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Abstract

In this paper, a mortar element version for rotated Q1 element is proposed. The optimal
error estimate is proven for the rotated Q1 mortar element method.
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1. Introduction

Many authors have made significant contributions to the so-called mortar element method
(see [4] [5] [7] [8] [10] [11], and references therein). The mortar element method is a nonconform-
ing domain decomposition method with non-overlapping subdomains. The meshes on different
subdomains need not align across subdomain interfaces, and the matching of discretizations
on adjacent subdomains is only enforced weakly. This offers the advantages of freely choosing
highly varying mesh sizes on different subdomains and is very promising to approximate the
problems with abruptly changing diffision coefficients or local anisotropies.

The rotated @1 element is an important nonconforming element. It was first proposed and
analysed in [12] for numerically solving the Stokes problem. The rotated Q1 element provides
the simplest example of discretely divergence-free nonconforming element on quadrilaterals.
Due to its simplicity, the rotated Q1 element is used to simulate the deformation of martensitic
crystals with microstructure in [9]. Independently, it also was derived within the framework
of mixed element method (see [2]). In [2] it was proven that Raviart-Thomas mixed rectangle
element method is equivalent to rotated Q1 nonconforming element method.

The purpose of this paper is to study the rotated Q1 mortar element method. A mortar
element version for rotated Q1 element is proposed. By constructing some relations between
rotated @1 mortar element and bilinear element, the optimal error estimate for rotated Q1
mortar element method is proven.

The remainder of this paper is organized as follows. In §2 we introduce model problem,
the rotated @1 mortar element method, and some notations. In §3 some technical Lemmas are
given. In §4 the optimal error estimate is shown. For convenience, the symbols <, >, and =
will be used in this paper, and 1 < y1, T2 > y=2, and x3 < y3 mean that 1 < Cyy1, T2 > c2y2,
and czrs < y3 < Csxs for some constants C1, ¢z, c3, and C3 that are independent of mesh
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parameters. For any subdomain D C , we use usual L? inner product (-,-)p, Sobolev space
H?*(D) with usual Sobolev norm || - ||g+(p) and seminorm |- |gsp). If D = €, we denote the
usual L? inner product by (-, ), the Sobolev norm by || - ||s and seminorm by | - |5, where s may
be fractional (for details see [1]).

2. Preliminaries

Consider the following model problem: find u € Hg(2) such that
a(u,v) = f(v), Yov € Hy(Q), (2.1)
where
a(u,v) = (Vu, o), f(v) = (f,v),

f € L?(Q), Q is a rectangular or L-shape bounded domain.
_ N _
Divide € into geometrically conforming rectangular substructures, i.e., & = |J Qp with
k=1

0, N Q; being empty set or a vertex or an edge for k # I. With each Q) we associate a quasi-
uniform triangulation 75 () made of elements that are rectangles whose edges are parallel to
z-axis or y-axis. The mesh parameter hy is the diameter of the largest element in 7 (Qy). Let
I'y; denote the open edge that is common to 2 and ;. Denote by I' the set of all interfaces
between the subdomains, i.e., I' = [J 09, \02. Each edge inherits two triangulations made of
segments that are edges of elements of the triangulations of Q and ; respectively. In this
way each ['y; is provided with two independent and different one dimensional meshes, which
are denoted by T;*(Ty;) and T}'(T'x;) respectively. Let €, , and Q5 be the sets of vertices of
the triangulation 7, (Q4) that are in Q; and 09 respectively.
For each triangulation 75 (), the rotated Q1 element space is defined by

Xn(Q) ={ve L* () | vlp = ap+dha +apy + ap(e® —y°),
ak € R, vlaads =0, VYE € Tr(Q);

OENOQ
for Ey,E5 € E(Qk): if 0B NJE, = e, then

/v|3E1ds: /'U|3E2d8},

with norm and seminorm

ol =C Y @) Plaeo =0 Y o)
BETh (%) BETh ()

Introduce the global discrete space
N
Xn(@) = [T Xn(),
k=1

N N
with norm [ = (3 el ,)/* and seminorm ol = (3 ol )
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Define one of the sides of I'y; as mortar denoted by 7,,,(x) and the other as nonmortar denoted
by 0pn(1). Assume that the mortar for v,,(xy = 6,,() = T'rs is chosen by the condition hy < Ry,
i.e., the fine side is chosen as mortar. Based on this assumption, the two elements of the slave
triangulation T,f((im(l)) that touch the ends of d,,(;) are longer than the respective elements of
the mortar triangulation 7," (Y, (k). Define an auxiliary test space M" (6,,(;)) to be a subspace
of the space L?(I'y;) such that its functions are piecewise constants on T} (6,,(;)). The dimension
of M™ (dm(1)) is equal to the number of elements on the d,,(;). For each nonmortar 6,,,(;y = s,
we define an L*-orthogonal projection Qp, : L*(Tii) — M" (8,,(;)) by

(Qumv,w) 25, 0) = (U, W) L2(5,,0),  Yw € MM (8,,0)). (2.2)
Now we define rotated Q1 mortar element space
Vi ={v € Xn(Q) | Qmui=Qumv%, Yoni =Ymm CT},

where vy, = v|,,,,, and vy = v|;,,,,. The condition of the equality of the L>-orthogonal projec-
tion of traces onto the test space for each interface is called the mortar condition. The rotated
@1 mortar element approximation of problem (2.1) is: find uj, € V}, such that

ap(un,vn) = (f,vn), Yoy € Vg, (2.3)

where

N
an(un,vn) = Y ank(un,on),  ank(un,vn) = Y (Vun, Von)e-
k=1 E€Th (%)

3. Some Technical Lemmas

In this section we present some auxiliary technical lemmas that are necessary to prove our
results.

Let T5/2(2) be the partition which is constructed by connecting midpoints of the opposite
edges of elements of Tp,(Q), V*/2(Q4) be piecewise bilinear conforming element space defined
on Tp/2 (%), and VOh/2 (Q%) be the subspace of V/2(£;,) consisting of functions with zero traces
on 09Qy. Define operator My, : Xp (%) — yhi/2 (Q) as follows:

Definition 3.1. Given v € X, (), we define Myv € Vh/z(Qk) by the values of Myv at
the vertices of the partition Ty;2(Q). The vertices are divided into four sets of points:

e If P is a central point of E, E € Tr(Qy), then

(Me)(P) = 3 | vis

e;E0F

e If P is a midpoint of one dege e € OF, E € Tp,(), then

(Myo)(P) = |—1| / vds;



316 J.R. CHEN AND X.J. XU
. IfP S Qk’h\aﬂk’h, then
M) =3 3 o [ v
v =- — [ wds,
k 4 5~ lei| Je,
where the sum is taken over all edges e; with the common vertex P, e; € OE;, E; € Tp(Q);

o If P € OOy 1, then

ol 1 o 1
Miv)(P) = ——(— vds) + —————
M) ) = e Yl L2 el v e el L,

vds),

where e; € OE1 N Oy, and e, € 0F> N Oy, are the left and right neighbor edges of P, Ei,
Es € Th(Q). If P is a vertex of Qy, then Ey = E».

The above operator My, has the following properties.

Lemma 3.1. For any v € X, (), we have

IMivla ) < vlup @) (3.1)
Mivll2,) < [lvll2@p)> (3.2)
Myvds :/ vds, (3.3)

8Qk BQk
IMiv = vllL2(00) 2 helvlar ), (3.4)
IMiv = vllz2ge) < 1>l o) (3.5)

where € is an edge of (1.

Proof. For any K € Tj,/5(Q), there exists an element £ € Tp(4), such that K C E.
Assume that P; is the common vertex of K and E, P>, and P3 are other two vertices of K which
lie on the edges of E, and Py is the fourth vertex of K which lies in E. Then

4
Mol =X D [(Mev)(P) = (Myo) (B
i,j=1
1 1 )
= Z Z (— [ vds—— [ wvds)
TETh(Q%),PLET €i,e;E0T |el| €i |eJ| ej
= > Wl

TETh(Qu),PLET
Summing over all K € Tj/5() yields
|IMrv|m ) X |'U|H}I(Qk)- (3.6)

For any E € T,(Q), let e;(i = 1,2,3,4) be the edges of E numbered clockwisely, we have

4

. 1 1 .
|’U|i11(E) = Z(—/ ’UdS——/ vds)?
i,j:l |el| € |e]| EJ‘
1 1 .
= Z (—/ vds——/ vds)?
i—7j |ei| €i |ej| €j
li—jl#2

IA

Z |MI€'U|%11(K)'

KCE,K€Th/2(2)
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Summing over all E € T,() gives
vl a2 (@) 2 IMrvlEoy)- (3.7)

(3.1) follows from (3.6) and (3.7).

Similarly, we can show (3.2) holds.

Next we prove (3.3). For any E € T,(Qy), dENIQ # B, let e be an edge of E which lies on
0. Assume e; and es are two neighbor edges of e which lie in 9€Qy,. Since M|, is piecewise
linear, according to the definition 3.1, we deduce that

le] 1 2
Mivds = —{————([ vds+ [ vds)+ — [ vds+
/e 4 |€1| + |e| el e |e| e

+#(/vds—l—/ vds)}
|€| + |82| e e2

le] / Lo el
= ———— [ vds+ - (——— +2+
4les| + lel) Je, 4 ler| + e]

le]

le] /
+7)/vds+7 vds.
le] +[ea]” Je A(le] + lez]) Je,

Summing over all e € 0, yields
//\/lkvds = /vds,
i.e., (3.3) holds.

To see (3.4), we introduce a local interpolation operator Ix. For any v € Xp(Qy), define
Ircv to be a bilinear function on K € Ty /(%) by (Ixv)(FP;) = v(F;), where P; (i = 1,2,3,4)
are four vertices of K. Using standard interpolation estimate [6] and discrete norm, we obtain

o= MpollZzy 2 llv = IkollZ2 ) + 10 = Myol[Z2 k)
4
X hlof e + D MR (0(P) — (M) (7). (38)
i=1

If P; is a midpoint of one edge e of E € T,(2), K C E, then there exists a £ € e such that

v(§) = %/evds.

Using above equality and inverse inequality yields

(W(P) — (M) (P))? = (v(Pi)—% / vds)?
(0(Py) - ()

helvlys (g

IA T
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If P; is a central point of E, E € T, (), arguing as in (3.9) follows

OR) = MR = 0(R) -5 3 o [ vas?

e; €OF
1 .
= Z (v(pi) — m/ vds)?
e; EOE I e
< ol (3.10)

If P, € Qp 1, \OQ, p, assume P; is a common vertex of E; € Tp(Qy) (j =1,2,3,4), K C Ey,
OE, NOE, = ey, 0E; NOEs = ez, 0E3 N OE, = e3, 0B, NOE; = e4. Arguing as in (3.9) we
deduce that

O(R) = (M) = ©(R) - 330 [ vy

1 1
< (v(P) - —/ vds)? + (v(P;) — —/ vds)?
|61| €1 |€4| €4
1 1
+(— vds — —/ vds)?
o/, v = g [0
1 1
+(—/ vds——/ vds)?
|€3| €3 |€4| €4
=

4
Z|”|?{1(Ej)- (3.11)
j=1

Similarly, if P; € 6Qk7h, P; € E1 N Eg, FE, and Es € 771,(”]9); then
(0(Pr) = (M) (P)* 2 ol ) + 0170 (). (3.12)

where FE, = E5 if P; is a vertex of ).
Combining (3.8)-(3.12), summing over all K € Tj,/5(Q), we obtain (3.4).
Finally we prove (3.5). Using trace theorem, (3.1), and (3.4), we derive that

Mo —ollZ2.

I A

h,;1||Mkv - ””iZ(Qk) + hp| Mo — Uﬁ{;(nk)

A

2 halvlip -

From this we know (3.5) holds and the proof is completed.
We now introduce a subspace X} (Q) of X, () for each open edge ¢ of Q. as follows:

Xn(Q) ={ve Xn() | /vds =0, Vee dQ\e}.

e

Define an operator M5, : X} (Qy) — V*/2(Qy,) by

Definition 3.2. Given v € X; (), we define M5v € V'/2(Qy,) by the values of M5v at
the vertices of the partition Ty ().

o If P is a central point of E or a midpoint of one edge of E, E € Tr,(Q), or P € Qp n\OQ 1,
then (MG0)(P) = (M) (P);
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o If P € 0Qy 1\e, then (M5v)(P) = 0;
o If P € anVh Ne, then

lex| 1 led] 1

E'U P =\ — S + r— 'UdS
M) P) = e el el L% Y v el el J., 0%

where e; € OE, N OQy, and e, € OFEs N OSYy, are the left and right neighbor edges of P, Ey, Ey €
Trn(Q). If P is a vertex of Qi, Ey = Es.
Define the pseudo-inverse map (My)T : VA/2(Qr) — X, () by

1 -
Tl /(/\/lk)+vds =o(P), Yuve VM),

where e € OF, E € Ty (Qy), P is the midpoint of e. Obviously, we have
(M) ™Mo =v, (Mp)TMiw=w, Yve Xp(Q), Yw e X ().

Using the discrete norms, we can prove the following Lemma holds.
Lemma 3.2. For any v € V"/?(Q), we have

|(Mi)Tvlaz 0 2 olar @y, 1M ollzze) = lvllzz@,)-

Let A be a special set of edges which belong to 0, or are the edges of rectangles which
have one side on a mortar 7y, ). We introduce a special subspace XE(Q) C X5 (Q) as follows:

X,ﬁ(ﬂk):{’UEXh(Qk) | /’UdS:O, VeeAk}.

e

Define a discrete harmonic part Hyv of v € X, () by

ah,k(Hkv,w) =0, Yw € X},,?(Qk);

/Hkvds :/Uds, Ve € Ay.

Also we define a projection operator Py, : X5 (Qx) = XJ(Q) by
ank(Pro,w) = ap p(v,w), Yw € XF(Q).

Lemma 3.3. Let € = 6,,1) be a nonmortar edge of Q, and v be discrete harmonic in
with [, vds = 0 for any e € Ap\0p (k). Then

|U|H,1(Qk) = “MiUHHééZ(Jm(k))'
Proof. Let Hy, : V/2(dQ,) — V/2(Q) be conforming discrete harmonic defined by

(VHrw, V)20 =0, VY € Vo2 (),
Hirw = w, on 0.

By Lemma 3.2 and the property of conforming discrete harmonic (see (4.13) in [13]), we obtain

(M) H Mol @) = [HeMioly o) S M50l e (3.13)

(i)
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Define o € Xp(Q%) b

/’lNJdS: 0 €€Ak\an,
e J. (M)t HrMiuds, otherwise.

Obviously we have

/ﬁds: /vds, Ve € Ay.

According to the property of discrete harmonic it follows that
vl a1 ) 21012 ()- (3.14)
Using H' and L? discrete norms and Poincare inequality in each element yields
Olaiany = IMe) " HeMivlarq,) + 19 — (Me) " HeMivlg )

Z Z B |/ (My) HkM vds —

EeTh (Q) €i,e;COE

T / (M) Hi M vds)?
J €;

I A

|(Mi) " Hi Mol q,)- (3.15)

The desired result follows from (3.13)-(3.15).

Let d,,,;) be a nonmortar edge of €, Wé” (0m(1)) be the continuous function space whose
elements are piecewise linear over all segments that have the midpoints of edges belonging to
dm(1) as their nodals and equal zero at the ends of ,,(;). Let 62;(” be the set of midpoints of

edges in 7} (8,(1))- Define an auxiliary operator I, : L?(8,,)) — Wl (0m(1)) as follows:
(Imv)(P) = (Q@mv)(P), VP € dny.

Lemma 3.4. ||Hm'U||L2(6m(,)) = ||U||L2(5m(l))’ Yov € L2(5m(l)).
Proof. Using the discrete norm and L2-stability of operator Q,,, yields

IMwollZe,e = b Y (@ao)P)P =he Y [(Quo)(P)

pesm PesT )

IA

||Qm”||L2 Bmy) 2 ||”||L2(5m(,))

Thus the proof is completed.

By interpolation estimate [6] and interpolation space theory [3], we can derive the following
result.

Lemma 3.5. [[v — QmvllL25,,,,) =X hzl/2|U|H1/2(6m(,))7 Yuv € H1/2(6m(l)).

4. Error Estimate

The following result is the well-known second Strang Lemma.
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Lemma 4.1. Let u and uy, be the solutions of (2.1) and (2.3) respectively, then

U —up|g1 (o) 2 1nf |u—v|H1(Q)+ sup |Z Z f‘|9E|7.
WV k=1 peTh(n)

The first term in (4.1) is known as the approximation error, while the second term is called
the consistency error.

Lemma 4.2. Let u and up, be the solution of (2.1) and (2.3) respectively. Assume u|q, €
H?(Qy,), then we have

N
|Z Z / _“’d3|< th|u|H2Qk) /|w|H1(Q)> Yw € V.
k=1

k=1 E€T, ()

Proof. Note that

N
Z Z a—wds Z Z Z —wds
k=1 BTy ()’ OF k=1 ECTi( Qk)eeaE\F e
+ Z / w]ds (4.2)
Priel Fkl

where e is an edge of E, [w] denotes the jump of w across L.

The first term in the right hand of (4.2) can be estimated by standard argument as follows
(cf. [9] for details):

N

IZ > > —wdSI<(hzZIUI?{z(Qk))”ZleH;(m- (4.3)

k=1 E€T;(Q) e€BE\I' * ¢ k=1

For any Vp(x) = 0y = [ C T, by the mortar condition,

ou ou ou
[ el = | 5,"(,)(%‘@’”_)[“’]"8'
ou
= my wy, — Mpwy) +
| 6m(l)(3” Q ){( k kWE )

+(Mpwi — QuMpwy) — (W — Qmw;) }ds|
u ou
|I% - Qm%HL%Jm(l)){HMIcwk = QmMiw|L2(s,, 1))
Flwe = Mirwil|lz2(s,,.)) + llwe = Quwillzz(s,.0) b (4.4)

IN

where wy = wly,, ,, and w; = wls,, -
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By Lemma 3.1, Lemma 3.5, and trace theorem, we have

ou ou 172 0u 1/2
15 = Qg i) 2 1 G260 < B el

1/2 1/2
lwe — Mrwillz2(s,,q)) = hy! lwlup (@) < hy! lwluz (@)

[Miwr, = QuMuwillras,, 1) =< b IMiwel gz s

< Myl ) = 0wl @),

m(1))

1/2 1/2
||wl - Qmwl||L2((5m(l)) j hl/ |wl|H1/2((5m(l)) j hl/ |w|H}1L(Ql)7

where the assumption hy < h; is used.
Combining above four inequalities with (4.4) yields

[ o

g [wlds| 2 hulul gz ) (0]t @) + [0]lg@0)-
kl

Summing over all I'y; € T, using (4.2) and (4.3), the desired result follows.
Lemma 4.3. For any u € H () with ulg, € H*(Q), we have

N
vien\ih lu — U|H;(Q) = (kz_:l hi|“|%12(9k))1/2-

Proof. Let Il¥u € X, (Q4) be the interpolation of u in X (). We have interpolation
estimate (cf. [9])

lu = Tull () + helu — Tul gy ) < Bl iz ) (4.5)

Define 0|g, = IFu, k =1,---, N. The function o € X () may not satisfy the mortar condition
across the interfaces. So we need to define a function w € X5, () such that v = w + ¢ satisfies
the mortar condition. To this end we first determine fe wds for all e € A, k =1,---,N. Let
fe wds be zero for all e associated with mortars, i.e., € € Ag\ D dp(r), where the sum is taken
over all nonmortars of ;. On the slave side of an interface I'y; it is defined by

/6 wipds = /6 (Mju — Myu)pds, Vi € M™ (8,)).- (4.6)
m(l) m(l)

Next we define w as discrete harmonic in all subdomains. It is obvious that v = w + ¥ satisfies
the mortar condition. From (4.5) we know

lu=vlm@) < [u—70g(q) + W@
N

(Z hi|u|§{2(9k))1/2 +[wlgy ()-
k=1

IN

To estimate |w| g1 (q), we decompose w|g, as

wlg, = Z Win(1) s

§m(l)CGQl
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where the sum is taken over all nonmortars of €}, wy,( is discrete harmonic in €2, and

/ Win(1yds = / wds, /wm(l)ds =0, Veec Al\(sm(l)-
Om () Om ) e

We further extend wy, () as zero onto other subdomains and have

w = Zwm(l)a

where the sum is taken over all nonmortars in 75 (€2).
Based on the above decomposition of w, we deduce that

lwlg (@) < Z Wil a1 (2) = Z Wi a1 (1)
By (4.6) and the definitions of M5 and Il,,,
fwy = Mp(Mfu —Iu) on ).

From Lemmas 3.3-3.4, above equality, inverse inequality, trace theorem, and (4.5), it follows
that

|wm(l)|H}l(Qz) = ||Ml5wm(l)||H;gz([‘kl) = ||Hm(HfLu - thu)“Hééz(sz)

<y P = ull ey + I = allie,,))

< M - Wy ull7 200, + belu — H’gug{mk))m
+(h; H|lw — HZUH%?(Q,) + hy|u — Hﬁluﬁli(ﬂz))lm}

= b PP lul gy + B ulz )

<

hilul gz (o) + Milul g2 (o))

Here the assumption hy < by is used again. Summing over all nonmortars d,,;) C 9 and
afterwards over the subdomains, we complete the proof.

From Lemmas 4.1-4.3 we obtain the following optimal error estimate.

Theorem 4.4. Let u and uyp, be the solution of (2.1) and (2.3) respectively, ul|q, € H*(Q),
then

N

u = |y () 2 (Z hi|u|§{1(9k))1/2.
k=1
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