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Abstract

In this paper, motivated by the Martinez and Qi methods[1], we propose one type of
globally convergent inexact generalized Newton methods to solve unconstrained optimiza-
tion problems in which the objective functions are not twice differentiable, but have LC gra-
dient. They make the norm of the gradient decreasing. These methods are implementable
and globally convergent. We prove that the algorithms have superlinear convergence rates
under some mile conditions.

The methods may also be used to solve nonsmooth equations.
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1. Introduction

Let f: R™ — R be a nonlinear function and ¢ = 7 f. The usual Newton method for solving
nonlinear equations g(z) = 0 involves making a first order approximation at the current trial
point xy:

v f(e)sk + gk =0 (1)

where gr = g(xr). We then solve this equation calling the solution i1, namely zgy; =
x — 72 f(zr) " tgr and repeat the process until obtaining a solution of the original optimization
problem.

Newton method is attractive because it converges rapidly from any sufficiently good initial
guess. Indeed, it is often taken as a standard convergent method, since one way of characterizing
superlinear convergence is that the step should approach Newton step asymptotically in both
magnitude and direction (Dennis and Moré [2]).

If the number of variables is large, or if second derivative information is difficult to compute,
Newton method may be prohibitively expensive to use. If f is not twice differentiable, Newton
method can not be used. For this reason, special methods have been developed to solve large-
scale problems. One method is the inexact Newton method, see [3] and [4]. That is, we do not
need to solve the Newton equation (1) accurately and as long as the magnitude of the residual
vector for an approximate solution sg:

k=2 f(@r)sk + gk (2)

is asymptotically smaller comparing with ||g||, inexact Newton method can work well. In order
to stabilize the behavior of inexact Newton method, Eisenstat and Walker in [5] introduced and
analyzed the following class of methods: For k = 0 step 1 until convergence do
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1. Obtain a s such that

lgr + 2 f (@r)sell _ [Irll < (3)
gl llgl
and
lg(@e + si)ll < [1 =601 —n)]llgxll- (4)

2. Set g1 = Tk + Sk
On the other hand, Newton method has been extended to non-twice differentiable case.
Particularly, in recent years some superlinearly convergent generalized Newton methods for
solving nonsmooth equations
F(z)=0 (5)

have been developed which are based upon Clarke’s generalized Jacobian 0F(x) (see [6]) or
B-differentials Op F'(x) which used to replace 72 fx in (1) or (2), see e.g. [7], [8], [9] and [1].

Stimulated by the progress in these two aspects, in this paper we propose one type of
globally convergent inexact generalized Newton methods to solve unconstrained optimization
problems in which the objective functions are not twice differentiable, but have LC gradient.
Comparing with the globally convergent method in [1], we construct the methods without using
the iteration function and prove their convergence and superlinearly convergence under some
weaker conditions.

We assume that function f has LC gradient, i.e., there exists an L > 0 such that, for any
z,y € R",

llg(z) = gl < Lz = yll. (6)

If g(z) is Lipschitzian then Rademacher’s theorem implies that 7g(z) = 2f(x) exists
almost everywhere and we can define

0} f(z) = { Jim 7*f(@)}, ™)

where the limit is taken for the z; at which f(z;) is twice differentiable. Similar to Clarke’s
generalized Jacobian we define

0*f(z) = co{0}f ()} (8)

We have (see [6])

(R1) 92 f(x) is nonempty, compact and bounded;

(R2) 02 f(x) is upper semicontinuous at x;

(R3) If f(z) is uniformly convex at z,. and g. = g(z.) = 0, then z, is a locally strict
minimum point of f(z).

We shall propose one type of globally convergent inexact generalized Newton methods for
functions which have LC gradient. These methods are implementable. We shall prove that
under some mild assumptions the algorithms are linearly convergent, and they are superlinearly
convergent or even quadratically convergent for uniformly convex functions.

The paper is organized as follows. In Section 2, we propose the inexact generalized Newton
algorithm which makes the norms of the gradients decreasing, and prove global convergence and
superlinear convergence of the algorithm. We also point out that the method can be also used
to solve the nonsmooth equations. In Section 3, we discuss the main assumption of the paper
and show that the functions with semismooth gradients or C-differentiable gradients must meet
the assumption. Section 4 lists some applications for the algorithm and gives some numerical
results.

Throughout this paper the vector norms are Euclidean.
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2. Inexact Generalized Newton Algorithm with Decreasing Gradient
Norms

Algorithm 2.1. Given an initial guess xo, fo € (0,1), 7 € (0,1), 8 € (0,1) and a sequence
of numbers {7}, 0 <, < 1, we compute a sequence of steps {sr} and iterates {zy} as follows:

For k =0 step 1 until convergence do

1. Choose a Vi € 02 f(wxy,), find an 5i, such that ||gr + Visell < 7kllgxll-

2. If the following conditions (9) and (10) hold for sy = 5 and n, = 7 then let s, = 5i
and ny, = Ty, otherwise let B, = min{1, ||gk||}Bo, Mk = llgr + VeSell/llgell, me =1 — 7'(1 — 1)

and sy = [—Br(1 — i) g + (1 — n1)5k] /(1 — 1), where i is the smallest non-negative integer
such that
Irell = llge + Visell < mellgell (9)
and
lg(zr + s)ll < [1=6(1 = ne)]llgrll- (10)

3. Set 41 = ) + Sg.

Theorem 2.1. Assume that Algorithm 2.1 is implemented with M, < 1. If sy = S, N = Mk
and Y (1 —n) is divergent then limy_oogr, = 0.

Proof. By Algorithm 2.1, sy = §;, and ng = 7y, imply

lgrrall < [1 =001 —nme)]llgll

k
< llgoll TTIt —6(1 —ny)]
j=1
k
< lgoll exp |6 ) (1—n;)

Jj=1

Since § > 0 and 1 —n; > 0, the divergence of Z;’;O(l — ;) implies that limg_oo gr = 0.
Assumption Al. Assume function f has LC gradient. We say that f satisfies Al at x if
for any y € R and any V, € 8*f(y), the following holds.

9(y) —g(x) = Vy(y — =) + o(lly — =[]).

We say that f satisfies A1 at  with degree p if f has LC gradient and the following holds,

9(y) —g(x) = Vy(y — =) + O(lly — «[I").

We say that f satisfies Al (with degree p) if f satisfies A1l(with degree p) at any = € R"™.
Theorem 2.2. Assume that Algorithm 2.1 is implemented with i, — 0 to generate a
sequence {zy}, and [|[Vi|| < M and |V < M, M > 1, for all k. If sy = 5k, n, = Ty and .
is an accumulation point of {z\} and f satisfies A1 at x., then zj, converges to . superlinearly.
Proof. Theorem 2.1 implies that limg_, ||gx|| = 0 and ||g«|| = 0. Given any C > 1, g, — 0
implies that there exists K¢ such that for any k > K¢, n, < (3CM?)~L. Because f(x) satisfies
A1, there exists a neighborhood Bs(z.) of . such that for any x € Bs(x.) and V, € 0% f(x),

lg(z) = Vel — z.)[| < |lz — 2|/ (2CM). (11)

Since z, is an accumulation point of {zy}, there exists K = K(§, C) > K¢ such that zx €
Bs(z.). We have

ok + sk — o] < (Vi VK (mk — 24) + Viesk|
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IN

M||Vk (ex = x.) — gx || + |lIr[]]
< ML+ 00) Vi (2 = 24) = gx |l + 05 [|Vic (250 = )]

< [(+1/3)2+1/3][ler — w.l|/C = |lok — ]|/, (12)

that is zx + sk € Bs(z.). So we have proved that, for all & > K(6,C), z; € Bs(z.) and
lZk+1 — z«||/||zr — z«|] < 1/C. Since this is true for any large number C, we know that this
theorem holds.
Lemma 2.1. Given z with g(x) #0, V,, € 8*f(x) and 6 € (0,1). Suppose f is uniformly
convex and satisfies Al at x. If there exists an § such that ||g(z) + Vo3| < 7l|lg(@)|| for an
€ (0, 1), then there exists a A € (0, 1) such that for any n € (A, 1), the vector s = [-3(1 —

m?g(x) + (1= n)s]/(1 =) satisfies
llg(z) + Vasll <nllg()|l and |lg(z + ) < [1 =61 =n)lllg(=)ll; (13)

and in the above expression of s, f = min{l,||g(z)||}Bo and

o) + Vsl

=@ 1)

Proof. Set
1-0)(1-7
__ BU-0)1=Dlg@] 15

4M (llg()[ + 1151)
Because f is uniformly convex at z, there exist M > 1 and § > 0 such that for any y € Bs(z)
and any V, € 8*f(y), [Vl < M, ||V, '] < M and V,, is a positive definite matrix by convexity.
g(z) # 0 implies 5§ # 0. As function f satisfies Al at x, we can choose small enough ¢ such that
for any ||d|| < § and any V44 € 0*f(x + d),

lg(z +d) — g(x) = Vayad|| < elldll, (16)

where ¢ is defined in (15). Let

o fiwa [ 0eme 1P [s-w)_ fsl T’
o { o e - e } (4

—n)2g(z) + (1 —n)5]/(1 — 7)) for arbitrary n € (A, 1). (17) implies (1 — ) >
> (1 —1)/2. For any y € Bs(z) and V,, € 8?f(y), as V,, is a positive definite matrix,
9(2)"V,Vyg(w) < Mg(2)"Vyg(z) and g(2)"Vyg(z) > llg(=)||*/M. (17) implies

(L=m"? < (1=N"? <B(1-7)/BM*) < (1-)/(26M), (18)

and hence we have

2

— 2V ol
Hg(az) _sa Z)_ ﬁVyg( )
 e@p - 220=@ Vyg(@) | B2 = mg(@)"VyVig(e)

L—1 (1 —7)?
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s AU V) [y _ s Y
< lgG)l? - - 20— - 22
T T
< gty - 2D oy pyovre 1 gyl
o[, BL=—p)'/? [ =)
< Mo [1- S5 < e - SE 0] (19)
(17) also implies
) = 1780 =000 + =]
1-7
(1= ) (lg(@)l + lIsl)
< -7 (20)
< 4§
So, & + s € Bs(x). We have
Il < IVt llge) + Vs — g(o)ll < Mllg(e) + Vesll + g
< M +D)lg@)l < 2Mlg(x)]l (21)
(17), (19), (21) and the fact (1 —5)*/? < 3/(8M?) (see (21)) mean
lg(e) + Vsl
n
BL= )] 20— n)M2g(a)]
< Mol |1 - S| + 22
B(L—n)t/2
< llg@)] {1—m] 22)
_n\1/2 _ n\1/2
< alls@ + ot | = - SR
B(1—n)'/?
<l |- 5522, (23)

Let y = z, (23) implies that the first inequality of (13) holds, i.e., ||g(z) + Vi s|| < nllg(z)]].
Furthermore, let y = = + s, from (22), we obtain

P —m) 2 ")1/2} (24)

lo(@) + Vool < ol |1 - 22
(16), (15), (21), (24) and B(1 —n)*/? > 4M(1 — 1) (see (18)) imply

lg(z+s)ll < llg(z +5) = g(x) = Varssl| + [lg(x) + Vrss|
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< ellsll + [lg(z) + Viyss]
_ — 2 0(x _ /2
¢ DU oy [y - S0
po(L —n)t/?
< 1= PR )
< =001 —=n)lg()ll- (25)

Therefore, the second inequality in (13) is also true.

If for some zy, § € (0,1) and Vi, € 8*f(zx), we can use an algorithm to obtain 7, and
s satisfying (9) and (10), then we say that the algorithm can be implemented for (zy, 6,
Vi). Lemma 2.1 implies that if f(z) is uniformly convex at zj, then Algorithm 2.1 can be
implemented for (xy, 0, V) with any Vi, € 0% f(xy).

We now prove global convergence and superlinear convergence for the algorithm.

Theorem 2.3. Suppose f is uniformly convex. Let Algorithm 2.1 be implemented with
Tt < Nmaz < 1 to generate a sequence {x}. If x. is an accumulation point of {z} and f
satisfies A1 at ., then g. = g(z.) = 0.

Proof. Assume that g, = 0 is not true. Because z, is an accumulation point of {zj},
there exists a subsequence {x(;} which converges to x.. We can choose k(i) properly such
that gk(i) — Sk, ﬁk(z) — ﬂ* and Vk(z) - Vi, where Vk(z) € 62f($k(z)) and ||gk(z)|| > Ci1 >0
for some C;. The upper semicontinuity of 02 f(x) implies Vi € 0%f(z.). Let k) = lgr) +
Vi) Sk I/ 19k |l and 7 = [lg« + Vii|l/llg«ll, it is clear that limieo fk;) = 7. g+ # 0 and
gr(i) # 0 imply 5, # 0 and 5p(;) # 0.

As f(x) is uniformly convex at z., there exist M > 1 and d > 0 such that for any
y € By,(x.) and V, € 8*f(y), VIl < M, ||V, 7'|| < M. Taking any 6, > 6, by Lemma 2.1,
g« # 0 implies that Algorithm 2.1 can be implemented for (x., 61, Vi). (23) (in which let
y = = z,) and (25) imply that there exists A > (1 + 7x)/2 (see (17)) such that for any
n € (A, 1—7(1—\)] and corresponding s.(n) = [~B«(1 — n)/%g. + (1 — 1)5.]/(1 — 7)), where
B« = min{l, ||g«||}Bo, the following results hold

g« + Vs ()l

Bu(1—m)t/?

<l < mllgall — 26

< nllg«ll -

and

lg(ze + s (M)l < [1—61(1=n)]llgl

< =01 =n]llg«ll — &1, (27)
where €1 > 0 is a constant defined as

. {6*7(1 - )‘)1/2
g1 =mwn

STy el 6 61 A)Ilg*ll}.

We now prove that when i — 0o, si(;)(n) is uniformly convergent to s.(n) for all n €
(A, 1—=7(1-=XN)]
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It is easy to know that |Gk — B+l < [llgrei)ll = [l9«[llBo < llgr(i) — 9+l. Because 7y — .,
there exists a Ko such that A > (1 +7x)/2 > fj(;) for all k(i) > Ko. By definition, sy ;) (n) =

[= By (L =) 2 griy + (1 — m)8i(i)]/ (1 — figgiy), we have

15k () = s« (M)l

H =Bty (L =) 2giay + (1 = n)sk(s) =B - g, + (1 =n)s.

1= 7 1 =1
< By (1 =" gy + (1= n)sig) =B - n%g. + (1 —n)s.
- 1= 7 10
1 1
+ _5*1_7}1/29*"‘ ]_—’I]g* ~ - ~
I ( ) ( )5l iy 17
< 1Br(i) — Belllgell + Briyllgrciy — gell + 15k — 5+l
- L — iy
N | = Bl =) 2g. + (1= m)8ul| [y — e

(1 = Dr(iy) (1 —1s)

(lg«ll + Dllgry = gl + 15y = «ll | Clgell + 151D |70y — =]
- (1=2) (1 =2 =)

So, when i — 00, si(;)(n) uniformly converges to sg(n) for all n € (A, 1—7(1 = A)].

Based on this fact, there exists K; > Ky such that for all k(i) > K, ||gri) — 9«|| < €1/4,
lse(6) (1) — s ()| < 21 /(40), [Vioy = Velllse ()l < WV = Vsl = gD/ (1 = 5.) < =1/4
and [|g(zr() + k) (1) — g(@e + 54(n))|| < e1/2 forp € (A, 1—7(1—=A)]. For such k(i) and n
we have

(28)

k(i) + Vi) sk ()]

< gk — g+l + 11Vago Sk (1) = Vese (@] + llgs + Vasa ()]
< efd+ /249 — e
< nllgrea I, (29)

and

9 (@ iy + sk (M)l
< Ng(@rey + sy (1) — g(@s + sl + [lg(@ + s ()|
< a/2+[1 =00 =n)llg«ll - &1
< [L=00 =m)]llgrell- (30)

On the other hand, we can prove that for any k(i) > K;, there must be a j such that
1—-m7+ (1—7) € (A, 1—=7(1=X\)]. In fact, as we have seen, fjj,; < A for all k(i) > K and hence
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there must be a j satisfying 1—Tj(1—ﬁk(,-)) <AL 1—Tj+1(1—ﬁk(,-)), then Tj(].—’f]k(i)) >1-A>
T (1 =) and 1 =77 (1= fjp) < 1=7(1=X), de., 1= (1—ijy)) € (A, 1=7(1=A)].

We are now ready to derive a contradiction. In fact the above facts mean that for any k(i) >
K1, when we use Algorithm 2.1, we will find 7;(;y and s ;) to satisfy conditions (9) and (10)
with the property that n;; < 1—7(1—X). Therefore, we have ||gxi)+1 || < [1=07(1—=X)]llgre I
and

gkl = gk +1ll = 67(L = Nllgee)ll > 67(1 = A)C,
for k(i) > K;. As ||gk|l is nonincreasing, the above result implies ||gx|| — —oo which is
impossible. So, this theorem has been proved.

Theorem 2.4. Suppose f is uniformly convex. Let Algorithm 2.1 be implemented with
Tk < NMmaz < 1 and G, — 0 to generate a sequence {zy}. If x, is an accumulation point of {z\}
and [ satisfies Al at x,., then ) converges to x, superlinearly.

Proof. By Theorem 2.3 we know that g, = 0. According to the proof of Theorem 2.2, it
will suffice if we can show that for sufficiently large 7 Algorithm 2.1 will choose 7y,(;y = 7 (;) and
Sk(i) = gk(i): 7:.8., ﬁk(z) and gk(i) satisfy (13)

As f satisfies Al at z,, there exist a Lipschitz constant L and a ¢ > 0 such that ||g(z)|| <
L||z — z.|| for all z € Bs(x,). Let C = max{l, 2LM(1—0)"'}. From (16) we may reduce 4, if
necessary, so that for any ||d|| < § and V., 14 € 0% f(z.+d), ||g(ze+d)— Ve, +ad|| < ||d||/(2CM?).

Now we consider sufficiently large k(i) such that zp; € Bs(w.) and fep) < M) <
(3CM?*)~L.

||Vlc(i) (xk(i) —z.)|| — ||Vlc(i) (xlc(i) —T.) — 91«(1’)”
lzk) — |/ (2M). (31)

Following the proof of (12), we can obtain

lgeall =
2

IN

17k + Skeiy — Tl M[|Vio) (@risy — 2«) = griyll + iy 1grca ]

IN

k() — =ll/C. (32)
(31) and (32) imply that zy(;) + 55(;) € Bs(z«) and

lg(@riy + Skl < Lll@g@) + Sk — 2|l

IN

Lz — zl/C < (1 = 0) gkl

IN

(1 =01 = Myl gray - (33)

So, k(i) and 8y (;) meet condition (13), 4.e., fr(;) = Nk() and 3(;) = Sk(;). The theorem holds .

3. Discussion for Assumption Al

In the previous section, the assumption Al has been used. What types of functions can
meet this assumption? In this section, we shall show that the following two classes of functions
satisfy Al.

1. f(x) has semismooth gradient g(x), i.e.,

lim {Vh'}
VeEdg(z+th')
h! —h,tl0

exists for any h € R™, where Og(z + th') is the generalized Jacobian of g at = + th' in the sense
of Clarke (1990).
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Let g'(z;h) denote the directional derivative. The following result is contained in Lemma
2.2 of [8].

Lemma 3.1. Suppose that g : R™ — R™ is directionally differentiable at a neighborhood of
x. The following statements are equivalent:

(1) g is semismooth at ;

(2) ¢'(;;.) is semicontinuous at x;

(3) for any V € 0g(x + h) and h — 0,

Vh = g'(w; h) = o(||hl]). (34)

According to this lemma, it is clear that if g(x) is semismooth, then f(x) satisfies Al.

2. Second order C-differentiable function. Qi [11] gave:

Definition 3.1. Suppose that T : R™ — R™ ™ is a set-valued operator, i.e., for any
x € R*, any V € T(x) is an m x n matriz. We say that the function F: R™ — R™ is
C-differentiable at x € R™ if

(1) T'(y) is nonempty and compact for any y in a neighborhood of x;

(2) T is upper semicontinuous at x;

(3) for any V € T'(z + d),

F(x +d) = F(z) + Vd+o(||d]]).

In this case, T is called a C-differential operator of F.

Pu and Zhang [10] extended the above conception to second order C-differentiability, they
gave.

Definition 3.2. A first order differentiable function f : R™ — R is said second order C-
differentiable at x with a second order C-differential operator (or called C2 operator for short)
T if the gradient g of f is C-differentiable at x with T. Furthermore, we say that f is second
order C-differentiable at x with a C2 operator T and degree p, p > 1, if f is second order
C-differentiable at x with T and for any V € T'(z + d),

g9(z +d) = g(z) + Vd+ O(||d[|").

We say that f is second order C-differentiable in D with a C2 operator T (and degree p) if f
is second order C-differentiable at each point x € D with T (and degree p).

It is clear that if f is second order C-differentiable with C2 operator 02 f, then f satisfies
Al.

Applications and Numerical Tests

The algorithms proposed in Chapter 2 and this chapter can be applied to the following
problems.
1. For the constrained optimization problems:

min fi(z), z € R"

st gi(z) <0, i=1,2,...,n (35)

where fi; and g; are twice differentiable, we can define an unconstrained optimization problem
as following:

min f(z) € fi(x) + > (max{0, —gi(2)})*/2, (36)

i=1
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where f is a penalty function. We know that under some condition problems (35) and (36) are
equivalent. f may not be twice differentiable at the = with g;(z) = 0 for some i, but has LC
gradient at these points. We can use the algorithms to solve such problems.

2. The methods may be used to solve the nonsmooth equations which arise from reformu-
lation of nonlinear complementarity problems, variational inequalities and some optimization
problems (see [9] and [11]).

We have conducted some numerical tests for using the inexact generalized Newton methods
to solve unconstrained optimization problems in which the objective functions are not twice dif-
ferentiable, but have LC gradients. The results of these tests show that the inexact generalized
Newton methods are effective. Some examples are as follows.

The objective functions are:

fl) = fi(@) +p Z(maX{O; —gi(@)})?*/2, (37)

and fi(z) and g;(z) are defined in following problems.
Problem 1. (problem 227, [12])

film) = (21 — 2)° + (z2 — 1)%,

gi1(z) = x? — Z2,
ga(7) = 23 — 1.
Problem 2. (problem 215, [12])
fl(w) = T2,

Problem 3. (problem 232, [12])
fil@) = —(9 — (21 — 3)°)23/(27V3),

g1(x) = —(21/V3 = @),
g2(z) = — (21 + V3z2),
g3(z) = —(6 — x1 — V3my).
Problem 4. ( problem 250, [12])

fi (SU) = —T1T273,

g1(x) = —(z1 + 222 + 223),
g2(x) = —(72 — 1 — 222 — 223).
Problem 5. (problem 264, [12])

filz) = :cf +x§ + 2x§ +£II?1 —5(x1 + x2) — 213 + Ty,
g(7) = —(—23 —23 — 73 — 2] —x21 + T2 + 73 + 24 +8),
g2 = — (=23 — 223 — 23 — 223 + 21 + 24 +9),
g3 = — (=227 — 23 — 25 — 271 + T2 + 74 +5).

We calculated the above problems by two methods:



Globally Convergent Inexact Generalized Newton Methods with Decreasing Norm of the Gradient 299

M1 (Method 1). The inexact generalized Newton methods without using any stabilization
technique, i.e., Given an initial guess zy and a n € (0,1), we compute a sequence of steps {sy}
and iterates {zj} as follows:

For k = 0 step 1 until convergence do:

Obtain sy such that ry = Visg + gk, where ||rg]l/llgell < mx, and Vi € 8% f(xy). let apr1 =
x + s (see [1], [11] and [10]).

M2 (Method 2). The globally convergent inexact generalized Newton methods with decreas-
ing gradient norms, see Section 2.

The termination criterion is ||g|] < 107°. The parameters are chosen as: 7, = (10k)~!; in
method 2, 7 = 0.7, 8§ = 0.3 and Sy = 0.00001;

In the “NIT/NG” entry of the table below,

NIT=the number of iterations,

NG=the number of gradient evaluations.

e is a parameter given in (37).

The data in Table 1 show that the inexact generalized Newton methods can be used to
solve non-twice differentiable optimization problems effectively, and the stabilization technique,
reducing gradient norms, can be used to improve convergence behavior.

M1 M2 M1 M2
problem | p Initial | NIT/ | NIT/ | Initial | NIT/ | NIT/
points NG | NG points NG | NG
1 20 0.5, 0.5 9/9 ]9/201 1,1 9/9 | 7/27
1 20 10, 10 F 13/31 -10, -10 F 12/21
1 20 10, -10 F 11/20 2,2 6/6 |11/20
1 100 0.5, 0.5 11/11114/36 1,1 11/11|12/32
1 100 6,6 F |16/29 -6, -6 F |20/34
2 20 1, 1 6/6 | 15/28 2,2 6/6 | 18/34
2 20 5,5 F |17/46 8,8 F |16/44
2 40 5,5 F 12/22 15,15 F 15/27
3 20 2,05 5/5 | 4/6 4,1 6/6 | 7/13
3 20 4,2 8/8 | 9/16 61.5 6/6 | 8/14
3 100 2,05 5/5 5/6 4,1 6/6 | 7/12
3 100 6, 1.5 5/5 |10/13 10, 5 F 9/19
4 100| 10,10, 10 [10/10|14/24{-10,-10,-10 |11/11]11/20
4 100 | 15, 15, 15 5/5 | 9/16 | -15, -15, -15 [ 10/10 | 16/33
4 200 10, 10,10 |10/10|14/24] -10,-10,-10 |12/12]13/30
4 200 15, 15,15 5/5 | 7/11 | -15, -15, -15 | 13/13|11/23
5 20 | 0,0,0,0 |14/14[12/18]0,0.5,1.5,-0.5|14/14|11/16
5 20 10,0.8,1.8-0.815/15]11/15| 0,0,0,0 F |35/55
5 50 10,0.5,1.5-0.5] F ]20/30]0,0.8,1.8-0.8] F |]15/35

Table 1
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