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SYMPLECTIC COMPUTATION OF HAMILTONIAN
SYSTEMS (I)*V
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Abstract

We get 7°-terms of the formal energy of the mid-point rule, and use the mathematical
pendulum to test the convergence of the formal energy.
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1. Introduction

For a hamiltonian system

dz

i JVH(Z), Ze€R™ (1)
o -I,
I, O
is the gradient operator), any symplectic scheme has a formal energy [3,6,8,12,20], which takes
a most important part in the study of the scheme itself [14-18]. For instance, the mid-point

rule _
~ Z+Z
Z:Z-l—TJVH( ; > 2)

is a 2nd-order, revertible, symplectic scheme. It preserves any quadratic invariant of the Hamil-
tonian H [5,7,12], and its formal energy has an expression [12]

(where J = [ } , I, is n x n identity matrix, H : R?*® — R is a smooth function and V

H=H- in2 (2[11)2 (3)
57760H (2[1])4 * %{)Hzg (2[11)2 z% + %H (Z[Z])2
+0(79)
where ZIl = JVH(Z), zI?l = 7. For the notation for example,
Hs (Z[ll) Z 62’,823621g [Z[l]](i) [Zm](j) [Z[Z]](k)’

where z; is the i-th component of 2n-dim vector Z, and [Z[] () Stands for the j-th component

of 2n-dim vector Z[1,
Naturally, there would be the following questions:
(a). What are the terms of 72* in (3) for general k ?

* Received January 11, 1999; Final revised March 28, 2001.

D This research is supported by Special Funds for Major State Basic Research Projects of China (No.
G1999032801-10 and No. G1999032804), and by the knowledge innovation program of the Chinese Academy of
Sciences and a grant (No. 19801034) from National Natural Science Foundation of China.



268 Y.F. TANG

(b). How many terms for 72* in (3), just like 1 for 72 and 3 for 7% ?

(c). How about the absolute values of the coefficients of the terms of 72* for general k? Is
there a bound for them?

Obviously, the questions above are very interesting, to answer them must be involved in the
study of formal energies of general symplectic schemes for Hamiltonian systems, although they
are specifically offered to the mid-point rule. For question (b), people have already had the
answer (refer to [8,13,15,19]) which is the number of free unlabeled trees of 2k + 1 vertices (for
an introduction to free unlabeled tree, one can refer to [4,9]). In the present paper, we answer
question (a) for the special case k = 3 (§2, Theorem 1), give a conjecture for question (c) (§2,
Conjecture 1), and use the mathematical pendulum to test the convergence of the expansion

(3) (§3 — 8§4).

2. 75-Terms of Formal Energy of Mid-Point Rule

Theorem 1. For Hamiltonian (1), the formal energy of the mid-point rule (2) can be
written as _
H=H+7°Hy + " Hy + +7Hg + O(1%) (4)

where

Hy =5 H.s (29) (4.1)

Hy = ?760H (2[11)4 + ﬁma (Z[”)2 71 4 ﬁloH (Z["’])2 : (4.2)

31 53 ‘
%" He(zMIN6 2 g (zMh4z[2]
s x10x 7@ T o R @)

19 . 3
2 gz W2 0
T R A R i yrave vy

23 39
B g g 39 1] 7121 /1 1112
i x 160 x 7 (ET ) - o o e 22T 25 (2

18 ‘ . 1
——° H.zWUzRzUlzR -
W2 x10x7 = z 242 x 10 x 7

38 _ 27 1 711y2Y (71 7121
242 x 40 x 7 5 % 10 x 71 (ZZZ(Z ) )(Z 4 )

9 2
I R e P
242><2><7HZ (ZZ 4 )

(refer to [13,15]).
If we set Zk+1 = %;]Z[l] for k=1,2,---, then we can write

zZW =JVH

zP¥ =zMz0 = JH,.JVH

78 =z (z0h2 4 zMzl

714 =70 (7003 4 370z 712 4 711 718] (5)
zP =z (z00y* 4 621 (( ZI1y2 Z[z]) + 32Uz 4 azW(Z1 218 4 70 714

Hg =

H.(zM)3 z11 7]

H.s(Z2)? (4.3)

H. (ZBZ] (Z[l])g) 2

Z2 =78} (20 + 1028 (21 28) + 1520 (20(22)2) + 102 ((211)221)
+ 1071 (ZP]ZW) + 571 (2[112[41) + Z1 1]

Z1M =71 (z10)6 4 15714 ((2[11)42[21) +4521) ((2[11)2(2[2])2) +20zY) ((2[11)32[31)
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+1524] ((Z[l])zZ[‘”) + 60211 (Z[”ZP]ZF"]) + 1528 (z12))
+620 (2[112[5]) + 152 (2[212[4]) + 1028 (B2 4zl 719

and we have
Lemma 1. ZI" n > 1 has the following expansion:

n
zn+1] Z Z dll---ljJ(VH)zJ‘Z[h] . AC)
J=1 04l =nl, >1
=A, 75z
+ an[l] (Z[l])n72Z[2]

Zn—1

+CoZh), (24 (Z12)?

C’n:3<”_1> (n—1)(n—2)(n—3)(n—4)

4 8

Proof. Using the notation introduced above, from (6) we obtain
Zm2 =4, 71 (7
+ (nA, + Bp)Zl(Z210yn 2712
+[(n = 2) By + Cu) 2L, (2114 (212))?2

then we have the recursive relations
An+1 = An;

Bn+1 = nAn + Bn;
Chy1=(n—2)B,, + C,.
One can easily deduce (7.1-7.3) from (9.1-9.3).

After some calculation, one can expand the mid-point rule (2) as follows:

7
Z=2+) m™Ri+0("
k=1
where
R, = ZD];

1
R2 = EZ[Z],

Rs = éZEZ](Z[”f + EZL”ZP];

L

R =715

1 |
52y + 52 2N 2

= y n>1.
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(10)

(10.1)

(10.2)

(10.3)

(10.4)
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+ TGZL”ZLJZMZP] + 3—2291291252](2[”)2 + %GZE]ZLHZE]ZM;
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1 1
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1
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N 1;8252] (Z[l](Z[l]) ) (ZE]ZP]) n I_;SZ;] (ZE]Z[z])z

+ 76802[112[1]( 1y 4 ?;ZE]ZBI](Z[H)Z&ZD]

+ ﬁZL”ZEJ(Z My zW(z1)? 4 Elszgll 21 (72 71 70
1 1

+ EgZ[l]Z[I]Z[l](Z[z])z + @Z[l]z[lz]z[l]z[l](z[l])g

+ 64Z[1]Z 1]Z[1]Z[1]Z[1]Z[2] + 128 [”Z[”Z[”ZU]Z[”( Zly2

+ aZ[l]Z[lz]Z[l]Z[l]Z[l]Z[Z] + 1—28Z[1]Z[§Z[2] Z£12](Z[1])2

+ 64z[1]Z[1]Z 1lz[1]Z[2] 1536Z[1]Z[1]Z[ ]( [1])4

+ Engl]ZE]Zg](Z[l])z A 1_28ZL1]Z£1]Z£12]ZMZE;(ZM)Z

+ 6iz[1]z[1]Z[lz]Z[l]ZmZ[z] + %8291291251(2{21)2

+ 3842[112 1z ZUl (710 4 éZE]ZL”ZL”ZEJZ[”Z[Q]

+ EgZE]ZE]ZE]ZE]ZEz](Z[l])z + 6L42£1]Z£1]ZE]ZE]ZE]Z[Q]_

Similar to (10.7), we can rewrite # as
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Proof of Theorem 1. According to the definition of formal energy of symplectic scheme [6],
F=z43 20 (12)
k=1

where ZIl = JVH, and ZIk+1 = %Z[l] for k =1,2,---, then after comparing the terms of
77 on the right sides of (10) and (12) we obtain

yAU!
T

1 1 1

= JVHq + 2 ZPIVH, + ¢ [ZEIJVHQ} JVHy + [J(VHQ)ZZ[H} JV Hy
1 1

+ é [ZL”JVAQ] ZW 4 < [J(VH).JVH], 2V + ¢ [J(VH4)ZZ[11] AR

1—;0@41 JVHs + Elo [z?l JVH2} 2y 1—;0 [(ZE] JVH2)

+ 1—;0 { [(ZLHJVHQ)Z ZU]L zm}z 700 4 1_;0 {([J(VHQ)Zz[l]L Zm)z 1] } o

+ Zm} AL (13)

z

Since we have known the expressions for Hs and Hy as in (3) or in (4.1-4.2), from (13) we
can obtain the expression (4.3) for Hg. The procedure is tedious but straightforward calculus,
we omit it here.

Remark 1. One can find from (4.1-4.3) that

(i). In the expression of the formal energy of the mid-point rule, for 72, 7* and 7°, the
number of the terms are 1, 3 and 11 resectively, these are exactly the numbers of free unlabeled
trees of 3 vertices, 5 vertices and 7 vertices respectively.

(ii). In the expression of the formal energy of the mid-point rule, for 72, 7% and 7°, the

1 1

maxium absolute values of the coefficients of the terms are & = —— = ﬁ are

1 9 _
24 23x37 160 242x2X7 T
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ﬁ respectively.

In fact for (i) there is a general result, that is, in the expansion (4) of the formal energy of
the mid-point rule, the number of the terms in 2% is exactly the number of the free unlabeled
trees of 2k + 1 vertices (refer to [8,13,15,19]).

And for (ii) let’s give the following

Conjecture 1. In the expression of the formal energy of the mid-point rule, the mazimum

absolute value of the coefficients of the terms in 72% is exactly m (refer to [13,15,19]).

Remark 2. If the Hamiltonian is linear, i.e., H = %ZTMZ where M is a 2n X 2n symmetric
matrix, then (refer to (5)) Zl'l = (JM)"Z,r =1,2,---, and (refer to (4))

~ 2 2 4 2 976 2
—H_THg. (71 T . (722 - T g, (z0g02 8
H=H = gt (ZV) + gt (291) = gDt (2128) 4 06)
17 7 T T T
=521 (M)Z + 52 2N (MIMIM)Z + 5= Z" (MIMIMJIMIM)Z
6
+ 27TX 7ZT(MJMJMJMJMJMJM)Z +O(7®)
1 —
:§ZT(M)Z+O(7'8) (14)

where M = lei?) mM (TJM)Zk

On the other hand, substituting H = $Z7 M Z into (2) we directly get

7= [I - ng]_l [I + %JM] Z. (15)
But
In { - %JM]_l [1+ gJM}} =—In[I- %JM} +ln |1+ %JM] (16)
= 1

. 2k+1
- kz:;) 7y k1) M)

=7JM.

One can find the coincideince between (14) and (16), and furthermore in fact, the tail O(7®)
in (14) can be cancelled [13,15].

3. The Mathematical Pendulum

The mathematical pendulum has a hamiltonian

1
H=H, = §p2 —w?cosgq, (17.1)

where w is a constant. When —w? < h < w? its motion is periodic (see [1,2]) with period (see
[10,11])
df

=42 : ,
=t 2/0 \/(wZ—h)—l—(w2+h)sin29

where h is the constant value of the hamiltonian. According to (4.1-4.3), one can obtain by
calculation the following:

(18)

1 . . . .
Hy = —ﬂwz(p2 cos ¢ + w? sin? q); (17.2)
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7 1 . 1 ‘
Hy = —mp‘lcf cosq + @pr"w4 sin? ¢ + ﬁw‘l cos q(p? cos g + w? sin? ¢); (17.3)
31 1
He — — 6, 2 40401 4 2 cos?
6 P x 10X 7P Y Ut g g h @ (L 2cosTq)
51 2 6 2 L 8 qind
0 S S 174
T g x 7P W S A0S T o T < 7 S Y (17.4)
9 6

2 2 2 ;2
— —————Ww" COoS COoSq + w” sin .
YRR T q(p” cosq q)

4. Numerical Experiments

If we set in expression (4) of the formal energy of the mid-point rule

k
H = 3" 1% Hy = Hy + 7 Hy + -+ 7% Hop, k=01, (19)
i=0

(H(%) is also denoted by Hgk) for stepsize T in the sequel) then
H(zk) _ I:r + O(TZ(k+1)), k=0,1,---, (20)

that is to say, H©, H® H® and H® are approximations of order 0, 2, 4 and 6 respectively
(of order 1, 3, 5 and 7 respectively in fact, because there are no odd-order terms in expression
(4)) to the formal energy H.

We choose w = 3.0 and h = 7.5, then the period of motion 7" = 3.552256. In the following
we will call Err(A)(t) = A(t) — A(0) for any variable A.

We use the mid-point rule with the different stepsizes 1 = T'/60 = 0.059204, 75 = 71 /2 =
0.029602, to simulate the motion of the mathematical pendulum for 67,560 steps and 540,480 =
8 x 67,560 steps respectively, Figure 1-8 plot the numerical results for variation of Err(H (0))
(Figure 1-2), Err(H®) (Figure 3-4), Err(H") (Figure 5-6) and Err(H®) (Figure 7-8)
respectively.
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stepsize=0.0592, 67.560 sleps stepsize=0.0296, 540,480 steps
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One can easily find something interesting: Figure 1 and Figure 2, Figure 3 and Figure 4, Fig-
ure 5 and Figure 6, Figure 7 and Figure 8, have the same configurations respectively and, in Fig-
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ure 1 Err(H©)%10° € [—~8.151787, 31.601730] ~ 22%[—2.049836, 7.890028](> Err(H®)*10% in
Figure 2); in Figure 3 Err(H(?))x10° € [—3.111049, 4.556480] ~ 24/10%[—1.942975, 2.837876](>
Err(H®) %10 in Figure 4); in Figure 5 Err(H®) % 107 € [-2.153531,2.861244] ~ 26/100 *
[—3.297866,4.393560](> Err(H™®)x10° in Figure 6); in Figure 7 Err(H©)%10° € [-5.458335,
7.198202] ~ 28/100 * [—2.102585, 2.793943)(> Err(H(®)) % 10'" in Figure 8). That is to say,

Err (HQ’“)) (t) ~ 22D 4 By (Hf/?) (2% + 1) (21)
for k = 0,1,2, 3.
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