Journal of Computational Mathematics, Vol.20, No.3, 2002, 245-256.

THE SOLVABILITY CONDITIONS FOR INVERSE EIGENVALUE
PROBLEM OF ANTI-BISYMMETRIC MATRICES*!

Dong-xiu Xie
(Beijing Institute of Machinery Industry, Beijing 100085, China)

Xi-yan Hu
(Department of Applied Mathematics, Hunan University, Changsha 410082, China)

Lei Zhang
(Hunan Computing Center, Changsha 410012, China)

Abstract

This paper is mainly concerned with solving the following two problems:
Problem I. Given X € C™*™, A = diag(A1,X\2,--+,An) € C™*™. Find A €
ABSR"™ " such that
AX = XA
where ABSR™ " is the set of all real m x n anti-bisymmetric matrices.
Problem II. Given A* € R"*". Find A € Sg such that

|A* — Allp = min [|A" — A||r,
A€SE

where || - ||r is Frobenius norm, and Sr denotes the solution set of Problem I.

The necessary and sufficient conditions for the solvability of Problem I have been stud-
ied. The general form of Sg has been given. For Problem II the expression of the solution
has been provided.
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1. Introduction

Inverse eigenvalue problem has widely been used in engineering. For example inverse eigen-
value method is a useful means in vibration design and vibration control of flyer. In recent
years a serial of good conclussions have been made for inverse eigenvalue problem. However,
inverse problems of anti-bisymmetric matrices have not be concerned yet. In this paper we will
discuss this problem.

We denote the complex n X m matrix space by C™*™, the real n x m matrix space by
R™ ™ and R™ = R™*!, the set of all matrices in R"*™ with rank r by R"**™, the set of all
n X n orthogonal matrices by OR™*", the set of all n X n anti-symmetric matrices by ASR™*",
the column space, the null space and the Moore—Penrose generalized inverse of a matrix A by
R(A), N(A), AT respectively, the identity matrix of order n by I,,, the Frobenius norm of A by
||Al| . We define inner product in space R"*™, (A, B) = tr(BTA) = Xn: % ai;bij, VA,B €

i=1j=1
R™ ™, Then R"™™™ is a Hilbert inner product space. The norm of a matrix produced by the
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inner product is Frobenius norm. Let Sy = (ex,ex_1,--,e1) € R¥*¥ in which e; is the i-th
Cloumn of the identity matrix Ij.
Definition 1. A = (a;;) € R™*", if

aj; = —aj;, Qi = —On—jt1,n—itls i,j=12,...,n

then A is called a anti-bisymmetric matriz. The set of all anti-bisymmetric matrices is denoted
by ABSR™™ ™.

Now we consider the following problems:

Problem I. Given X € C™*™, A = diag(A1, A2, -, Am). Find A € ABSR™ ™ such that

AX = XA
Problem II. Given A* € R™*". Find A € Sg such that

A* — A|lp = min ||A* - A
I lF grelggll |7

where Sg is the solution set of problem I.

At first, in this paper, we will discuss the character of eigenvector for anti-bisymmetric
matrices. Then we will give the necessary and sufficient conditions for the solvability of Problem
I and the expression of the general solution of Problem I in real number field, and point out
Sg is a closed convex set. At last, we will prove that there exists a unique solution of Problem
IT and give an expression of the solution for Problem II.

2. The Solvability Conditions and General Form of the Solutions for
Problem I in Real Number Field

At first we discuss the construction of ABSR™ " and the character of eigenvector for ma-
trices in ABSR™*".

Let
k= [g], [x] is integer number that is not greater than x. (2.1)
1 Iy Iy T
Wh =2k D=— DD =1I; 2.2
en n , \/5 ( Sk —Sk > ) n» ( )
I, O Iy,
and whenn=2k+1, D=--|0 +v2 0|, DID=I,. (2.3)
V2
Sp 0 =S

Lemma 1. A € ABSR™ " if and only if
A=S,AS,, A=—AT

Theorem 1.

. M  HS
ABSRZkx2k _ k M,H € ASRF** 2.4
SR {( S.H S,MS, ,H e ASR (2.4)

N C  HS:
ABSRZkHx(2k+1) — ¢t 0 -CTs, N,H € ASR*** C e RF . (2.5)
SgkH SxC  SpNSy
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whether n is odd or even number, the general form of elements in ABSR"*" is

A11 0 T
D D 2.6
( 0 A22 > ( )

Where A11, Asa are anti-symmetric matrices, D is the same as (2.2) or (2.3).
Proof. We only prove(2.4). If

A A 2k x 2k
A= € ABSR*"*F,
( Ax An )

0 Sk A A 0 Sk A A
A=-—A" = ) 2.7
(Sk 0><A21 A22><Sk 0> <A21 A22> 2.7)

(2.7) is equivalent to

Then

All = _A?lrla A12 = _Agla A22 = _A%;: (2 8)
Azo = S A11Sk (A12Sk)t = —A1Sk '
Let A12Sk = H, A11 =M.

Then H=-H" & M=-M"
It implies that

, A =HSk, A =SpH, Ay =5,MS;.

A M HS,
o\ S H SiMS: |

M HS,
SyH SipMSy
Conversely, for every M, H € ASR*** it is easy to see

T
M HS, [ M HS,
SeH SpMS, | S H SpMS,

0 S M HS 0 Sk

S, 0 SpH SpMSy S, 0
__ H MS;, 0 S¢\ ([ M HS
\ SpyM  S,HS S, 0 ) \ SpH SyMS, |’
M  HS,
SpH SpMSy,

(2.5) can be obtained by the similar method.
Futhermore, when n = 2k

T M HS;, . M+ H 0
D(SM’&M& b={"0v m-m (29)

Then ABSR?k*2k C {( ) ‘M,H € ASR’“X’“}.
and

From Lemma 1, it follows that ) C ABSR?*#<2k Thus (2.4) holds. The form
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we have the form (2.6). When n = 2k + 1, D is the same as (2.3)
N C HS,,

pr{ -¢c* o -CTSy |D
SyH SpC  SpNS

I, 0 S N C  HS; I, 0 I
=ilo v2 o || -c" 0o -C7s 0 V2 0
I, 0 =5 StH SC SpNS; Sp 0 =Sy
N+H V2¢ 0
= -v2cT o 0
0 0 N-H
Hence
N C  HS; N+H 20 0
-cT 0 -=CTS, |=D| —v2CT 0 0 DT (2.10)
SyH SiC  SpNSy 0 0 N-H

It implies that the elements in ABSR™ "™ have the form (2.6) when n =2k +1 .

On the other hand, it can be directly verified that matrices in form (2.6) belong to ABSR™*"
from Lemma 1

Next we consider the problem I in real number field.

When n = 2k in (2.9) suppose eigenvalues of M + H are £A;i, £Aoi, ---, £Ay4, 0---,0,
——

k—2t,
where Aj,j =1,2---,t; are real numbers, the corresponding eigenvectors are a; £ (14, ap £ (o1,
oo, x B, Tog 41, o0, Tk, where i2 = —1 and «a;,8; € R¥,j = 1,---t1, zs € RF, s=

2t1+1,...,k and eigenvalues of M —H are 14, 08, - -+, £p4,9, 0,---,0,u; € R, j =1,...,1a,
———

k—2ty
the corresponding eigenvectors are 6y & v1¢, 62 £ v21,- -+, Oy £ Vo b, Y2601, Yk 05,75 € RF,
j=1,...,ts, ys € RF, 5 = 2ty +1,...,k. Then eigenvalues of A are £Aji, £Xoi, - -+, £\, 0,
07 T 07 iulia iHZia T ithia 07 Ty 0.
—— ——
k—2t; k—2ty
Let

o = 1 ay + Bl 5 = 1 ai — [ ay = 1 oy, + Bt
V2 \ Skl + i) )77 T V2 \ Skl —Bii) )0 7T T V2 \ Sklau, + Buyi)
7, =L oy, — Bt oy = L[ Fa = LT
V2 Sklan = Bui) )T V2 \ Sizn ) V2 \ Spze )’
sy = L[ i 5= L o o) Zpa = L
- V2 \ =Sk(0: +mi) )’ * V2 \ =Sp(0r —mi) )7 H2tet
v\ o, 1w )
—Skyer )T V2 =Sk
Then 21, 23, ..., 2, are the corresponding eigenvectors of A.

Definition 2. If x € C" satisfies Spx = x then x is called a symmetric vector, if x € C™
satisfies Sp,x = —x then x is called an anti-symmetric vector.

S

It is easy to verify that Spz1 = z1, SpZ1 = Z1, =+, Sn2k = 2k, SnZk+1 = —Zk+1, OnZk+1 =
—Zk+1, -+ Sn2Zn = —2zn. Therefore it is that there exist k symmetric vectors and k anti-
symmetric vectors for every A € ABSR#*2k,
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On the orther hand, if A is an eigenvalue of A and u is a corresponding eigenvector, i.e
Au = Mu. By Lemma 1 we have

ASQk’U, = SzkAu = )\Sgku

it implies that Sopu is an eigenvector of A corresponding to A\. Then u + Spiu is also an
eigenvector corresponding to A\. Where u + Soju is a symmetric vector and w — Saxu is an anti-
symmetric vector. Hence we can obtain a group of symmetric eigenvectors and anti-symmetric
eigenvectors from the given eigenvectors.

Because
A Oéj-l-,@ji N aj+,3ji
( Sk(j + Bji) ) ok ( Sk(ej + Bji)
A Oéj—,@ji . Oéj—,@ji
( Skl — Bji) > ok ( Skl — Bji)
Hence

al % Yo B
(s )= (aln)
Bj aj
A —\.
(s )-+(s2)
al @ B\ % B 0 A
Skaj Skﬂj Skaj Skﬂj —)\j 0 '

Suppose £Aji, j =1,...,t1, £pji, 5 =1,...,t2, 0,---,0 are eigenvalues of A .
——

m72(t1 +t2)
Let

A= diag(Bla ) Bt170 : Il—2t17017 ) Ctzao : [m—l—2t2)7 (2]—]—)

0 A 0 u, .y
where B; = 7,05 = ! ] € R?x2

According to above analysis we obtain corresponding problem in real numbers field as fol-
lows:

Problem I;. Given X € R"™™ A is the same as (2.11). Find A € ABSR™*™ such that
AX = XA,
where ABSR™ ™ is the set of all real n X n anti-bisymmetric matrices.

when n = 2k, X can be supposed the following form

X Y;
X = . 2.12
( SpX1 —Spha ) ( )

Lemma 2. [ Suppose X = (X1, Xo, -, X¢, Xpr1) € RV™ ) every column of X is nonzero
vector, X; € R"?, j =1,2,--+,t, X441 € R (m=20) " pank(X) = r, A = diag(By,---,B;,0 -
I_2t). Then there is A € ASR™ ™ such that AX = XA if and only if

X/X;=0, Bj#Bjl=1,-,t+1 (2.13)
and the solutions of AX = XA can be respresented as

A=XAXY 4+ (XHIAXT - (XNIAXTXXT +U,Z2UF, Z € ASR™™, (2.14)
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where Uy € R**7) USU, = 1,, ., N(XT) = R(Us).

Theorem 2. Given X € R™™ and X is the same as (2.12). Suppose X; = (X|:X}
X! ;1) € R¥*', every column of Xy is a non-vanishing vector, X € REX2(j =
1,2,...,t1), rank (Xl) =T, X1§1+1 S ka(li%l), A1 = diag(Bl,Bz,...,Btl,O . Il,Qtl), BJ =

0 N i

o

A 0

non-vanishing vector, Y/ € RF*?, (j = 1,2,...,ty), Yi,41 € RFX(m=1=2t0) " pank(Yy) = 1y,

=1,2,...,t;; Y1 = (1{’1’2’)@;+1) € RF*(m=0) " epery column of Y1 is a

AQ = diag(Cl,C’g,...,C’tZ,O-Im_l_th), Cj = ( (L lgj ), ] = 1,2,...,t2. Let A =
)

( Ao1 . ) Then there evists A € ABSR""(n = 2k) such that AX = XA if and only
2
if

XTX =0, NANLI=12. 6 +1 (2.15)

Y'Y =0, w#Ap,li=12..t+1 (2.16)

and the general solution can be respresented as

U,GL UT 0 "
A=A D D 2.17
0ot ( 0 PGP (2.17)
where
XiA X 0 -
Ay =D D 2.1
0 ( 0 ViAo Y (2.18)

VG, € ASR(k_Tl)X(k_rl), VG, € ASR(k—Tz)X(k—Tz)
Uy € R UfUy = Iy, N(XT) = R(Ua),
P2 c ka(k_rz); PZTPZ = karza N(YlT) = R(PZ)J

D is the same as (2.2).
Proof. Necessity: Suppose A is a solution of Problem Iy. From Theorem 1 it is verified
that there exist A1 , Ass € ASR¥** such that

A-p( A 0 DT,  AX =XA
0 Ay

Ay 0 T X1 Y X1 Y Ay O
D D = 2.19
( 0 A ) SpX1 =Sph SpX1 =Sph 0 A (2.19)
(2.19) is equivalent to
A Xy = XAy, Ay € ASRRE (2.20)
ApY] = YAy,  Asy € ASRFXE (2.21)

From Lemma 2 we know (2.20) , (2.21) have a solution if and only if

XX =0, N #ANGI=1,2..,t +1 (2.22)
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YV =0, wi# g l=12. 41 (2.23)

and there are respectively G; € ASRk—r)x(k=r1) G, ¢ ASR(k-r2)x(k=r2) guch that
Ay = XM X+ ULGLUY (2.24)
Agy = VIALY[" + PGy Pf (2.25)

where Uy, € R¥*(k=—m) UJU, = I}, ,,, N(X{) = R(Us), P, € R**=72) pPI'Py = I}, ,,,
NYT) = R(P,).
From (2.2), (2.6), (2.24) and (2.25) we have

X A X 0 UG UT 0
A=D 1 DT +D 2 DT 2.26
( 0 VAL YT * 0 PGy PT ’ (2.26)

for some Gy € ASRk=rx(k=r1) G, € ASR(k=r2)x(h=r2),
Sufficiency: In (2.26) taking G; = 0 € ASRF—m)x(k=m) G, = (0 € ASRF—r2)x(k=r2),
We have A € ABSR?k*2k

)(VlAl‘XV+ 0 Xl Yl
AX =D . DT
( 0 ViAoVt SpX1 —SiY;
-D XlAle_ 0 \/in 0
B 0 YiA, Y 0 V2ym

From UY X, =0, PTY; = 0 and (2.15), (2.16) we obtain [
X1A1X1+X1 = X1A1, Y1A21/1+Y1 = Y1A2.

Hence

X1A1 0
AX =v2D = XA.
Since (X; A1 X7 = — X1 A1 X;H, (V1A Y )T = V1AV Bl then A € ABSR**2k _ There-
fore A is a solution of Problem Ij.
When n = 2k + 1, D is the same as (2.3). Then

N C HS;, N+ H 20 0
DfAp=pD"| -¢c* o -CTS, |D=]| v2cT 0O 0 (2.27)
SpH SpC SpNSy 0 0 N-—H

N+H +2C

Suppose eigenvalues of main submatrix are £ A4, X240, ..., £X,4,0,...,0,
PP g ( _Jacr 0 ) 1 2 t1

k+1-2t;

. . . ap + Byt
Aj,j = 1,2,...,t are real numbers and the corresponding eigenvectors are ( 15 ),

(] :I:fll
+ ) >

O E Ot ) [ o) [ @) a;,8; € R¥, j=1,2.. . t;, ; € R¥ | =

ey, * fi i €2ty +1 €k+1
2t14+1,---,k+1,e5,5 =1, k41 and f;,5 = 1,...t; are real numbers; eigenvalues of N —H are
fuie, £pt, ..., £4,2, 0,...,0, pj, j = 1,-- -tz are real numbers and the corresponding eigen-

——
k—2to

vectors are 01 i71i7 92:|:727;7 s 0t2 i7t2i7 Yoto41y -+ Yk 9]77] € Rk; ] = ]-727 o 7t27 Y € Rk;
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[ =2ty +1,---,k. Then eigenvalues of A are £Aii, £Aai, ..., £A0, 0,...,0, £p1d, £usi,
——
k+1—2t
(e5] + ﬂl (073 + ﬁtli
oo, Epe,t, 0,...,0, whereas symmetric vectors er £V2fii |, ... et, £ fi,i ,
N—— . .
k—2ts Sk (a1 £ Bi) Sk(a, & B, 1)
T2ty +1 Th+1 0; + i
€2t +1 e €kt1 and anti-symmetric vectors wy £ qq e
SkTat; +1 SkTr+1 =Sk (01 £714)
O, £ Ve, Y2tat1 Yk
Wi, £ Qyt , 0 s e 0 are eignvectors corresponding to
=Sk (01, £ 725%) —SkY2ts+1 —Skyr
£A1e, £Aot, ..., £Aye, 0,...,0, e, ..., Epet, ..., Epe,d, 0,...,0. Hence it is easy to
—— ——
k+1—2t k—2t,

see that exist k + 1 symmetric eigenvectors and k anti-symmetric eigenvectors for every A €
ABSR(ZI«+1) X (2k+1) .

Similary to case n = 2k in Problem Iy we can suppose

Xy Y
X = el 0T (2.28)
SpXh1 =S

where X; € R¥*! Yy € RF*(m=D T = (/2e1,v/2e5...,v/2¢;) € R**E, 07 = (0,0,...,0) €
Rlx(mfl)'

Theorem 3. Given X € RZFUXm  gnd X is the same as (2.28). Suppose X' =
V2X,

el

Zi e RMFX2 i 1,2, .. 1y, Z},,, € REFDXU=20) pank(X') = ry, Ay = diag(By, Bs, ...,

= (z:Z4: - fZgH_l) € RFHDXL every column of X' is a non-vanishing vector,

0 A\ ) S B
Bt170'Il72t1)’Bj: ( =\ OJ ’.7:]-727'--7751;1/1 :(Y'll:yg:”':ygz%-l) eRkX(m l)a every
J
column of Y1 is a non-vanishing vector, Y, € RFX2 (5 = 1,2,...,ty), Yi,p1 € REX(m—i=2t2)

ta+1 .
>.mj =m—1, rank(Y1) = 12, Ay = diag(C1,Cs,...,Ct,,0 - Ix_ay,), C; = ( 0 l:); >,
j=1 —Hj

j=1,2,...,ts. Let A = %1 /32 ) Then there exists A € ABSR™ "™ (n = 2k+ 1) such that
AX = XA if and only if
Z7Z =0, N#EN =12t +1 (2.29)
Y'YV =0, mApli=12. . t+1 (2.30)
and the general solution can be respresented as
A=Ay+D ( U’2E01U’§ P'QEOQPE ) DT (2.31)

where

XA X'T 0
Al =D DT 2.32
0 ( 0 Y1A2Y1+ ) ( 3 )
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VE, € ASRWFI-rx(ktl=r) = yp, ¢ AGRKk-r2)x(kor2)
U'y € RO Utl=r) - grBgt, = oy, N(X') = R(U'S),
Pye R*tr) PP =1, .., N()=R(Py),

D is the same as (2.3).
Proof. Necessity: Suppose A is a solution of problem Iy. From Theorem 1 we know that
exist N , H € ASRF*k C € R™, such that

N C  HS, X, Y X, Vi A0
—cT o0 —OTs, e 0 = e 0 ( 01 N )
SeH S,C  SpNS SkeX: —SpVy S X, —Si%h 2
(2.33)
1. €
NX1+06T+HX1 :X1A1
—2CTX1 = eTA1 (234)
(N —H)Y, =Y\,
(2.34) is equivalent to
N+H 2C v2x, ) o fVRX
—V20T 0 el T el ! (2.35)
(N -H)V1 =Y\
Let
xo= [ V) Cziziiz,) e ROSOR
e (2.36)

Y, = (Y1'5Y2'3"‘5Yt'2+1) € Rkx(m=1)

(2.29) and (2.30) hold from Lemma 2. And there is By € ASRF+HI-r)x(ktl-r) g, ¢
ASRk—r2)x(k=r2) gych that

N+H 20 + T
( St o ) = X'M X'+ UE U, (2.37)
N — H =Y,A,Y;" + PyE,P)" (2.38)

where U5 € RUFVXUtior) i) = [y N(X'T) = R(US); Py € RW*Gr) piTp) =
Ik*T‘zJ N(Y'lT) = R(PQI)
By (2.27), (2.37) and (2.38) we know

XA X' 0 - ULEULT 0 T
A=D DT+ D DT, 2.39
( 0 YiA, Y ) * 0 PyE, P} (2.39)

VE, € ASRIFHI-r)x(ktl-r) = yp, e AGRKk-72)x(k=r2)

Sufficiency: In (2.39) taking E; = 0 € ASRUHI—r)x(k+1-m) B, = (0 ¢ ASRk—r2)x(k=r2),
Because Uy' X' = 0, P}"Y; = 0 and from (2.29), (2.30) we obtain (4]

X'AMXTX' =X'Ay, YVIAYY =YiA,.
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Similary to the demonstration of Theorem 2 it is directly verified that AX = XA. Because
(XA X' = —X'A X', (MAYTHT = —YiAY Bl We have A € ABSREk+1)x(2k+1),
Therefore A is a solution of Problem Ij.

3. The Expression of Solution for Problem II

When solution set of Problem I is nonempty it is easily verified that Sg is a closed convex
set. Therefore when n is even number we have
Theorem 4. Given A* € R"™™ , X € R"™ (n = 2k) and the notation of X,A and
conditions are the same as Theorem 2. Then there is a unique soluiton A € Sg for Problem I
and A can be respresented as
(I—Xle)(AllEA1T1)(I—X1X1+) 0
- ~ DT
(I—Y1Y1+)(Aznggz)(I—Ylyﬁ)

(3.1)

A=Ay+D
0

where Ag is the same as (2.18) and D is the same as (2.2)

dn=g(n &)(A*—A@(é’;), =5 (1 —sk)(A*—A())(_’gk) (32)

Proof. Because Sg is a closed convex set there is a unique solution A for problem II.
According to (2.17) every element A in Sg can be respresented as

U2G1 U2T 0 T
A=Ay +D D
ot ( 0 PGy PT

=

Taking U; € RF*(k=m) P; € RF*(k=11) guch that U 2 (U,:Us) € RF*™ | P 2 (PiP,y) € RF*r=

Let

. A A
A=DT(A* — Ay)D = [ 1 2 3.3
( 2 ( Ay Az 43
where
I
Ay = =T Sk)(A* — Ap) ( s],i ) (3.4)
* Ik
Ay = =(In Sk)(A* — Ap) ( 8 ) (3.5)
. 1 i I
A21—§([k _Sk)(A _A0)<Sk> (3.6)
-1 i I
Ap=5 (1 -5 )4 —A0)<_Sk> (3.7)
Because ,
. UG UT 0
A* — A2 = ||A* — Ay — D 2 DT
I I H ° 0 PGyPY
UsG UT 0 2
= ||DT(A* — Ag)D — 2
H ( o) 0 PG, PT

= |41 — U2GLUT |1 + || A |* + | Aa1||* + || A2z — P2G2 P[>,
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Hence ||A* — A = inf is equivalent to
AEABSRn*n
||14111 — U2G1U2T|| = min (38)
G1EASRkXF
||A22 - P2G2P2T|| = min (39)
G2 € ASRkx#
But

|A1, — UG UL |12 = |[UT AU — UTU,GLUT U2
= U AnUh|? + |Uf An Us|P? + U A UL + U AnUs — G
= U AnUL]? + 1U A Ua? + [|US A Un P
A AT A AT
HUF AG ALY, - Gy P+ [UF LG

Therefore (3.8) holds if and only if
Ay — AR
G, =Uf %Ug (3.10)

By the similar method (3.9) holds if and only if

A _ AT
w&. (3.11)

Substituting (3.10), (3.11) to (2.17) we obtain the solution of Problem II is

G> =Py

U. UTif111 — Al U,U¥ 0
-l I Ay — AL DT
0 PP =252 py Pl
Ay — AT
C A+ D (I - X, X{) == (1 - X, X) 0 DT
= . - :
0 (1 -y Az e vy

According to similar discussion in Theorem 4 when n is odd number we have
Theorem 5. Given A* € R™*", X € R"™(n = 2k + 1) and the notation of X, A and
conditions are the same as Theorem 8. Then there is a unique soluiton A € Sg and A can be
respresented as
(I-X'X"") (A AL (I-X'X"T) 0
2 _ _
(I—Y1Y1+)(Aznggz)(I—Y11ﬁ+)

A=A)+D DT

0

where Aj, is the same as (2.32) and D is the same as (2.3)

I, 0
1 {n o0 S ,
A== A~ A
11 2( 0 \/5 0 )( 0) 0 \/§ )
Se 0
1 L
Am:ﬁ(lk 0 —Sk)(A*—A()) 0
—S;

The authors thank an anonymous referee for useful suggestions which helped to improve the
exposition of this paper.
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