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Abstract
This paper is devoted to the construction of domain decomposition methods with non-
matching grids based on mixed finite element methods for the unilateral problem. The
existence and uniqueness of solution are discussed and optimal error bounds are obtained.
Furthermore, global superconvergence estimates are given.
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1. Introduction

Domain decomposition methods (DDMs) with nonmatching grids, which have been devel-
oped in recent years, are a quite new class of nonconforming DDMs. As this kind of DDMs
can be applied to solving many practical problems which can’t be handled by using the usual
DDMs, they are been earning particular attention of computational experts and engineers. The
advantege of these methods is that they allow non-coincidence of the nodal points at common
edges or common faces. Thus they can deal with the problems of moving grids and can design
the optimal meshes, namely, one can choose different mesh-sizes and different orders of approx-
imate polynomials in different subdomains according to the different properties of solutions and
different requirements of practical problems.

The superconvergence estimates for the finite element methods have been developed in
the last ten years. Its mathematical framework is being perfected. We refer to Krizek and
Neittanméki M, Lin and Xu ¢!, Lin and Zhu 724 Krizek (15 and Wahlbin 23! for details.

The finite element approximations and error analysis for the unilateral problem were studied
in many papers. We refer to Brezzi, Hager and Raviart (%5, Glowinski, Lions and Trémoliérés
(9] Haslinger [1°], Haslinger and Hlavécek 15121 Kikuchi and Oden 3! for more details.

We will discuss in this paper the domain decomposition methods with nonmatching grids
for the unilateral problem. The nonconforming on the interface of subdomains is handled by
introducing Lagrange multipliers. The finite element analysis of the mixed formulation for the
unilateral problem is presented and error estimates are derived. Furthermore, we give the global
superconvergences if the partition of domain 2 is almost a uniform piecewise strongle regular
mesh and the solution is smooth enough.

Let 2 be a bounded domain in R™ with Lipschitz boundary. We will use the usual Sobolev
space W™P(Q) consisting of real valued functions defined on  with derivatives through order
m in LP(Q) and the norm on WP (Q) is denoted by || - ||mp,o- In particular, we define

H™(Q) =W™*(Q) and || [lme =1 |lnz2.0-
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Let us consider the following unilateral problem:

—Au+u=f in €,
(1)

u—gZO,g—:‘LZO, (u—g)g—:‘LZO, on 0N =T,

where n and g—z denote the unit outer normal and the derivative with respect to the outward
normal n on I, respectively, f and g are given function. Let (-,-) denote the L*(f2) inner
product. We introduce the convex set

K={v|ve H(Q),vv —g >0 a.e. on '},

where vv denotes the trace of v on the boundary I' and in the following, we will omit the
notation v without confusion. Then corresponding a variational formulation of the problem (1)
can be defined as follows:

findu € K such that
(2)

a(u,v —u) > (f,v—u), Yve K,
where
auv) = [ (u-gv+w)
Q

f€L?Q) and g € H(Q).
We find that the continuous bilinear form a(-, ) on the Hilbert space H*(Q2) x H(Q) satisfy

a(u,v) < dlullallvllie, alv,v) > Kl o, (3)

where § and k are positive constants. Then we know that the problem (2) exists a unique
solution u € K. Moreover, for g and f sufficiently smooth, u € H?(Q) N W1*°(2) and the
pointwise relations (1) hold (cf., [4,pp.440], [5,pp.12]).

2. Domain Decomposition

Now we shall consider domain decomposition methods with nonmatching grids. For simplic-
ity, we assume that 2 is a bounded and convex polygomal domain in R™. We first will divide
the domain (2 into some subdomains Q; (i = 1,...,ng4) with size d; ( for simplicity d; = d ) and
then subdivide these subdomains §2; and its boundary 9€2; into quasi-uniform finite element
meshes T}, = {e} with size h; and Ty, = {7} with size H;, respectively. Let h = max{h;} and
H = max{H;}. We will use the following notations:

Th=Upd Ty, T =0l Ty, T;=0N0Q; #¢, T =UN4Ty,

Y =UM 00, B, =00;\T, Yt = UM, B!

int»

and define the functional spaces
nd nd .
H(Q) =[[H' () and HE) =[] H 2(0%)
i=1 i=1
with the norm

ng nqg
ollif e =D [l g, and [l 5 =D a5 o0,
i=1 i=1
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respectively, where

2 _ -1 2 2 2 _ (u(z) = u(y))®
Iulf 0, = 4l + 10 o 1l = [ [ ey
and
|| vl
||U||7%,BQ,- = sup o
’UEH%(QQi) ||’U||%’89i
v#0

For further notations we refer to Necas [?1], Ciarlet and Lions [7!, and Kikuchi and Oden 13!,
We construct the domain decomposition variational formulation of the problem (1) as fol-
lows: Find (u,A) € H(Q) x H(X) such that

Z{ai (u7 ’U) - [/\7 U]BQi} = Z(f; U)Qi? Vv € H(Q)a (4)
Z[/”au]Eﬁm = 0, Vue H(E)a (5)
Y lp—Au—gle; > 0, Vpe H(Z), (6)

j=1

where [-,-] denotes duality pairing on H~2 x H% and

wlwo) = [ (vu-g+w)

H(X)={pec HZ)| p>0 ae. onl}.

Theorem 1. Let f € L*(Q) and g € H'(Q). Then the problem (4)-(6) has a unique solution
(u,\) € H(Q) x H(X). Moreover, u € K is the solution of the problem (2) and satisfies

0 .
)\za—z on 0Q;, 1<i<ng. (7)

Proof. Let D(Q) denote the space of test functions defined on © and (w,A) be a solution
of the problem (4)-(6). Then by the Green’s formula in each €; choosing v € D(€;) in (4), we
obtain

—Aw+4w=f, in Q.

For any q € (D(2))", we have by (5) and n-q € H(X)

ng ng
/wdivq = —Z/ gradw-q-l—Z/ wn - q
@ i=1 7% i=1 7 0%

ng
= —Z/ gradw - q,
i=1 7S

which deduces

ng
. 1
| / wdival < (3 lleradwll3.0,)* lallo.o,
@ i=1
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ie.: we HY Q). By (6), it is easily deduced that w — g > 0 on I'. Hence w € K. Furthermore
for any v € K, we have by (4)-(6),v—¢g>0and A >0on T,

a(w,v —w) = (f,v—w)-l—i[)\,v—w]agi
i=1

(f,v—w)+ Z[)\,U —gJr; + ZP\,Q —w]r;
j=1 j=1
Z (f,U—UJ).

Thus from (2),(8) and the uniqueness of the solution of the problem (2), implies that w is a
unique solution of the problem (2) and w = u.

Now since w € K is the solution of the problem (2), we get (7) by using the Green’s formula
in (4).

Conversely, let u € K be the solution of the problem (2). Then it is easily to check that
(u, $%) € H(Q) x H(X) satisfy (4). As far as (5) and (6), it is a direct verification by u € H' (1)
and v — g > 0 on I'. This completes our proof by the uniqueness of the solution of the problem
(2).

Let Sp;(€;) denote the finite element space of piecewise m-th polynomial functions which
are defined on meshes T}, = {e} and

SHz(aﬂl) = {/j’| ,LL|-,— € Pn(T)7 VT € TH1}7,L =1,---,ng,

where P, (7) is the space of n-th polynomial functions defined on meshes Ty,, m > 1 and n > 0.
Let

Su(®) = [[ $@2), Su(©) = [ Sn.(2),

Ng(X) ={p € Su(X)| plr; > 0 at nodes on I';,j =1,---,mg}.

Then the finite element approximation of the problem (4)-(6) is as follows: Find (u”, \¥) €
Sh(2) x Ng(X) such that

Z{ai(u’h7 Uh) - P‘H7 Uh]agi} = Z(f: Uh)Qi: vvh € Sh(ﬂ)a (9)
i=1 =1
Z[H:uh]Ejm = 0, Vpe SH(E)a (10)
i=1
i[,u—)\H,uh—g]p]. > 0, Yu€e Ng(X%). (11)
j=1

Lemma 1. We suppose that E = % is a sufficiently small number. Then there exists a

constant B > 0 independent of h and H such that

nd

2 [\ voe,
sup —

=1
vES)(Q) v]l]1,0
v#£0

> BlIAl-1 55 VA € Su(%). (12)
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Proof. Let A € Sg(¥) and w; be the solution of the following Neumann problem:

— A w; +w; =0, in Qi,
13
D, (13)
on

Let w € H(Q) such that w|g, = w;,i = 1,---,ng4. Then we know that the function w; € H*(Q;)
exists and

=\, on 0%;.

/ (Vw v+ wv) = vds, Vv € H'(Q). (14)
Q %
Furthermore from the regularity results [2,pp.183] and inverse estimation [7,pp.140], we obtain
lwllz 0, < cllMlb.on. < cH 2N 3 o0, (15)
and exists z € Sp(Q) (cf., [2,pp.185], [8,pp.105]) such that
lw = zlli0: < ch®llwllz 0,0 Nl2llLa < llwlla: (16)

Using (14) and Theorem 2.7 in [2], we have

lolffo, = | wds 2 NI . a7

/ ZA = wAds — ANw — z)ds > &|lw|[; o, — 1, (18)
o9 o9 09

where 1) = | [, A(w — 2)ds|. Using (15)-(17), we get

h 1
n < el ") IMIZ 3 o0, < elg7)? llwlli g,
which, combination (16)-(18) with E = £ sufficiently small, implies
S h 1
ZA > (E—ce(=)2 w
;Am > (e—e(h) ang
nd 1 1
> () llwllig)® lewllm z
i=1
>

nd

. 1 1

(X llzllE o) ZIIAII,_ 00,) %
i=1

This completes our proof.
Theorem 2. Under the assumptions of the Lemma 1 and Theorem 1, the finite element
approzimation of the problem (9)—(11) has a unique solution (u", M) € S,(Q) x Ny (X).
Proof. This follows from the Lemma 1 and the v-ellipticity of a(, -).

3. Error Estimates

In this section, we will give error estimates and assume that m = 1 and n = 0 in S, (Q?) and
Su(X), respectively, i.e.: S,(2) and Sy (X) are the finite element spaces of piecewise linear and
piecewise constant respectively. First we prove an auxiliary lemma.
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Lemma 2. Let (u,)\) and (u,\?) be the solutions of the problem (4)—(6) and (9)—(11),
respectively. Then

lu=wlifg < cllu—ollq+ellih- a2y,
N (19)
+cZ[/},—)\,U_g]FJ‘7
j=1
Vo € Sp(Q), p € Nu(X) and
1A= Aloys < el e+ elld - pll_y 5 o0

Yu € NH(E)
Proof. From (5), (6) and (11), we see that

mq Ng

Z[A—)\H,u—g]rj <0, Z[H_/\Hau_uh]ilfm =0,
j=1 i=1

ma

Z[,u—)\H,g—uh]p] <0, Yu € Ng(X)

j=1

Hence for any v € S,(Q) and p € Ny (Z), let w = v — uP, we have by (4), (9) and above
relations

ng nd
Zai(u—uh,w) = Z[/\—/\H,’w]agi
i=1 i=1
ng nqg
= Z[)\_N:w]am +Z[H—>\H,w]anl
i=1 i=1
na
< oY 1A= nllgeallwlle; (21)
i=1

ng
H
+CZ [ — A ||7%,39,-||U - U||%7789i
i=1
mq
+CZ[H’ - A,U - g]Fj?
i=1

which implies (19) with ab < e~ta®+eb?*(a,b > 0,€ > 0), triangle inequality and the v-ellipticity
of a(-,-). From (12) and (3), we get

ng
Z[I’L_AH7,U]6Q1:
=My < ¢ sup =L
: vesy (@) oll]1.
v#0
1 22
3 afu—utv) .
< lu=A|l_1s+c sup =L
= |||H’ ||| 272 veshl:()ﬂ) |||,U|||179
v#0
< e = All-ys +dllu = vllle + clllo = unlllio
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and combining the triangle inequality we get (20) immediately.
Let I" denote the interpolation operator in S;(Q) and Ry, be the usual L?>— projection
operator satisfying, Ry, \ € Sy, (0%;),

/(/\ — RH,-/\) =0, Vre TH,-- (23)

Let R € Sp(X) such that R \|sq, = Ry, A\. Then we have following results ( cf., [7,pp.124]
and [24,pp.23-24]):
Lemma 3. If A\ € H"(X),r > 0,u € HY(Q), t > 1, then we have

IX = RN =57 < cH" [[N]],r, V7€ Th,

llw = IMullls.o < ch¥[||ull|:.q,

where py = min(r +s,1+s), ue = min(t —s,2+s) and 0 <s < 1.

Theorem 3. Let (u,\) € H(Q) x H(Z) and (u", M) € S,(Q) x Ny () be the solutions of
the problems (4)—(6) and (9)—(11), respectively. We suppose thatu € H*(Q;)(i =1, ,n4),9 €
Wha(T;)(j =1, -, ma),q > 2. Moreover, let us assume that the number of points where u — g
changes from u —g >0 to u — g =0 is finite. Then

[Ju —u®||l1.0 < c(h+ H'™), (24)
A=A llo.s < c(H™2h + H3™), (25)
A=A s <c(h+H™), (26)

2
where € = ﬁ.

Proof. By choosing v = I"u € S,(Q) and u = R\ € Ny () ( since A € H(E) ) in (19),
we have with the virtue of Lemma 3

mgq
llu = w2 g < ch2[ljullB.q + cH A 5 + 3 [RFA = A u = glr,. (27)

j=1
Let I" ={z €Tu—9g >0}and * = {z € Tju—g =0}. If r C T, then A = 0 and
REX=0on 7. If 7 CI'% then u — g = 0. Hence
[REX -~ X\u—g], =0, forall +CTTur’
Let w=u—g. If € DT UTY, then, using the assumptions of the Theorem and (23), for ¢ > 2,

Z [RH/\ —A w]r = Z [RH)‘ —Aw— RHw]T
FgFure FgLFUro (28)

21
< cHT7 A (e + [Mulllz0),

where we have used the Sobolev imbedding theorem from H?(Q2) to W¢(T') and Lemma 3.
This implies (24) by taking € = 21—q From (20), (24), and Lemma 3 leads to (26) immediately.
From inverse estimate(see [15]) and triangle inequality we have (25).

Remark 1. We only require that ¢ € W4(T;) in Theorem 3. If ¢ € WH([';) and
u € WH°(I;), then from (28) we see easily that the € in inequalities (24)—(26) may be omitted.

4. Global Superconvergence Estimates

In this section, we assume that T}, = {e} is an almost uniform piecewise strongly regular
mesh on the domain ; (see [16] ). Sp,(£%)(i = 1,---,nq) is the piecewise bilinear finite element
space. Then we have the following Lemma ( cf., [16,pp.131-132], [19,pp.368-370],[24,pp.101] ):
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Lemma 4. Let u € H3(Q;). Then there exists a positive constant c, independent of h and
H, such that

|/ (u — I"u)og] < ch¥|lullsgllollua., Yo € Sh(Q), k,l=,y,
Q;

where vy, denotes the partial derivative of v with respect to x ory. We can derive the following
results by the above Lemma:

Lemma 5. Let u € H3(Q;). Then there exists a positive constant ¢ independent of h and
H such that

ng
3
> ai(u - 'u,v) < chFllullls ollloll|na, Vo € Su(@).
i=1
Theorem 4. Let us assume that the number of points where u — g changes fromu—g > 0
tou—g =0 is finite, g € WH(T;)(j = 1,---,mq) and the conditions of Lemma 4 hold. Then
we have

11" = u"||l10 < c(h® + HY + hiHT), (29)
NIRTA = N||| 35 <c(h® + HY +hiH?). (30)
Proof. Let v = I"u — u". Then similar to (22) and (28), we have by Lemma 3 and Lemma
5
ndg 3
> A= RN vlon, < cHE ||z lollle, (31)
i=1
ndg 3
D [RIXN AT 1M —uloq, < ch2|||RFA=ATI|_y slllullls 0, (32)
i=1
5
> RIA=XNu—gl < cHE[M|Lr, (gllleer; + lllulllze), (33)
TgTuro
RN = NIy < cHE|Nus + b2 [[[ullls.g + e[| 1" = u"||]10. (34)

Similar to (21) we get by Lemma 5

ng
=g < e lasu— u* o) + a(Iu — u,0)]
i=1
3
< ch2[lullls.elllvllLe

nqg
+¢ Y A= R\ vloq, + [R¥A = N I"u — u]ag, }

i=1

mq
+¢ Y [R"A =X\ u - g]r;.

Jj=1

Hence (29) follows by (31)—(34) and the inequality (30) follows by (29) and (34).
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We assume that T}, is obtaided from T5p; of mesh size 2h; by uniformly subdividing each
element in Tp, into 4 congruent elements of mesh size h;. We define the high order in-
terpolation operator oy, on the finite element function space Sap,(£2;) defined on Thp, and
satisfying(cf.,[17,pp.57-59]):

o I = 7on,, leantll o, < lolly s V0 € Sone(2),
(33)
3
Ironcu = uly g, < hEllully g, 2<q <00

For Vv € H(Q), we define m2hv|qg, = map,v.
Theorem 5. Under the assumptions of the Theorem 4, we obtain the following global
superconvergence estimates and optimal estimates

llu— 72 ut|lli o < c(h® + HE + hEHE), (36)
1A= M|y 5 S c(h? + HE +h3HT), (37)
NA=Allox < c(h*H™% + HT + hiHT). (38)

Proof. We have by (35), Theorem 4 and triangle inequality

llu =7l < llw—72ulllLe + [[72"(I"u - u")]||Le

IN

3
chz[[[ullls o + clllT"u — ut{[]1,0
< ch® +Hi +h1HY).

The inequality (37) now follows by (30) and Lemma 3 and the inequality (38) follows by
using inverse estimate and (30).

Remark 2. From (33) we see easily that if A € W1>°(I;)(j = 1,--+,my), then the error
bounds in inequality (29) and (30) is O(h? + H% + Hh#). Hence the error bounds in inequalities
(36) and (37) are O(h? + H% + Hh1). Moreover we may extend the results of Theorem 1-
Theorem 5 to bounded convex smooth domain as in [4], [5] and [13].
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