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Abstract

In this paper, based on the natural boundary reduction advanced by Feng and Yu, we
discuss a coupling BEM with FEM for the Dirichlet exterior problems. In this method
the finite element grids comnsist of fine grid and coarse grid so that the singularity at the
corner points can be handled conveniently. In order to solve the coupling system by the
preconditioning conjugate gradient method, we construct a simple preconditioner for the
7stiffness” matrix. Some error estimates of the corresponding approximate solution and
condition number estimate of the preconditioned matrix are also obtained.
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1. Introduction

The coupling of boundary elements and finite elements is of great importance for the nu-
merical treatment of boundary value problems posed on unbounded domains. It permits us to
combine the advantages of boundary elements for treating domains extended to infinity with
those of finite elements in treating the complicated bounded domains.

The standard procedure of coupling the boundary element and finite element methods is
described as follows. First, the (unbounded) domain is divided into two subregions, a bounded
inner region and an unbounded outer one, by introducing an auxiliary common boundary. Next,
the problem is reduced to an equivalent one in the bounded region. There are many ways to
accomplish this reduction (refer to [2]-[6], [9])-

The natural boundary reduction method proposed by Feng and Yu [4] has obvious advan-
tages over the usual boundary reduction methods: the coupling bilinear form preserve auto-
matically the symmetry and coerciveness of the original bilinear form, so not only the analysis
of the discrete problem is simplified, but also the optimal error estimates and the numerical
stability are restored (see [4] and [14]).

It is well known that the analytic solution of the Dirichlet exterior problem is in general
singular at the corner points. The fast adaptive composite grid (iteration) method advanced by
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McCormick (refer to [1], [7] and [8]) is very effective in dealing with this kind of local singularity.
However, it can not be applied directly to the case of unbounded domain.

In the present paper we combine the composite grid method with the coupling method of
natural boundary element and finite element to handle the corner singularity of the Dirichlet
exterior problems. Under suitable assumptions we obtain the optimal error estimates of the
corresponding approximate solutions. The underlying linear system is difficult to solve directly
due to the complicated structure (which is neither sparse nor band). Instead, we use the precon-
ditioning conjugate gradient (PCG) method by constructing a kind of simple preconditioner for
the coupled ”stiffness” matrix. We show that condition number of the preconditioned matrix
is independent of the (coarse and fine) mesh sizes. Moreover, we give numerical examples to
illustrate our theoretical results.

2. The Natural Boundary Reduction

We consider the following model exterior Dirichlet problem in two dimensions:
{ —Au=f in Q°=R*\(QUI),
u=g on 09,
subject to the asymptotic conditions

(2.1)

1 : ;
U(ﬂ?,y)zﬂ-FO(;) as r = w2+yz_)ooa

with 3 be a constant, where Q2 is a Lipschitz bounded domain. Assume that the given functions
f and g satisfy (see [6]): supp f C Qp and f € H () with some , being a bounded domain
and containing ; g € Hz (9).
The variational form of the boundary value problem (2.1) is: to find u € H'(Q°), such that
D(u,v) = (f,v), Ywve H}Q), (2.2)
where

H'Y(Q) =

v

: ,—,— € L?
Y V(2 +1)-In(r2 +2) 0z Oy
H(Q°) = {v:ve H (Q9,v]sq = 0}

and D(u,v) = (Vu,Vv), Vu,ve H(Q°), (2.3)
with (-,-) be the L? innerproduct on Q€.
Let Qo C € is a circle disc (with the radius R) containing €. Set ; = Q2°N Qp and
Qy =Qf = RQ\QO. We assume that the ratio of the area of €2; over the area of €2 is not small.
Let I' denote the boundary of Q. It follows by Green formula that
D1 (u,v) = — Jp Pods, Vv e Hi(Q°). (2.4)
Let G(p,p’) denote the Green function of the Laplace operator on the domain €25, which

satisfies
{ —AG(p,p') =6(p— 1),V p,p € Qs,
G p)lper =0, V p' € Qa.
Set v = G(p,p') in the second Green formula

ou ov
//92 (vAu — uAv)dp' = /( I u%)ds,

we obtain (refer [13])

0
= [ | 16w - [ 5-Gor) ud, Vpe
Q2 ron
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Here n and n' denote respectively the exterior normal vectors of I' ( which is regarded as the
boundary of 2) at the points p and p'.

Thus 5 12
@) = [ Jo, F#)5:G 0, p)dpf (2.5)
frananG(pp) ( )dp,VpEF.
Set 5
anG( ) - G’I(’L2) (p7pl)7 papl € F;
and
2 Gr) )y = Kou(p), p e T
r Ondn' 2T '
Then (2.5) can be written as
Bu(p) = [ fo, FB)GY (0, p)dp' + Kru(p), p€T. (2.6)

Substituting (2.6) into (2.4), we obtain the coupling variational problem of (2.2): to find u €
H, () such that

Dy (u,v)+ < Kau,v >p= fol fvdzdy— < wg,v >p, Vv e Hi (), (2.7) where
< -,- > denote the L? innerproduct on T,

wy(p) =/ g F@0"GP (p,p)dp', p €T,

H; () ={v:ve H (M),v]sa = g},

and
Hy() = {v:v e H'(D),v|oe = 0}.

Remark 2.1. It has been shown in [13] that the operator Ky : H3(I') — H~3(I) is
just the Dirichlet-Neumann operator (Steklov-Poincare operator) for Q5. Thus, it is symmetric
and semi-positive definite with respective to the innerproduct < -,- >p. This means that the
coupling bilinear form

A(u,v) = D1 (u,v)+ < Kou,v >r

is symmetric, bounded and coercive in H} (). In particular, the variational problem (2.7) has
unique solution v € Hy(Q1).

3. Composite Grid Discretization

Without loss of generality, we assume that: (i) the domain Q is a polygon; (ii) g = 0. Let
the auxiliary boundary I' be divided into m circular arcs with the same length. Moreover,
let the domain ; be divided into some quasi-uniform triangular or quarilateral elements with
the diameter H (=~ 2wR/m), such that the finite element nodes on I' coincide with the m
dividing points on I'. The corresponding piecewise linear finite element space is denoted by
Su(Q1)CH}(Q1) = Hg(Q1). Because the analytic solution w is in general singular nearby the
concave angle points of ;, even if the given functions f and g are smooth enough on their
definition domains Q¢ and 012, the finite-dimensional subspace Sy (21) can not provide a ” good”
approximation of u unless the mesh size H is very small. Let Q3 is a subdomain of €2,such
that (23 containes the concave angle points of ;. We assume that (23 is just the union set of
some elements of ;. Set

Hj(Q3) = {v:veH" (Q), supp v C Q3}.
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We make a refining division to 3, such that the diameter of finer elements is h < H. Let
S9(Q23)CH}(Q3) be the corresponding piecewise linear finite element space. We define the
composite grid space Sp wCH, () = Hy (1) by Shr = S (1) + Sp(Qs)-
The discrete variational problem of (2.7) is: to find up, #€Sh, g such that
Alup,m,v) = [ [, fodedy— < wy,v >r, Y v€Sy pNHg(Q). (3.1)
For this approximation,we have the following error estimates.
Theorem 3.1. Assume that feL?(Q°) and geHz (0. Then, there is a decomposition
u =0+, such that A€ H*(Q1)NH (1) and a€HE (Q3)NHT(Q3) with 0 < o < 1. Moreover,
we have
(lun,m =l o, + lunm — Ullép)% SC(h* ||l a5 + Hlldll2,0,), (3.2)
and
lun,i = ullo,0, <C(h**|ill1+a,0. + H?|lill2,0,)- (3.3)
Proof. It can be proved as in [14] that
llwn,o —ullf o, + llunu — U||;p
< dnf {lo=ull g, +llo—ul} o).
It is well known that the analytic solution w can be decomposed into v = u + us with
wEH?(Q)NH (1) and us satisfying us€ HE (Q1)NHT2(Q3) and use H*(QF) for any Q9 CC
;. Here, the value of a,satisfying 0 < a < 1, depends on the degrees of the concave angles of
;. By the unit resolution Theorem, we can show that there are us € H} (Q3)NH*(Q3) and
us2€H2(Q)NHE(Q1) such that us; + usy = us.
Let Py : H{(Q1)—S,(Q3) and Py : Hi(Q1)—Su(Q1) denote the sequences of orthogonal
projection operators with respect to the innerproduct Dq(:,). Set

(3.4)

v = Pyus + Py (t + us2)€Sh,m-

Then, by the triangular inequality and the Trace Theorem, we obtain

lv—ulli o, = (Ph— Dusi + (Pa — I)(@ + us2)|l} o,
< 2([|(Py = Dusilf g, + 1(Pr — I)(@ + us)|} ,) (3.5)
< Ol(h*lusilh4a,0s)” + (H||E + usall2,0,)%]
and
lv—ull = I(Pa = D(usz + D 2 <C(Pr = D(use + D) o, (3.6)
< C(Hllusz + all2,0,)*

Substituting (3.5) and (3.6) into (3.4), we deduce (3.2).
Similarly, we can prove (3.3).

Remark 3.1. Theorem 3.1 indicates that the fine mesh size h and the coarse mesh size H
should satisfy h*~H.

4. A Preconditioner for the Discrete System

It is obvious that the stiffness matrix of the bilinear form A(:,-) is neither sparse nor
band. Thus, it is difficult to solve the discrete problem (3.1) in the direct way. Fortunately, this
stiffness matrix is symmetric and positive definite,so (3.1) can be solved by the PCG method.
Now we construct a kind of preconditioner for this bilinear form.

For convenience’ sake, we define the operators A, A : S, gy — Sk by

(A(paw) = Dl(‘P:d’)"‘ < K2‘P:¢ >1“,VQO,1,ZJ € Sh,H-

(A(P,'(/)) = Dl(‘)oarl/})?(p € Sh7H7V1/) € Sh7H7
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Let Ay : Sp() — Sp(Q1) and Az : Sp(Q3) = S5 (Q3) denote the restrictions of the operator
A,which satisfy

(A1, 1) = (A1), 1 € Su (), Vo1 € Su(th),
and

(Asps, ¥3) = (Aps,1)3), 03 € Sn(Q), Vi3 € Sn(Qs).

It is clear that the operators A; and As are symmetric and positive definite with respect to
the L? innerproduct.
We define the preconditioner of the operator A as
B=A'Q: + A7'Qs, (4.1)
where Q1 : Spg — Su(Q1) and Q3 : Sy m — SP(Q3) are the L? orthogonal projection opera-
tors.
Theorem 4.1. There exists a constant C' independent of m, h and H, such that
cond(BA) < C (4.2)
In order to prove Theorem 4.1 we need two Lemmas.
Lemma 4.1. There exists a constant Cy independent of m, h and H, such that for any
vESy i there is a decomposition v = vy + vo with v1€SH(Q1) and v2€SY(Q3), which satisfy
01l o, + [v2[ 0, <Colvl; g, - (4.3)
Proof. Set Sg(Q3) = Su(1)|q, and

S5%(93) = {v:ve Su(3),v|sn, =0}.

Let vy €Sy (Q3) be the discrete Harmonic extension of v|sq,, which satisfies

{Dl(vHﬂ/J) =0, Yy € Sy(),

\ verlons = vlos-
Then there is a constant C' > 1 such that

|UH|%793 < C_'|UH|2%7393 = C_'|U|2%7393' (4.4)
We define v; €Sy () as follows:
vy, in s,
v, on 01\ Q3.
Set v, = v —v;y. It is clear that v2€SP(Q3) C SH(NQs).
From (4.4) and the Trace Theorem, we have

il o, = |vilfq, + |U1|?,91\93
|1)H|%,93 + |U|i§21\93
CIE oo, + 1 1\ (45)
C~'|U|in3 + |U|f,91\93
C|“|i91-

v =

ININ N

Furthermore .
|02] 0, <2(10]} o, +|u1li 0,)<C
which,together with (4.5),yields (4.3).
Remark 4.1. In Lemma 4.1, we do not assume that the ratio H/h is bounded (compare
[1]). Besides, our proof is very concise (compare [8]).
Lemma 4.2. For any ¢€Syu(Q1), we have
< K¢, ¢ >r <|ouli g, (4.6)
where ¢ € Sp (1) is the discrete Harmonic extension of ¢|r.
Proof. Let Go(p,p') denote the Green function of the Laplace operator on the domain Q.
We define the operator K, : Hz (I')—»H~2(T') by
82
B r 8n6n’G0

U|%7917

(p,p') - v(@)dp' = K1v(p), p€eT.
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Then, we have Kyv = Kyv for all vEH%(F). We extend the coarse mesh division on ; to
Q in the natural way. The corresponding piecewise linear finite element space is denoted by
Su(Q)CH (). For ¢S (Q1),let dro€SH () be the discrete Harmonic extension of ¢|r
on . It has been shown in [13] that K; is just the Dirichlet-Neumann operator associated
with the domain €g. Thus, by the definition of the Dirichlet-Neumann operator (see [13] and
[14]), we obtain

< Ko$, ¢ >r=< K16,6 >r=|pmol? o, (4.7)
Let ¢ppgu€SH(Qo) denote the zero extension of ¢y. By the minimal energy property of the
discrete harmonic extension, we have

lpuo0lt o, < lounli o, =loulia,,

which, togther with (4.7), yields (4.6).
Proof of Theorem 4.1.
It is clear that
(Ap,p) < (A, 9), Y € Spm- (4.8)
Set
S% () = {v:veSy(N),v|r =0}
and
52,1{ = Sp(Qs) + Sy ().
For €Sy i, let o, m€Sh,u denote the discrete harmonic extension of ¢|r, which is defined by
{ (Vonm,Vip) =0, Y yeS] y,

en,mloa = @loa, enHlr = @|r.
Set wp = ¢ — ¢, (€S) gr)- Then, (Ap,p) and (Ap,p) can be written respectively as

(Ap,0) = @pli o, + lenuli o+ < Ko, >r (4.9)
and

(Ap, ) = lopli g, + lonmlTq,- (4.10)
From the proof of Lemma 4.1, we know that there is a function ¢;€Sy () satisfying
02 = pna — p1€SH(Q3), such that

|(101 |%791 SCN’|()0h7H|%,Ql °

Let o €S (1) denote the discrete harmonic extension of |r. Namely, ¢y satisfies
{ (Veou,Vib) =0, VpesSh(),

vrloa = ¢loa, ¢HIr = ¢r.
Since (note that @2|r = 0)

o1l = ¢nulr = ¢Ir = ¢ulr,
we obtain
lorlt o, <leili o, <Clenuli o,
by (4.9), (4.10) and Lemma 4.2, this leads to

(Ap,9) < (C +1)(Ap,9), Y € Sp,u-
Therefore, using (4.8)~and the Cauchy inequality, we can prove
(C+1)"Hp, Ap) < (A7 Ap, Ap) < (v, Ap), Yy € Sp - (4.11)
On the other hand, we have
BA = Py + P,

Thus, it can be verified in the standard way that (refer to [10] and [11], note Lemma 4.1)
o, Ap) < (BAp, Ap) < (¢, 49),¥p € Sn.u. (4.12)
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Now we prove (4.2).
In fact, for any v € S,z we have

(BAv, Av) = (BA(A " Av), A(A~! Av)).

Hence, by (4.12) and (4.11) we obtain (set ¢ = A~ Av)
(BAv, Av) < (A"t Av, Av) < (v, Av). (4.13)
In an analogous way, we can prove

(BAv, Av) > O3 ' (C + 1) (v, Av),

which, together with (4.13) give the desired result (C' = Co(C + 1)).

Remark 4.2. Theorem 4.1 indicates that the PCG algorithbm of the coupled system (3.1)
with the preconditioner B has fast convergence speed which is independent of the mesh sizes
(h and H).

5. Implementation

For the coupling method of finite element and the usual boundary element, a boundary inte-
gral equation need to be solved. Instead, we need only to calculate some singular integrations.

At first, we give the stiffness matrix of the hypersingular integral operator K.

Let {¢;}™, be the set of the piecewise linear nodal basis functions defined on I'. It can be
verified directly that (see [12], [14])

b Sp= — L (2T 2T 2il0)65(0) 400
< Kab 6y >r= — Ji" 2" G agap
5 00 ) orli
= i 2 sin® & cos L(ij)ﬁ .
k=1

(7/7.]:177m)

Since the series in the above expression possesses fast convergence speed, it can be replaced by
a suitable finite sum. It is obvious that the stiffness matrix of K> is a circulant matrix, so only
small calculation and memory space are needed.

Secondly, we discuss how to calculate the singular integration < wy, ¢ >p. Here, ¢ denote
a piecewise linear nodal basis function defined on ;. It is clear that < wys, ¢ >r=0 for any
internal node. Thus, we consider only the boundary nodes (at I').

Let f(r,0) and ¢(R, ") denote respectively the polar coordinates forms of f(z,y) and ¢(z,y).
Then

R 27 , 2w o0 7“2 _ RQ .
<wys, ¢ >r:%/0 [¢(R,9)/0 /R R2—|—r2—2chos(9—0’)rf(r’0)drd0]d9'

Using the transformation r = 1, we obtain

<wj,d >p= 5/%[(;5(13 9')/% /R_l L - R F(t,0)dtd)ds’
b= 00 s Jo 1+ R*M2—2Rtcos(d —6) ’

where
F(t,0) = f(t71,0)t=3.

Since the integrant is singular when r = R and § = ', this integration should not be calculated
by the standard Gauss integration formula. Thus, we write < wy, ¢ >p as the form
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2 27 cR™! _R2¢2
< wf,(;S >r= % 02 {¢(R7 0,) 02 fo 1+R2t21—2gttcos(9—9’)[F(t’e) —F(R,H)]dth}dH’

5 5 -1
+ A OB [T IF(RG) [ ity A0} 6
= I + L.
Under suitable assumptions the function F(t,6) is differentable on the integration domain
[0, R=!] x [0,27],50 I} is a normal integration.
Now we consider Is. It can be verified that

1-R?*¢? _ 2sin%(9—9’) 1
1+R2t2—2Rtcos(§—0') —  [Rr—cos(0—0")]2+sin?(0—0")
_ 1 o 2R[Rr—cos(§—0")]
7 cos(f — 6 )[ercos(070’)]2+sin2(979’)'

Hence

R™? 1 R%? _ 2sin(0-0") 0_p' 1
e e o= It = 7 arctan(tan =) + Iarctan(tan(e_e,) )]

— % — £ cos(f — 6')Indsin® L5
In above expression, only the last term involve a weakly singular function, which can be written

in the series form (see [14])

9 > 1
1n4sin20 b :—2;Ecosg(9—0'); 0,0' € [0,2x].

2

Therefore, we can obtain a formula to calculate I.

Finally, we consider implementation of the preconditioner B.

Let Agg and Ay, denote respectively the stiffness matrices of the operators A; and As. It
can be verified directly that the block-matrix form of the operator B is (refer to [10])

0 0 +A,j,10
0 Ayy 0 0)’

which has the same order with the stiffness matrix of the operator A. We must point out that
the above sum-matrix can not be replaced by the followwing block-diagonal matrix

( A 0 )
0 A )7

because the order of this matrix is higher than that of the stiffness matrix of the operator
A(note that Sy (Q3)NSk(Q1) # {0}).

It is expensive to calculate exactly the matrices A,;,i and A;{L, so we describe the action of
the preconditioner B in variational form.

For geL*(),u = BgeSy, u can be calculated as follows:
19 Solving @, €S} (Q23) and Gy €SH () in parallel

(Vﬂh,Vv) = (g,U), v UESQ(Q3);

(Vag,Vv) = (g,v), YV veSu().

2° Set w = up + um.

Remark 5.1. The above algorithm indicates that only the subproblems in Sp(23) and
S (1) need to be solved (independently).

Remark 5.2. The preconditioning algorithm introduced in this paper is additive,so our
results can be extended directly to the case of nonexact local solver (refer to [10]). Since we use
the natural boundary reduction method, not only the theoretical analysis but also the numerical
algorithm are simpler than that of the other boundary reduction methods (compare [6] and [9]).
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Remark 5.3. For the Dirichlet exterior problems without corner singularity, Yu [12] ad-
vanced a kind of D-N alternating method associated with the coupling of FEM and the natural
BEM. However, this method can not be applied directly to the case discussed in this paper.

6. Numerical Examples

To illustrate the theoretical results stated in Section 3 and Section 4,we consider
—Au = f, in Q°,
u=g, on 01,
where Q = [—1,0] x [-1,0];f and g are given functions such that its exact sulution is u(z,y) =
(> +y*) ¥
(2+3)°++3)>"

(6.1)

2/3 8/3 8/9

(f(may) = _u(may){($2 +y2)[($+ %)2 + (y+ %)2] + (£U+ %)2 + (y+ %)2 o $2 +y

7})

It is clear that the analytic solution w is singular at the corner point (0,0) (v = 2). This
problem is solved by the method introduced in Section 2. Here, radius of the auxiliary circle
I is R = 2. Moreover, the subdomain 23 is chosen as the sector with radius 1. We use quasi-
uniform triangular elements. The resulting linear system is solved by the PCG algorithm with
the preconditioner proposed in Section 4.

The error estimates (3.2) and (3.3) are confirmed by Table 1 (with the equivalent discrete
norms).

Table 1

error estimates (H = 4w /m,h = H/4)

m | Jlug —ullie, | llune —ulle, | llua —ullog, | [lusa — ulloo,
20 9.87D-1 7.25D-1 9.31D-1 4.66D-1
40 6.37D-1 3.64D-1 3.75D-1 1.20D-1
80 4.12D-1 1.83D-1 1.53D-1 3.14D-2
160 2.65D-1 9.24D-2 6.14D-2 8.09D-3

The numbers of iteration are given in Table 2, which can confirm Theorem 4.1. Here, the
domination error with the discrete (> norm is 5.0 x 107°.

Table 2

numbers of iteration

m 20 | 40 | 80 | 160
PCG |14 | 14| 15| 14
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