1.29 1.24 1.29 1.28 | 1.28 | 1.21 | 1.33 | 1.44 | 2.02 -
Table 6. CPUs and SPs of AMAOR and AMSAOR methods
¥ 1.1 1.2 14 1.6 1.8 19 [1.95] 197|199 | 2.1
w 1.3 1.3 1.3 1.2 1.1 1.0 1.0 1.0 1.0 | 1.0
CPU | 24.04 | 21.52 | 16.26 | 11.87 | 6.63 | 3.79 | 2.04 | 1.77 | 1.77 | oo
AMAOR SP 1.46 1.45 1.44 143 | 1.38 | 1.28 | 1.30 | 1.14 | 1.28 -
CPU | 12.40 | 10.87 | 9.49 6.26 | 3.62 | 208 | 0.86 | 1.19 | 1.45 | ©
AMSAOR SP 1.42 1.43 1.27 142 | 1.38 | 1.22 | 1.99 | 2.13 | 3.69 -
Table 7. CPUs and SPs of the AOR-type methods
n 900 | 1600 | 2500 | 3600 | 4900 | 6400 | 8100 | 10000
AOR CPU | 0.11 | 0.28 | 0.55 | 0.97 | 1.51 | 2.27 | 3.29 | 4.60
SAOR CPU | 0.09 | 0.20 | 043 | 0.73 | 1.18 | 1.72 | 2.93 | 4.09
CPU | 0.08 | 0.17 | 0.34 | 0.58 | 095 | 1.44 | 2.10 | 2.94
MAOR SP 1.38 | 1.65 | 1.62 | 1.67 | 1.59 | 1.58 | 1.57 1.56
CPU | 0.04 | 0.09 | 0.14 | 0.30 | 0.55 | 0.91 | 1.38 | 2.05
MSAOR SP 225 | 222 | 3.07 | 243 | 2.15 | 1.89 | 2.12 2.00
CPU | 0.07 | 0.15 | 0.31 | 0.55 | 0.92 | 1.30 | 1.99 | 2.74
AMAOR SP 1.57 | 1.87 | 1.77 | 1.76 | 1.64 | 1.75 | 1.65 1.68
CPU | 0.04 | 0.07 | 0.16 | 0.27 | 0.50 | 0.74 | 1.06 | 1.58
AMSAOR SP 2.25 | 2.86 | 2.69 2.7 2.36 | 2.32 | 2.76 2.59
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