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Abstract

This paper is to treat implicit difference approximations to hyperbolic conservation laws
with non-convex flux. The convergence of the approximate solution toward the entropy
solution is established for the general weighted implicit difference schemes, which include
some well-known implicit and explicit difference schemes.

Key words: Conservation laws, weighted implicit schemes, entropy solution.

1. Introduction

We are are interested in the following Cauchy problem for scalar conservation laws

Ou , 9f(w)

— +
5 e 0, (z,t) eRxR™, (11)

U(O,:U) = UO(;U): zeR,

where the initial data up € BV (R) and the flux function f € C%*(R).

It is well known that this problem may not always have a smooth global solution even if
the initial data ug is adequate smooth [11-14]. Thus, we consider its weak solution so that the
problem (1.1) might have a global solution allowing discontinuities, e.g. shock wave etc.

A weak solution to the problem (1.1) is a function u € L®°(R x RT) satisfying:

// (wpe + f(u)pe) dudt -I-/ uo(z)p(z,0) de =0, (1.2)
RxR+ R

for all p € C*(R x RT), with compact support in R x RT.

On the other hand, the week solutions to problem (1.1) are not necessarily unique. A
physically relevant solution (also called the entropy solution) is characterized by a entropy
condition

// (U(uw)pr + F(u)p,) dzdt <0, (1.3)
RXxR+t

for all positive test functions p € C1(R x RT), with compact support in R x R™, where the
entropy function U(u) € C*(R) is convex, i.e. U"(u) > 0, and the entropy flux function F(u)
satisfies
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Numerical methods have been derived to approximate conservation laws in (1.1) in last two
decades years, and have been applied to numerical simulations of many problems appeared
in science and engineering. However, studies of convergence of approximate solutions to the
entropy solution are still open for most of these numerical methods. Although there exist some
related works (see references [1,2,15-23]), either some quantities depending on the space mesh
size are always introduced in their investigating processes, or convex flux is only considered.
In general, the difference schemes only depend on the ratio of the mesh sizes. Moreover, the
introduction of these quantities may be improper for practical applications.

In this paper we study the convergence of the approximate solutions of (1.1) obtained by a
class of weighted implicit schemes. They include some well-known implicit or explicit difference
schemes for hyperbolic conservation laws with non-convex flux.

The paper is organized as follows. In section 2, we present construction of general weighted
implicit difference schemes for one-dimensional scalar conservation laws in different form. In
section 3, the convergence of the general weighted implicit difference schemes is study. Finally
we give some remarks in the last section.

2. Weighted Implicit Difference Schemes

We consider the problem of construction of a general weighed implicit scheme (see [24]).
For the sake of simplicity, the case of uniform grids is only considered. Let At and Az be given
positive numbers. Set z; = jAz,z; 1 = $(x; + 2j31) and " = nAt. In the following, we also
use some difference notations: A_u; = uj; —uj_1, Ayu; = ujp1 — uy, Aj+%u = ujy1 — Uuj, and
5§uj = Uj+1 — 2Uj + Uj—1-

The approximate solution ua(t,z) = u} for (t,z) € [t",t"T!) x (z;_1,2;,1), is given by
the following three-point weighted implicit difference scheme in conservative form

LH_U?Jri(ﬁ hy_1)=0 (2.1a)
At Ag dts T Nimg) T o
where .

thr% = Qh;‘i; + (]. —0)h;.‘+%, hj+% = h(U,j,Uj+1), (21b)

¢ is positive parameter, 0 < 6 < 1, and numerical flux function h; 1 is Lipschitz continuous.
We require the numerical flux function to be consistent with flux f(u) in the following sense

h(u,u) = f(u), (2.2)
and the initial data is projected onto the space of piecewise constant functions by the restriction
1
u(; = /I w(z)dr, Ij = (r;_1,2;,1), (2.3)
J

for j € Z.
We say that difference scheme (2.1) is consistent with entropy condition (1.3) in an inequality
of the following kind is satisfied:

N N At
n+1
Uttt <Ur - \H H

iy~ Hing) A= 1 (24)

where U' = U(uf), and H(u,v) is a numerical entropy flux consistent with entropy flux F(u),
ie.,

H(u,u) = F(u).
Here and below, we also assume that numerical flux h; +1 can be written in viscous form
1 1
hivy = 5 (F(g) + flujn) = 3Qj14 (ujn — wy), (2.5)

where QH% = Q(uj,ujt1;A) is the coefficient of numerical viscosity. For example, for Lax—

Friedrichs scheme, QH% = 1; for well-known Lax—Wendroff scheme, QH% = ()\ajJr%)Z, etc.
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On the other hand, (2.1) can also be written in incremental form as

Ay =hyoy) = Cpa (Wipn —ug) = CFF 4 (w5 = uj1), (2.6)
with A ;
A i+l
+ _ Ao 4 St
CJ'"‘% ) (Q]+5 * AjJr;u)'

Before to end this section, we now quote Helly’s Theorem, which will be used in next section.
Theorem 2.1. (Helly’s Theorem) Let the sequence of functions {un(x)}5° be of uni-
formly bounded variation in a < x < b and such that

| up(z) |[< A, neNU{0},
for some constant A. There then exists a set of integers
ng<ng <ng <---
and a function u(z) of bounded variation in a < x < b such that

lim u,, (x) =u(z), Vz € [a,b.
k—0

That is, given a sequence of functions which are uniformly bounded and of uniformly bounded
variation on an interval, it is possible to extract a subsequence which converges to a function of
bounded variation in L*.
Finally, the Lax-Wendroff Theorem is quoted for difference schemes written in a conservation
form, which will also be required in next section.
Theorem 2.2. (The Lax-Wendroff Theorem) Consider a difference scheme consistent
with (1.1) in form
u Tt —yn 1 - _
7t az iy — By

At Az ) =0,

=

where the numerical fluzx
ﬁj+% = h(Uj—fs1, - Ujik), K €N, h(u,..,u) = f(u).
Suppose that, as At, Ax tend to zero, the solution ua(x,t) produced by the above conservative

scheme, if applied at every x, converges boundedly almost everywhere to some function u(z,t).
Then u(z,t) is a weak solution of (1.1).

3. Convergence of Difference Scheme

3.1. Stability Properties of Difference Scheme
Proposition 3.1. Suppose that ug lies in L°(R)NBVoc.(R) and that the CFL-like condition
1
MM () 1€ AQ(u, 05 M) < 1-9 (3.1)
is satisfied. Then the family of approximations ua generated by the difference scheme (2.1)
from initial data (2.2) is L>°-bounded, i.e.,

| ™ [[pee <[| u™ || oo (32)
and is TV —bounded, 1i.e.,
TV (") STV ("), TV(@W") = > | Ajppu|. (3.3)
jEZ

Proof. In order to prove the above results, we will consider the following three cases.
(I) 8 = 0. Here the difference scheme (2.1) is an explicit scheme, i.e.,

u" = — AR, . — h;.’_%), (3.4)

n
J J i3
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Using its incremental form, it is easy to verify the result, under condition (3.1). We refer the
readers to [6,24].
(IT) 8 = 1. Introduce a parameter 3, 0 < § < 1, then the scheme (2.1) can be rewritten as

uitt = 146_5”? +1 +ﬁ1l, (3.5a)
where
a=ultt - ﬂA(h;‘j% - h;‘j%). (3.5b)
Similar to Step (I), we have
[ |lpe<[[ " [|pee, TV(a) <TV(u"™), (3.6a)
from (3.5b), and
D™ o 2 g+ 1 e,
1+0 1+ (3.66)
TV (u"t) < %TV(U”) + ﬁTV(a),

from (3.5a), because coefficients in (3.5a) are all non—negative, and do not depend on j. Com-
bining inequality (3.6a) with (3.6b), we can obtain the result.
(ITI) 0 < @ < 1. The scheme (2.1) then can be rewritten in a splitting form as follow:

iouy 1o noy -

m'FE( j+%_hj—%)_0’ (370)
utt g 1

“oar Ty T =0 (37

i.e., (2.1) is split into an explicit scheme (3.7a) and a fully implicit scheme (3.7b). Therefore,
for (3.7a), under the condition (3.1) we have

| @llpe <l u™ [|Lee, TV (@) <TV(u"), (3-8)
from (3.7a). In the following, it needs to show
lu"* =<l allp=, TV (™) <TV(a). (3.9)

To do it, we introduce a new variable 4 and a parameter 3, 0 < 8 < 10%9, and rewrite equation
(3.7b) as

uT-‘“——ﬂ a+ 1 ;

= —— 0
oo +B 148 (3.10)
ool +1 +1
i =uj —HﬂA(h?Jr% —h;.l%).
It is not difficult to show that under the condition (3.1) we have
| @ ||pe<||u" ! [|pee, TV (@) < TV (u"h), (3.11)
and )
n+1 ol = = - - ~ -
e wS g 1l #1551 s
X (3.12)
TV (u"t) < p TV(a) + —=TV ().

=1+ 1+8

Combining inequality (3.11) with (3.12), the result can be obtained.

Proposition 3.2. The scheme of monotone type (2.1-2.2) admits an unique solution u?“ €
L>(R).

Proof. Let us introduce the operator T : L*(R) — L*(R) defined by

Ta(u); = uj +OA(hy y —hy 1), j € Z,

i=3
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then the scheme (2.1) may be written as
To(u™); = G"), Gu") =uf — (L— By — W),
To show the existence of a solution of the scheme (2.1), it suffices to prove that the operator
T is invertible. To do this, we will show that there exists a positive constant C' such that

| Ta(wv [[L=> C |l v [|L=, w€ L™(R).
From the definition of the operator T’ and the numerical flux h; 1, we have
[TX(uw)v]; = vj +0A(a;; 105 + b v

—a; 1vj-1 —bj_1v;),

where a = Bhg;’”), b= 8’1((91;’”). Let
Ty (u)v = ¢,

with
cj = [1 + 0)\aj+% — 9/\bj_%]’l)j — 9/\0]-_%’1)]'71 + 9/\bj+%1)j+1,

thus
lej [>[1+6Aaj s —OAb; 1] | vj [ —0Xa;_y [vj-1 | +0AD 1 | vju1 |-
Taking the sup over j € Z in the last inequality, we get
I ¢j Mol vj Iz,
that is
| Ta(wv [l =] v |, uw€ LZ(R),

then there exists an unique solution of (2.1) in L>®(R).
Using Theorem 2.1, Theorem 2.2 and the previous two propositions, we have
Theorem 3.1. Suppose that ug lies in L (R) N BVj,.(R) and that the CFL-like condition
(8.1) is satisfied. Then the family of approximations ua generated by the difference scheme (2.1)
from the initial data (2.2) contains a subsequence which converges in L} (R x RT) towards a
weak solution of (1.1) as Az — 0.

3.2. The Entropy Condition

Proposition 3.3. Let the CFL-like condition (5.1) be satisfied and u} be approzimate
solution given by the weighted implicit scheme (2.1), then they satisfy the following numerical
entropy inequality

Uuf™) S U(u}) = \H; 1 — Hj o), (3.13q)

where
. _ .
Hijyy = QH;L+% + (1= O)HF,,,
(3.13b)
H.

pos = 3 [F () + Flugen) = 3@y w0 V(U ugin) ~ Ua)],

where Q(uj,wjy1; A) is defined in (2.3).
Proof. In order to prove the above results, we will also consider the following three cases.
(I) 0 < 6 < 1. Multiplying (3.7a) and (3.7b) by U’(u}) and U’(u;‘“), respectively, and
using elementary equality

b
U'(a)(g(b) — g(a)) = G(b) — G(a) — / (9(b) — g(s))U"(s) ds,
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where G(u f ) ds, we have
! n ]- — n ].
U'(u})  LHS(3.74) = (= (U@ —U@})) + =—— A [AyF(ul) + A F(u})]
S (AU + St A U] - g [ @ -0V de
1 Uit 1 uj_y
—m/n (f (ujy) = FIU"(E) d€ + E/ (ful_)) = FOHU"() d¢
Q’(L 1 Uiy Qn 1 uj_y
+f2 [ - U de+ i [ L - 9vm e,
and
1 1
U'(u n+1) LHS 3.y = eAt(U(u?'H) —U(a)) + —— Az [ALF(u n+1) +A_F(u n+1)]
n+1 ani ) a
RN + A U + o / - 9U(©) de
1 u;:—ll 1 ]"+11
—m/w (f(ffl) = F)U" () d + 2Aw/ (futh) = FE)U" (€) de
Qi pult Qrtt
+5a1 / L Wi —9UE) AL / Ul - 9uT(e) de.

multiplying the above two equations by (1 — 6) and 6, respectively, and summing them gives
1 " 1
U™ = U)) + = (Hjy — H; y) + LRED =0,

J J

where LRED represents the local rate of entropy dissipation, which is

LRED_——/ U (€) de + Alt /u (w—&U" (€) d¢

_(12;;) /uu]‘+1(f(u;?+1) — f(f))U”(f) df"‘ (12;;9) /uuj'l (f(u?,l) B f(f))U”(f) df

n

(1-0)Q" 1 ruin (1-0)Q7 1 rujs
s [ - aer — 2 [T L - 9ure ag

2At 2At ;L
s / T - FO(E) de + 5o / (Fth) - FEU"(E) de
0Q7 L purt! oQmL puntt
bt [ it U@ ag+ it [ it - v ac

The proof will be completed, if we can show that the local rate of entropy dissipation is non—
negative under the CFL-like condition (3.1).
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Actually, LRED can be rewritten as

a A
LRED = —é/m {fa-¢+(1 = 0)5[f(ujn) = Fuf )

Qe — )+ QI (], — O}U(E) de

+(12;f ) / Q73 (i1 = ©) = A(F(ufyr) = FE)]U"(E) de

2 [ @y g -9 + AU W) - FO)U" () de

2At
Yo / C@-oure) de
+oxg / Q1L it — ) = AF@) = F©)]U"(E) de
+om / [QFL (Wt = &) + MJ (W) = FE]U"(©) de.

S [ 0y - 9 - M) - FO)U" 0 de

+(12£f ) / [QF_ s (uff 1 =& + A(F(uf 1) = F(E)]U"(€) de
+oRi / [Q?i L =€) = MF (W) = FE@)]U"(©) dé
+zim / Q71 (it =€) + A(F () = F(E)]U"(©) de.

It is not difficult to show that LRED is non—negative under condition (3.1).
(IT) @ = 0 and (IIT) # = 1. we can similarly obtain the results.
Therefore, we have

127

Theorem 3.2. Suppose that ug lies in L>°(R) N BViye(R), then under the CFL condition
(8.1) the family of approzimations ua constructed by the difference scheme (2.1) from initial

data (2.2) converges in L},.(R x RT) towards the entropy solution of (1.1), as Az — 0.

4. Concludes

In this paper, the general weighted implicit difference approximations to one dimensional
hyperbolic conservation laws with non-convex flux have been considered. We have studied
the nonlinear stability properties and convergence of the approximate solution produced by

first-order accurate weighted implicit schemes towards the entropy solution.
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In the future, we will study convergence and nonlinear stability of the general weighted
implicit difference schemes on unstructured grids for multi-dimensional conservation laws with
non-convex flux and high resolution implicit schemes for conservation laws.
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