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Abstract

An axiomatic definition to bivariate vector valued rational interpolation on distinct
plane interpolation points is at first presented in this paper. A two-variable vector valued
rational interpolation formula is explicitly constructed in the following form: the determi-
nantal formulas for denominator scalar polynomials and for numerator vector polynomials,
which possess Lagrange-type basic function expressions. A practical criterion of existence
and uniqueness for interpolation is obtained. In contrast to the underlying method, the
method of bivariate Thiele-type vector valued rational interpolation is reviewed.
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1. Introduction

Wynn [11] proposed a method for rational interpolation of vector-valued quantities given
on a set of distinct interpolation points. He used continued fractions and generalized inverses
for the reciprocal of vector-valued quantities. McCleod [9] pointed out that Wynn’s proof of
the termination of a continued fraction representation of a rational function requires that the
underlying field be algebraically closed. He provided a solution to the dilemma by noting that
the algebraic operations used in Wynn’s proof are valid if IV is restricted to be any associative
division algebra over the complex filed A(C). Using Thiele fractions interpreted with generalized
inverses as follows:

Tl =1/T =05, T#0,5€C? (1.1)
Graves-Morris [7] proved that an interpolating fraction
- r — o T — Tp—1

R(z) = by + —
by

=

+. . .+ bn

may normally be found for vector data {(z;,7;) : i = 0,1,---,n} , where ¥ € C, b; € C% x; €R.

Gu Chuanging [3-4] , Zhu Gonggin and Gu Chuanging [5] showed that by means of the
convergents of Thiele -type branched continued fractions for two-variable functions [10], the
generalized inverse (1.1) may be used to define bivariate Thiele-type vector valued rational
interpolants (see(5.1) and (5.2)) for vector data

(T 0 = 6(i,y5) € C% (21,Y5) € Znm} (1.2)

where Z, ., = {(2;,y;) : ¢ = 0,1,---,n,j = 0,1,---,m,z;,y; € R} be a rectangular grid
contained in R? and each finite vector U;,; is associate with a distinct plane interpolation point
(:I/'i: yj)
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Graves-Morris and Jenkins [8] presented an axiomatic approach to vector valued rational
interpolation in the one-variate case. They constructed interpolants for vector-valued data so
that the components of the resulting vector valued rational interpolant share a common de-
nominator polynomial. An explicit determinantal formula for denominator polynomials was
given for the denominator polynomial for vector valued rational interpolation on distinct real
or complex points. In this paper, an axiomatic definition to bivariate vector-valued rational
interpolation on distinct plane interpolation points is at first presented. A two-variable vector
valued rational interpolation formula is explicitly constructed in the following form: the deter-
minantal formulas for denominator scalar polynomials and for numerator vector polynomials,
which possess Lagrange-type basic function expressions. A practical criterion of existence and
uniqueness for interpolation is obtained. Some examples are given to illustrate the results in this
paper. In the end, in contrast to the underlying method, the method of bivariate Thiele-type
vector valued rational interpolation([4],[5]) is reviewed.

2. Definition

Two-variable, generalized inverse vector valued rational interpolants discussed by this paper
obey some basic principles, which was at first put forward by Graves-Morris [7] in the one-variate
case, as follows:

(i) If, for some fixed k,k = 1,2,---,d, the kth components of the vectors #; ; is the only
non-zero components, then the vector valued interpolant reduces to the corresponding rational
fraction interpolant .

(ii) The value of the vector rational interpolant does not depend on the order in which the
interpolation points are used to construct the interpolant.

(iii) There is some sense in which a specified rational interpolant is unique.

(iv) The poles of the d components of the vector interpolant normally occur at common
positions in the zoy-plane. B

Given the date set as (1.2), Let the interpolation set Z, ,, change to

Zn,m = {(:Ei:yj):i:():l:"':n:j :0717"'7m7:1"i €C7y] € C}

in (1.2).
Definition 2.1. For vector data (1.2) with Zy n,, the generalized inverse vector valued
rational interpolant (BGIRIL ) of type [n+m/n+m] is a vector of rational function

R(z,y) = P(x,y)/a(z,y), (2.1)

where ﬁ(:c,y) = (WD (x,y), -, p'D(x,y)) € C? is a complex vector polynomial, q(z,y) is a
scalar polynomial, satisfying the following conditions:

(i) 9{P} = maxi<k<a {pM} <n+m, 9{q} =n+m, (2:2)
(iii) g(z,y) = ¢"(2,9), (2.4)
(iv) R(zi,y;) = Uiy, (%4,Y5) € Zn,m» a(@isy5) # 0, (2.5)

where a superscript x denotes complex conjugate and the dot product between elements used in
(2.3) is usually defined by i - 7 = uMv®) 4 ... 4 u(Dyld),

3. Construction

The ijth cardinal polynomial of Lagrange-type is defined by

n m

Ljw,y) = ] P [] - y” o (@0Y5) € Znme (3.1)
u=0,uz#i " * U y=0,0#j 77 v
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Denote the order of points in Z,, ,, by

I= {(3707:[/0)7 (mlayo)a (w();yl)a (3727?;’0)7 (w17y1)7 ($07y2)7 T (wn;ym)}-

Definition 3.1. Let (;,y;) € Zy,m, interpolation point (x;,y;) is said to be a real point
pair if ©;,y; € R, (x;,y;) is said to be a complex point pair if x;,y; € C, (x;,y;) is said to
be a hybrid point pair if z; € R,y; € C, orz; € C,y; € R. (x;,y;) and (z},y;) is said to be a
complex conjugate pairs.

The set is separated into two disjoint component set:

L = {(zi0,Yj0), - (@is,yj7) }, Lo = {(&ig+1,Y50+1)s -, (Tintms Yjntm) }- (3.2)

where the set I; consists of interpolation points whose complex conjugates are not in I, the set
I consists of real point pairs , hybrid point pairs, and complex conjugate pairs. Either I; or
I, may be empty. For the sake of simpleness, let 3, = >>1" ( >°7 in Theorem 3.1.

Theorem 3.1. Let R(z,y) = P(x,y)/q(z,y) be « BGIRIL of type [n+m/n+m] for data
(1.2) with Zp ym. Then hold

Hoo 00 Hyo 10 Hyp,01 Hyo 20 Hyo11 -+ Hyopm
Hio,00 Hio,10 Hip,01 Hio,20 Hip,11 s Hio,nm
Ho1,00 Ho1,10 Ho1,01 Hoq 20 Hop,11 s Ho1,nm
q(z,y) = H>p,00 Hyo,10 Hp 01 Hy,20 Hyp 11 Hso.nm
HnmeOO Hnmfl,lo HnmeOI Hnmfl,ZO Hnmell ot Hnmenm
loo(z,y) lio(z,y) loy (z,y) lao(z,y) lha(z,y) - lam(z,y)
(3.3)
and .
P(z,y) = Zlij(xay)%jﬁij; aij = 4(@i, y;), (3.4)
4,7
where
Hgt o = Z l;kj (zs, yt)luv(xzc: y;)ﬁ:} (Ust — Vuw), (@i, yj) €1, (3.5)
[
and
2 L .
Hstﬂw = (mluv(xsayt))vst - (Ust - qu)
62
+Z(aaz—ayl;(xs’yt))luv(x:’y;)ﬁ?] . ('qu _Ust): (:L's:yt) € [27 (36)
[
with T3y = P* (24, y1) /st )
Proof. By interpolation property (2.5) of BGIRI},, express P(x,y) as (3.4). Let
a(@,y) =D L@ v)ay, a5 = a(xi,y)), (3.7)
[2¥]
From divisibility hypothesis (2.4), define a polynomial Q(x,y) of degree n+m by
S(z,y) = q(z,y)Q(z,y) = P(z,y) - P*(z,y), (3-8)
where
Qz,y) = > Lij(2,9)Qij, Qij = Qwi, ;). (3.9)

,J
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From (3.8) and (2.5), hold

Qij = U P (zi,y;),  (6,95) € Znm (3.10)
Because ¢(z,y), Q(z,y) are real analytic, have
0= L@y, (@e ) € Znm, (3.11)
i,
St - Zl” sJyt Ql]; (xlay]) S an (312)

Substituting (3.10) into (3.12) and taking its conjugate, get
ﬁij . ]3*(371',:’;/]') = Qst = Zﬁ?jﬁ*(wiayj)l;j(wmyt)a (wsayt) € an (313)
i,j

Now substituting (3.4) into (3.13) and using (3.11),(3.12), it is derived that

st - Z Ui (s, yt) Z Quoluo (77, Y5) T
2 u,v

= Zl;'kj(wmyt)ﬁ?j 'Zluv(wzay;)quﬁuva (Ts5,Yt) € Znm.- (3.14)
"j

w,v

By means of (3.14), obtain the following the linear equations

ZHst,uv(Iuv =0, ($87yt) e€l. (315)

the coefficient of gy, in (3.15) is Hgt e, as given by (3.5) .
Although (3.15) hold for all (zs, yt) € Zpm , it turns out that (3.15) is null for (zs,y:) € L.
Differentiate (3.8) with respect of x first, giving

(5:Q(,m))a(z,y) + Q(z,y)(Fra(z,y))

= (2P, )P (2.9) + Pl o) (£ Px.v)). (319
then differentiate (3.16) with respect of y, giving
(5% Q@ 1)a(x,y) + (£ Q(=,9)) (& a(x,))
H(2Q ) (4l 9) + Q) (shgar.) 1)
= (%P(»’C,y)ﬂi*(w,y) + (£ P(,9))(2 P (x,9))
+ 2B ) (2B (5,0) + Pla,y) (525 P (1)
By putting (zs,y;) € I in (3.17), making
LQsy) (s, u)) + (5 Qs ) (s, ) 518)
= (a5 P(@s, ) (55, P (25, 90)) + (25 P (@5, ) (5 P* (w5, 91)), '
and substituting from (3.10), it is derived that
Z (Bxayl:] (w57 yé))ﬁ:} ’ Zuﬂ; luv (x;k: y;)quvﬁuv
+Ust Uy Zu u(%ayluv (s, Yt))quv (3.19)

2
= Eu U(agayluv(xs:yt))(hwvuv Ty
+v5t Ez ](Bzayll] (mSJyt)) Zu,vl U(wIJy;)quv7 (w87yt) € IZ‘
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By means of (3.19), obtain the following the linear equations
ZHst,uv(Juv =0, ($87yt) € I, (320)
u,v

the coefficient of gy, in (3.20) is Hgt 4o , as given by (3.6).
The equations (3.15), the equations (3.20) (except the last equation , i.e. (xs,y:) # (Tn,Ym))

and (3.7) form a system of n + m + 1 non-homogeneous equations for qoo, q10, - * , ¢nm as shown
by
Hyo,00 Hoyo,10 -+ Hoo,nm qoo 0
Hip,00 Higio -+ Hiopm d1o0 0
q(z,y) = : : (3.21)
Hnmfl,OO Hnm71710 ot Hnmfl,nm Inm—1 0
loo(w,y)  lolz,y) - lum(z,y) Gnm q(z,y)

It is now showed that the equations (3.15) and (3.20) are consistent. Note that it is
interpolated for S(z,y) in (3.8) at 2J + 2 distinct plane points in order to derive (3.14)
from (3.8) via (3.11),(3.12) and (3.13). It is interpolated for S(z,y) and (8%/0zdy)S(z,y)
at 2N —2J (N = nm+n+m + 1) further distinct plane points in order to get (3.19) from (3.8)
via (3.17),(3.18). In fact, it is chosen for Q(z,y) to make (3.18) hold. Hence, it is interpolated
for S(z,y) or (02/0x0y)S(x,y) a total of 2N + 2 times to get equations (3.14) and (3.19), or
to get equations (3.15) and (3.20). As to the reason which choose to ignore the last row of the
equations (3.20) is to preserve its property of having zeros on its diagonal. Solving (3.2), obtain
that ¢(z,y) is given by the determinate formula (3.3).

If all interpolation points (xs,y:) are real point pairs, the denominator polynomial for a
[n 4+ m/n 4+ m] BGIRIL takes simple form . By (3.6),

H :Z(a—zz (o, o) | Tt — Tun|?, (€5, 1) € I (3.22)
st,uv 63361/ uv s, Yt st wv| y \Ts) Yt 2- .

u,v

Theorem 3.2. Let R(x,y) = P(x,y)/q(x,y) be a BGIRIL, of type [n+m/n+m) for data
(1.2) with Z, » and q(z,y) be as in (3.8). Then hold

Hoo 00 Hyo 10 Hyp 01 Hyo 20 Hyo11 -+ Hyopm

Hip,00 Hip o Hip 01 Hip 20 Hip1 -+ Hiopm

Ho1,00 Ho1,10 Ho1,01 Hoq 20 Horii -+ Hoiom

P(z,y) = H>p,00 Hyo,10 Hp 01 Hy,20 Hyi1 -+ Hzopm
Hnmfl,OO Hnm71710 Hnmfl,Ol Hnm71720 Hnmfl,ll ot Hnmfl,nm

Tooloo Tiol1o To1lo1 T20l20 Uil o Tnmlnm

(3.23)
and satisfy

where l;; = l;j(x,y) is as in (3.1).
Proof. By means of (3.21) ,get easily (3.23). From (3.23) or (3.4)

P(z,y) = Zlij(l“;y)qz'jﬁij,
i,j

it is held that

—

P(zi,y5) = ¢ijUij = q(@i,y;)0(%i,95), (i,Y5) € Znym-
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Example 3.1. Find the [2/2] type BGIRI, E(x,y) = P(z,y)/q(x,y) for the data
oo = (1,0), 010 = (1, =2), %01 = (0, —1), 011 = (=1,1), (3.24)
at interpolation points
(z0,0) = (0,0), (x1,90) = (1,0), (z0,41) = (0,1), (z1,51) = (1,1).
Solution. The cardinal functions are
loo(2,y) = (z = 1)(y = 1), ho(z,y) = (1 = y),lor(z,y) = (1 = 2)y, L (z,y) = zy,
From(3.3) and (3.22), (3.23), get respectively

0 -4 -2 5
4 -2 1
q(z,y) = 9 _02 0 53 = 8(—1dzy + 10z + 17y — 9),
loo lio lon In
0 —4 -2 )
P(z,y) = ;L _02 _02 153 = (—112zy + 80x + 72y — 72,1122y — 162 — 64y).

Vool U0l Vo1l U111
Vooloo Viotio Uoitor Viitii

It is showed that ]%(:U,y) = ﬁ(x,y)/q(x,y) satisfy: ﬁ(wi,yj) = ﬁ(mi,yj)/q(xi,yj) = U
(see(3.24)).

Example 3.2. Find the denominator ¢(z,y) of the [2/2] type for data ¥og, T10, Vo1, 011 at
interpolation points:

(:UO:yO) = (07 21)7 (xlayO) = (7/7 21)7 (:UO:yl) = (07 1)7 (331,2./1) = (7/7 1)
Solution. The cardinal functions are

2=t =iy~ 1) holy) = e

-2+4i, . . 21
= l(x—l)(y—Ql),ln(xay): :

lOO (ZL“, y) =

lor(z,y) =
By (3.5) and (3.6), get

0 Hyo0 Hooo1r Hoont
Hio,00 0 Hipor Hipa1

_ 3.25
a(z,9) Hoi100 Hoii0 0 Hoi 1 ( )
loo lio lo1 l11
where . ‘
Hoo,10 = 75+l|7100 — 1o,

=
o
°
=
|

— 1)U — 407y + (2 +4)07;) - (oo — T11),

Hoo,01 = %((2 +1)Ug0 — 87y — (2 +4) T, + 2(2 +4)T7) - (Too — To1),
5((2
=BGy« (T1o — Too),

s
o
°
S
|
| o

Hip 01 = 165 8177?0 - (Tho — Vo),

Hipn1 = _8;_4117’1*0 - (U0 — T11),

Hot,00 = 2%(?7?0 — 20 + Ug1) - (Y1 — Uoo),
Ho1,10 = =201 — To %,
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Example 3.3. Find the [2/2] type BGIRI, E(x,y) = P(z,y)/q(x,y) for the data
Too = (1,—1), 710 = (4,0), Yo1 = (0,—2i),h1 = (2,1), (3.26)

at the same interpolation points as Ex.3.2.
Solution. From (3.25) and (3.23), get respectively

0 i, 4+ 8i 23
( )_12—6i T+ 0 8 —4i —8—6i
1Y) = "1 6+ 2i 10+ 5i 0 —2_25i

(z—i)(y—1) z(l-y) —(z—i)(y—2i) z(y—2i)

= 2X\((—647 + 541i)zy + (1332 — 7566)z + (—359 + 87i)y — 434 — 62i))

0 924 44 8i 23
Bloy) = 1226 T4 0 8 — 4i —8—6i
KT 6+ 2i 10+ 5i 0 2925

oo —i)(y — 1) Trox(l —y) Uo1(i —x)(y — 21) Trix(y — 2i)
= 2X((—210 — 730i)zy + (1630 + 150i)z + (—364 + 52i)y — 364 — 52i,
(320 + 660i)zy + (540 — 900i)z + (434 — 62i)y — 384 — 88i))
vzhere A = (12 — 6i)/5%. It is showed that R(z,y) = P(x,y)/q(z,y) satisfy: R(z;,y;) =
Pzi,y;)/a(wi, y;) = Ui (see (3.26)).
4. Existence and Uniqueness

Theorem 4.1. Let q(z,y) be as in (3.3) and ﬁ(x,y) be as in (3.23), respectively. If

Hoo,00 Hoo,10 - Hoo,nm
Hip,00 Hippo -+ Hionm
Dy = . . s . 75 0, (41)
Hnmfl,OO Hnm71710 ot Hnmenm

the [n+m/n+m] type BGIRI, R(z,y) = P(x,y)/q(x,y) exists and is unique.
Proof. From the construction of ¢(x,y), obtain

0
Hoo,00 Hoo,10 e Hoo,nm—1 Hoo,nm ZTE 0
Hio,00 Hio10 e Hionm—1 Hio,nm
. o= @2
_ 0
Hnm—l,OO Hnm—l,lO Hnm—l,nm—l Hnm—l,nm nm-1 0
Gnm
By the condition (2.5),¢nm # 0, take gn,, = 1 in (4.2), then get
H,
Hoo,00 Hoo,10 T Hoo,nm—2 Hoo,nm—1 g?g H(l)g’nm
Hip,00 Higio -+ Hiopm—2 Hionm-1 "nm
_ H,p -
Hnmfl,OO Hnm71710 ot Hnmfl,nm72 Hnmfl,nmfl 2 e 2,nm
dnm—1 Hnmenm
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Thus the condition D,,,, # 0 means that (4.3) exists a unique solution qoo, q10," -, @nm for
¢(z,y) . Similarly, By the construction of ]3(217, y) ,as in (3.23), it is found that D,,,, # 0 means
that exists a unique solution for P(z,y).

Example 4.1. In Example 3.1, it is found that

0 —4 -2
D11 - 4: 0 —2 - 32 # 0,
2 =2 0

so that the [2/2] type BGIRI,, R(x,y) = ﬁ(x,y)/q(x,y) exists uniquely.

5. Connection

Gu Chuanging [3-4] , Zhu Gonggin and Gu Chuanging [5] showed that by means of the con-
vergents of Thiele -type branched continued fractions for two-variable functions, the generalized
inverse (1.1) may be used to define bivariate vector valued rational interpolants

RO (@,9) = Gooly) + ——r Tl (5.1)
o ’ Gro)+ -+ Gnoly)
where for [ =0,1,---,n,
Gio(y) = bro(zo -+ 1,y0) + 2 T Y~ Im= (5.2)
bii (o« - - 1, Yyoy1) bim (o -+ T, Y0+ Ym)

for vector data (1.2) with Zn,m, by using the following recursive formulas:

(:3:0,0(550,1/0) = o0, . .

I_{uo(% Sz, Yo) = (T — wl—l)/(bl:Lo(on S X9, Yo) — bl:LO(CUO - T1-1,Y0)),
I_{mk(ﬂ?o;yo k) = (Yk — ylcfl)/(b&kfl_’(xO;yO - Yr—2Yk) — bok—1(T0, Y0 - - Yr—1)),
bii(wo -~ @i yo - yk) = Wk = Yr—1)/ (brk—1(€o - 20, Y0 - Yr—2Vik)

—bir-1(xo- T, Yo Yk-1)), k> 1.

In (5.1), foru=20,1,---,n — 1, let

B(u) —z L= Zu (n)
Rn,m(way) - gu70(y) + R»%lf;zl) (:L“,y), Rn m(xay) gn70(y)
and in (5.2), for v=0,1,---,m — 1, let
o o Y—Yu - 7
Gio() =bio(@o- -z, 90 yo) + ——~, Gim(y) =bim(To T1,¥0" Ym)-
Giv+1(y)

Theorem 5.1. ([4]) Let a7k(x0 ez Yo yk),0 <1 <m0 <k <m exist and be different
from zero (except for 50,0(:v0,y0)). If the following condition are satisfied:

(i) RS (wi,y) #£0,i=0,1,++,n — 1,

(i) gi,j4+1(y;) #0,1=0,1,---,n,j=0,1,---,m — 1,

(iii) 519,0(560 cTpo1@y,yy) for ko= 1,---04 = 1,2,---,n and 5[,19(%0 ceex, Yot yk) for

—~

k=1,---,7,7 = 1,2,---,m exist and are different from zero ,then Rnozn(w,y) as (4.1) and
(4.2) exists such that

R';O}n(ﬂ?z;yg) = ﬁij; (xlay]) € Z’mm-
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Theorem 5.2. ([4],[5]) Let l_)’l,k(xo---xl,yg---yk) € Cd,(l'i,yj) € me,x,yeR. Define

R’%%z(:c,y) as in (5.1) and (5.2) by a tail-to-head rationalization using (1.1) and suppose every
intermediate denominator be different from zero in the operation, then a polynomial vector
N(z,y) and a real polynomial D(x,y) exist such that

(i) Bn(z,y) = N(z,)/D(z,y);

(it) D(z,y)|IN (z,)|*.
Definition 5.1. A vector valued Thiele-type rational fraction

B, (x,y) = N(z,y)/D(z,y)
is defined to be a bivariate generalized inverse , rational interpolant (BGIRIy ) for vector data
(1.2) with an if D(x,y) is real, D(x,y |||N z,9)||? and Rglzn(:c y) =Ty, (zi,y;) € an
Theorem 5.3. ([4],[5]) Let a BGIRIr R%Zn(x,y) = N(x,y)/D(x,y) be express as (5.1)
and (5.2). Then hold: if both n and m are even, R’%Ozn(x,y) is of [r/r] , otherwise R’g)zn(:c,y)
is of type [r/r — 1], where r = nm + n + m.
Example 5.1. Find a BGIRIL R, 1 (x,y) = N(z,y)/d(z,y) for the data (3.24) at interpola-
tion points

(:UO:yO) = (070)7 (551,3/0) = (170)7 ($07y1) = (07 1)7 (351,2./1) = (17 1)
Solution. From (5.1),(5.2) and above recursive formulas, get

-» ~ T — o N(z,y)
R xZ, =B , + = =
1,1( y) 0 O(y) BL()(:U,:IJ) D(il?,y)

where

00) = (1,0) + g, Broly) = (0,-1/2) + 355
(:U, )= (- 7y + 35y% — 4wy — 23y + 5, —17y® + 18y? + 18zy — 6y — 10x),
D(z,y) = 17y% — 18y + 5.

It is verified that Rlyl(w,y) = N(z,y)/D(z,y) satisfy Rlyl(xi,yj) = Uj; (see(3.24)).
Note that BGIRIy R'M(a:, y) = N(z,y)/d(x,y) is obviously different from BGIRI}, R(z,y) =
P(z,y)/q(z,y) (see (3.24) and (3.25)). In fact , 8{N} = 3,0{D} = 2.
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