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Abstract
The main purpose of this paper is to present some convergence results for algebraically
stable Runge-Kutta methods applied to some classes of one- and two-parameter multiply-
stiff singular perturbation problems whose stiffness is caused by small parameters and some
other factors. A numerical example confirms our results.
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1. Introduction

The initial value problems of ordinary differential equations in singular perturbation form
often arise in many practical applications, such as chemical kinetics, automatic control et.al.(cf.
[1, 7, 13-15]). The asymptotic behaviours and expansion solutions of these problems have been
studied in detail by many authors(such as [1, 7, 13-15]). The initial value problems in sin-
gular perturbation form may be considered as a special class of stiff initial value problems.
But it is sorry that they can’t be satisfactorily covered by B-theory (cf. [3-6, 8, 11, 19])
because of their very special structures. In the recent more than ten years, many authors|[8-
10, 12, 16-18] have presented many important and interesting convergence results for linear
multistep methods, Runge-Kutta methods, Rosenbrock methods, partitioned linearly implicit
Runge-Kutta methods and general linear methods etc. applied to one-parameter singular per-
turbation problems(SPPs). But all these results are within the limits of the SPPs whose the
right-side functions satisfy Lipschitz conditions with moderately-sized Lipschitz constants as
the essential problem-characterizing parameters, we thus call these problems singly-stiff singu-
lar perturbation problems(SSPPs) because their stiffness is only caused by small parameters.
For the SPPs whose stiffness is caused by small parameters and some other factors, we call
them multiply- stiff singular perturbation problems(MSPPs), and the corresponding reduced
problems are called stiff differential-algebraic equations(SDAEs). Some practical examples of
MSPPs have been given in [21].

So far, there exists some convergence results of partitioned Runge-Kutta methods, one-leg
methods and linear multistep methods for MSPPs (cf. [20, 21]). In the present paper, we
will obtain some convergence results of algebraically stable Runge-Kutta methods(RKMs) for
SDAEs and one-parameter MSPPs in Section 2. We will extend the results given in Section
2 to two classes of MSPPs with two parameters in Section 3. In Section 4, we will also give
the convergence results of Runge-Kutta methods applied to a class of MSPPs with an algebraic
constraint. In Section 5, a numerical example confirms our results.
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2. One-parameter MSPPs

Consider the SPP with one parameter
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with initial values (z(ty),y(to))€G admitting a smooth solution (x(t),y(t))(i.e. all derivatives
of z(t) and y(¢) up to a sufficiently high order are bounded independently of the stiffness of
the problem), where G is an appropriate region on R xRN and the maps f : G—RM and
g: G—RN are sufficiently smooth and satisfy

< f(xlay) - f(m27y)7$1 -T2 > Sm“xl — T2 ||27 v (mlay)7 (wz,y)eé, (22(1)
<g(@,y) = g(@ )3 —y2 > <= llyr — w2 I,V (z,0), (2,92)€G, (2.2b)

||f($7y1) - f($7y2) || SLlHyl — Y2 ||7 v (:U:yl): ($7y2)€é7 (226)

||g(wlay) —g(wz,y) || SLZHxl — 22 ||7 v (wlay)7 ($27y)EG (22d)

with moderately-sized constants m, L; and Lo, where, throughout this paper, < .,. > is the
standard inner product in real Euclid space with the corresponding norm || . ||, the matrix
norm used in the following text is subject to || . ||, and u(.) denotes the logarithmic norm with

respect to < .,. >. In the proof of the following results, we often make use of the following fact
w(fo +®)<m+ L, for|| W <L, (2.3)

where We RM*M | [ is moderately-sized.
A Runge-Kutta method (A4, b, ¢) with

A= [aij]eRSXS7 bT = (b17b27' . '7b8)7 CT = (017027' T JCS)

applied to the problem (2.1) reads

s
Xi=zn+hY_aiif(X;,Y)), i=1,2-5s, (2.4q)
j=1
s
eYi:eynthZaijg(Xj,Yj), 7= 1,27-.-737 (24b)
j=1
s
Tnt1 = Tn +hY_bif (X, Y0), (240)
i=1
€Yn+1 = €Yn + thzg(X“ Y;), (24d)
i=1

with the starting values xp and yg, where h > 0 is the stepsize, z,,yn, X; and Y; are ap-
proximations to the exact solutions z(t,),y(t,), z(t, + c;h) and y(t, + c;h) respectively, and
n=0,1,---,N, (N + 1)h<t, — to.
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For any positive integer k,1 and kx[ matrix H, let I; denotes an [x[ unit matrix and H =
H®Iy, H= H®IN, ® denotes the Kronecker product of two matrices. Then the method (2.4)
can be written in more compact form

X = es®x, + hAF(X,Y), (2.5a)

€Y = ee,®y, + hAG(X,Y), (2.5b)

Tni1 = Ty + AT F(X,Y), (2.5¢)

Ynt1 = €yn + W' G(X,Y), (2.5d)

where e, = (1,1,---, 1)TeR?,

X=x!x5 - xDHTer™, v ="y, v[)Ter", (2.6a)

F(X,Y) = (f(X1,Y1)T, f( X2, Vo)1, f(Xs, Vo)) T eRM?, (2.60)

G(X7 Y) = (g(X17 H)Ta g(X27 YQ)Ta Tty g(Xsa YS)T)TGRNS' (266)

Now we introduce Butcher simplifying assumptions

C(q) : iAciil :cia i:1727"'JQ7

where ¢! = (c,cb,- -+, ct)T. If the method (A,b,c) satisfies B(g) and C(q), then it is of stage
order q.

The method (A,b,c) is called algebraically stable(cf.[3,8]) if the matrix BA + AT B — bbT is
nonnegative definite, where B = diag(b). The method (A,b,c) is called diagonally stable(cf.[3,8])
if there exists a positive definite diagonal matrix D such that DA + AT D is positive definite.
Algebraic stability and diagonal stability are two important concepts of B-theory. Barker,
Berman and Plemmons[2] have proved that diagonal stability implies that A=! exists.

Throughout this paper, the constants symbolized in the O(- - -) terms are independent of the
stiffness of the considered problem. To prove the following results, we introduce the following
lemmas given in [19]

Lemma 2.1. Assume the method (A,b,c) is diagonally stable. Then there exist the posi-
tive constants ag, D1 and Do which depend only on the method such that for any given h >
0,0€R, z€D, with ho<ayp, the matriz I, — hAz is invertible and

I (I = hAz)"1 || <Dy, ||Wb"2(I; — hAz) ™" || <D,

where Dy = {z: z = diag(z1, 2, -+, 2s) ERMs*Ms z, €RM*M wu(zi)<o}.

Lemma 2.2. Assume the method (A,b,c) is algebraically stable and diagonally stable. Then
there exist the positive constants cg, D3 which depend only on the method such that for any
gwen c€R, h > 0,z€D, and ho<ay,

s + hbT 2(I, — hAz) e, || <1 + Dshod(o),

where 6(c) =1 for 0 > 0 and 6(c) =0 for 0<0.
Theorem 2.1. Assume the method (A,b,c) is of stage order q>1 , algebraically stable and
diagonally stable, and satisfies |a| < 1 and that the eigenvalues of A have positive real parts.
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Then when this method applied to the problem (2.1), the following global error estimates hold
fOT ESCth, hSho, nhSte — to

ln = (tn) | <CL(llzo — x(to) [| +ellyo — y(to) || +h%),

1yn = y(ta) | <Ca(l[zo = 2(to) [| +(€+a”)[lyo = y(to) [| +R7),

where 1
a=1-b"A71e,, T=¢€(1+ E)’

ho, Ci(i = 0,1,2) depend only on the method, m, L1, Lo and some derivative bounds of the exact
solutions (x(t),y(t)).

Proof. Let Az, = x(tn) — Tn, Ayn =y(tn) — Yn,
X = @ty +ah)’ x(t, + b)Y, - x(ty + ch)) e RM?,

Y = (y(tn + Clh’)Ta y(tn + CQh)Ta T 7y(tn + Csh/)T)TGRNsa

F(X,Y) = (fe(tn +c1h),y(tn + cth))”, f(a(tn + c2h), y(tn + 20)7,
o, F(@(tn + csh), y(tn + csh))T)TERM?,

G(X,Y) = (g(x(tn +c1h),y(ty, +c1h))T, g(x(tn + c2h), y(tn + c2h))T,
e 7g($(tn + Csh)a y(tn + csh))T)TERNs:

AX=X-X, AY=Y-Y,AF=F—F, AG=G-G.

We observe the conditions B(g) and C(g) imply

X = es®@x(ty) + hAF + O(hT), (2.7a)
Y = es®@y(ty) + %ZG + O(h1th), (2.7D)
T(tne1) = x(ty) + T F + O(h1Hh), (2.7¢)
Wtns) = y(ta) + 257G + O+, (2.7d)

It follows from (2.5) and (2.7) that

AX = es®@Ax, + hAAF + O(hITY), (2.8a)
AY = e, @Ay, + %ﬁAG + O(httY), (2.8b)
Az, = Az, + hbTAF + O(htth), (2.8¢)
Aynir = Ay + %ZTAG +O(hth), (2.8d)

Since diagonal stability of the method implies that A is invertible(cf.[2,6]), we can compute AF
and AG from (2.8a,b)

AF AHAX - e,@Ax, + O(h'T)), (2.9a)

S‘I'—‘

€

AG = EZ*(AY — es@Ay, + O(RTT)). (2.9b)
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Further, it follows from (2.8) and (2.9) that

Azpyy = aAx, +bTATTAX + O(hIHY), (2.10a)
Ayni1 = aAy, + bTATAY + O(RTH). (2.10b)
We can obtain easily
AF = FxAX + FyAY, AG =GxAX +GyAY, (2.11)
where
Fx = blockdiag(UE, UL, ---,ULY), Fy = blockdiag(V, V- V),
Gx = blockdiag(UZ,US -+, UY), Gy = blockdiag(VE,V,E, -, VE),
where, for ¢ =1,2,---,s,

1
U = / Fo(Xi + 0(x(ty + cih) — X;), y(tn + cih))do,
0

1
VE = / fo(X3, Y + 0(y(t,, + c;h) — Y3))db,
0
1
U¢ = / 9o (Xi + 0(z(tn + cih) — X;),y(tn + c;ih))db,
0

1

Ve = / 0y (X0, Y+ 8(y (1 + csh) — Y3))db.
0

For (2.11) and (2.8b), we have

Ay = 17 - 236y)  Cesony, + AGXAX +O(eh?). (2.12)

(2.12) and (2.11) inserted to (2.8a) yield

(I, — RA(Fx + Fy (I, — 2 AGy) ' AGx))AX

_rel = 2.13
= e,0Aw, + hAFy (I, — LAGy) ™! (e;®Ay, + O(h1T)) + O(hT). (2.13)

Since (2.2b) holds and the eigenvalues of A have positive real parts, the matrix-valued version
of a theorem of von Neumann(cf.[8-10]) yields for e<Const.h

| %(fs - %ﬁva)’1 | <Cs. (2.14)
Thus, (2.12)-(2.14) and Lemma 2.1 yield

| AX [| <C(| Azy, || +€ || Ayy || +hTT + en?t), (2.15a)

[ AY| SC(%(H Ayn || +hT)+ || Az [ +e || Ayn [| +2TF + enTH). (2.150)

Further, it follows from (2.8c) and (2.11) that

Az, = Az, + Wb FxAX + 0, (2.16)
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where || o, || <C(h || AY || +h?T1). Note the fact (2.3), from (2.13), (2.14), (2.16) and Lemma
2.1-2.2, we easily obtain

1 Azuir | <L+ O()) [ Az || +O(e || Ayn [}) + O(AT) + O(h*), (2.17a)
Inserting (2.15b) to (2.10b) yields
| Ayt | <(a+0@) | Ayy | +O(] Az [[) + O(RIT) + O(eh?). (2.17b)

where € = ¢(1 + +). Further, (2.17) yields

| Az I\ ((140(0) 09 18l Y,y (B) s
| Aynia | o@1)  a+0(e I Ayy || 1
where ¥ = O(h?) 4+ O(eh?). By means of the same technique used in the proof of [8,pp.432-
433,Lemma 2.9], we easily obtain the conclusion of Theorem 2.1.
Remark 2.1. (2.5a) and (2.5b) constitute a nonlinear system. It is not difficult to show
that Lemma 5 in [10] still holds for the existence and uniqueness of the solution of the system

(2.5a,b). In fact, by means of Lemma 2.1, we can show similarly as in the proof of Lemma 5 of
[10] that the Jacobian of the system (2.5a,b)

L_hiry O
( o) r<§,X,Y>>' 219

where I'(£,X,Y) = £1, — AGy, has a bounded inverse.
The corresponding reduced equations of (2.1) is a SDAE

o' (t) = f(z,y),  t€to,te], (2.20a)

0=g(z,y) (2.200)

whose initial values z(to) and y(to) are consistent if 0 = g(z(to), y(to)). If the Jacobian g,(z,y)
is invertible and bounded, then the problem (2.20) is of index 1 and the equation (2.20b) then
possesses a unique solution y = Q(z) which inserted into (2.20a) gives

2(t) = f(z,Qx)). (2.21)

It is clear that (2.21) is a stiff ordinary differential equation which can be covered by B-theory.
This is the state space form approach. Now we consider the e-embedding approach. We suppose
that A~! exists and obtain from (2.5b)

hG = eAH(Y — e,Qyn). (2.22)

Insert this into (2.5d) and let € = 0 in (2.5). Then

X = es®@w, + hAF(X,Y), (2.23a)
0=G(X,Y), (2.23b)
Tni1 = Ty + AT F(X,Y), (2.23¢)

Yni1 = oy, + 0T ATY. (2.23d)
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Theorem 2.2. Suppose that the method (A,b,c) is of stage order g>1, algebraically stable
and diagonally stable and satisfies —1<a < 1. If the problem (2.20) satisfies (2.2a,c,d) and
that g, is invertible and bounded and that the initial values are consistent, then the numerical
solution of (2.23) has global error

Tn — x(ty) = O(hY), Yn — y(tn) = O(RY)

when xo — x(to) = O(h?), yo — y(to) = O(h?), nh<t. —to,h<hq.

Proof. Because (2.23a-c) are independent of y,, and do not change if (2.23d) is replaced
by 0 = g(xn+1,Ynt1)- Tn — x(tn) = O(h?) follows from the fact that (2.21) is a stiff ordinary
differential equation which can be covered by B-theory. For the remaining cases, we first observe
that the conditions B(g) and C(gq) imply

Y = e,0y(t,) + hAY' + O(ht1), (2.24a)

Y(tni1) = y(tn) + WbTY' + O(hIHY), (2.24b)

where
Y' = 'ty + ch)t,y (b + coh) T -y (tn + csh)T)TERNS.

We easily obtain from (2.24)
Y(tni1) = ay(ty) + BT A7IY + O(RIHY). (2.25)
Subtracting (2.25) from (2.23d) yields
Ayni1 = aly, +bTATIAY + O(hTH). (2.26)
On the other hand, (2.23b), Lemma 2.1 and
AX = Az, + hA(F(X,Y) — F(X,Y)) + O(h?T!), (2.27)
YV = QX)) = (Qx(t, + )T, Q@(ty + cah) T, -, Qa(t, + csh)T)T

imply
AX =0O(h?), AY =0(h?) for h<hy.

It follows from (2.26) that
Aypi1 = @Ay, + 0ny1,  ongr = O(RY).
Repeated insertion of this formula gives
Aypr1 = oAy, + Z a" o, (2.28)
i=1
The conclusions follows from (2.28).
3. Two-parameter MSPPs
Consider the SPP with two parameters

xl(t) u(x,y,z), te[to,te],
ay'(t) =v(z,y,2), 0<e <<1, (3.1)
€1622'(t) = w(z,y,z2), 0<er <<1



332 A.G. XIAO

with initial values (z(to),¥y(to), 2(to))€G admitting a smooth solution (x(t),y(t),z(t))(i.e. all

derivatives of z(t), y(t) and z(¢) up to a sufficiently high order are bounded independently of

the stiffness of the problem), where G is an appropriate region on RM x RN x R%, and the maps
: G»RM v: G—RN and w: G—RY are sufficiently smooth and satisfy

< u(ml,y,z) - u($27yaz)7$1 — Tz > S’ITL“:Ul — T2 ||27 v (xlayaz)a (ﬂ?z,y,z)EG, (32&)

<v(z,y1,2) —v(@,y2,2), 51 — Y2 > < — |y — w2 |,V (z,91,2), (2,42, 2)€G, (3.2b)

<w(z,y,z1) —w(w,y,22),21 —20 > < —|lz1 — 22 |2,V (z,y,21), (w,y, 22)€G, (3.2¢)

luy | <Ly, luz || L2, lve | <Ls, lve | <La, lwe [| <Ls, |lwy [| <L, (3.2d)
where the constants m, L;(i =1,2,---,6) are moderately-sized.

A Runge-Kutta method (A4, b, ¢) applied to the problem (3.1) reads

—xn-l-hZa” (X;,Y,2;), i=1,2,---,s, (3.3a)
a1Y; = €1yn +h2a” (X;,Y5,%;), i=1,2,--,s, (3.3b)
Jj=1
€1627; = €1€22y + hZa” (X;,Y5,%;), i=1,2,---,s, (3.3¢)
j=1
s
Tpi1l = Tp + hzbiU(Xi;Yia Zy), (3.3d)
i=1
1Yni1 = e1yn + by _bv(X,Yi, Zi), (3.3¢)
=1
s
€1€22n41 = €1€22p T+ thiw(X,-, Y;, Zi): (33f)
=1

with the starting values g, yo and zy, where x,,¥yn, zn, X;, Y; and Z; are approximations to
the exact solutions z(t,,), y(tn), 2(tn), (t, + cih), y(t, + c;h) and z(t,, + ¢;h) respectively, and
n=0,1,---,N, (N + 1)h<t, — to.

We now consider two special classes of (3.1)

o'(t) =u(z,y,2), t€(0, T,
ay'(t) =v(z,y), 0<e <<1, (3.4)
€122’ (t) =w(x,y,z), 0<e <<,
and
o'(t) =u(z,y,2), t€(0,T7],
ay'(t) =v(z,y,2), 0<e <<1, (3.5)
€1622'(t) = w(zx,z2), 0<er << 1.

We will obtain the following convergence results of the method (3.3) applied to the problems
(3.4) and (3.5).

Theorem 3.1. Assume the method (A,b,c) is of stage order ¢q>1 , algebraically stable and
diagonally stable, and satisfies that |a| < 1 and that the eigenvalues of A have positive real
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parts. Then when this method applied to the problem (3.4) and (3.5) respectively, the following
global error estimates hold for e<Cyh?, h<hg,nh<t, —to

len —2(tn) | <Ci([|[Azo [| +e1l|Ayo [| +ere2l|Azo | +O(RT)),
lyn —y(tn) | <Ca(|Ao [| +(€1 + a)[|Ayo [| +er62[| Az [| +O(RT)), (3.6)
20 = 2(ta) | <Cs(l|Azo || +e1llAyo [| +(a” + e261)[| Az [| +O(RT)),

for the problem (3.4), and

lzn —2(t) | <Cu([|[Azo [| +e1[|Ayo [| +erezl|Azo | +O(R)),
lyn —y(tn) | <Cs(|Azo [| +(€1 + a)[|Ayo [| +e261(|Az0 [| +O(RT)), (3.7)
llzn = 2(tn) | <Co(l|Azo || +e1llAyo || +(a™ + €261)[| Az [| +O(RT)),

for (3.5), where
~ 1
e=e(1+ E)’ Azg = x(to) — 0, Ayo = y(to) — Yo, Azo = z(to) — 20
and ho,Ci(i = 1,2,---,6)) depend only on the method, m, L;(i = 1,2,---,6) and some derivative

bounds of the exact solutions (z(t),y(t), z(t)).
Proof. The proof of Theorem 2.1 can be extended to (3.6) and (3.7) with no difficulties.

4. One-parameter MSPPs with a Constraint

For €5 = 0 and €;#0, the problem (3.1) becomes an one-parameter MSPP with an algebraic
constraint, i.e.

a'(t) =u(z,y,z), t€[0,T],
elyl(t) = 'U(iL“,y,Z), 0< € << ]-, (41)
0 =w(z,y,2).

Let the initial values x(to),y(to) and z(tp) be consistent and let w, be invertible and bounded.
Then the problem (4.1) may be also considered as a SDAE with index one, and the algebraic
constraint of (4.1) possesses a unique solution z = (z, y) which inserted into the other formulae
of (4.1) gives

xl(t) = U(:U,y, Q(az,y)), tE[O,T],
{ ay'(t) =v(z,y, Uz, y)), 0<e << 1. (4.2)

When p(vy + v.0,)< — 1 (which can be satisfied by (3.4) and (3.5) with ez = 0), the
convergence results of the method (A,b,c) applied to the problem (4.2) have been proposed in
Theorem 2.1. Thus, the convergence results of the method (A,b,c) applied to the problem (4.1)
can be easily obtained. The above approach is indirect. Now we consider a direct approach. In
analogy to the process which yields (2.23), we can obtain from (3.3)

5
X; ::cn-l-hZaiju(Xj,Yj,Zj), i=1,2,---,s, (4.3a)
j=1
5
elyvl' :Glyn+hzaijU(Xj7Y}7Zj)7 i = 1727"'787 (43b)
j=1

0=w(X;,Y;,Z;), i=1,2,---,s, (4.3¢)
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s
Top1 = T +hY_bu(X;, Y5, Z5), (4.3d)
i=1
1Ynt1 = 1yn + by _biv(X;,Yi, Z), (4.3¢)
i=1
Zp41l = QZp + Z szwuzja (43f)
i=1 j=1

where A™! = [w;;]. We obtain the following convergence results

Theorem 4.1. Consider the method (A,b,c) which is of stage order q>1 , algebraically
stable and diagonally stable, and satisfies that |a| < 1 and that the eigenvalues of A have
positive real parts. Assume the problem (4.1) satisfies (3.2a,b,d) and that w, is invertible and
bounded, and suppose p(vy + v.Qy)< — 1 and that the initial values are consistent. Then
when this method applied to the problem (4.1), the following global error estimates hold for
€1 <Coh?, h<hg,nh<t. —tg

Tn — x(tn) = O(h‘q)7 Yn — y(tn) = O(h‘q)7 Zn — Z(tn) = O(hq)

when xo — x(tg) = O(hY), yo — y(to) = O(h?) and zo — z(to) = O(h?).
Proof. The proof of Theorem 4.1 is similar to that of Theorem 2.2.

5. Numerical Example

Consider the nonlinear one-parameter MSPP

Z'(t) = =100z,  z(0) =1, (5.1a)
y'(t)=—2> -y, y(0)=200/199, (5.1b)
e'(t)= —zy—2, 2(00)=1+ L + = (5.1¢)

10le —1 = 199(300e — 1)
The true solution of the problem (5.1) is

1 .
£) = o100 £) = et 4 200t
z(t)=e 7, ylt)=e "+ T09¢
¢ 1 1
ty=¢e < - /M0, - =300t
= =1 T T99@00e— D)
Its Jacobian matrix is
—100 0 0
J = -2z -1 0

—yle —xfe —1]e
We can easily show that the logarithmic norm u(J)~3.319567x10% >> 1 for ¢ = 1073 and
wu(J)=3.670711x10% >> 1 for e = 107°. Surely, the problem (5.1) can’t be covered by B-

theory. It is easy to show that (5.1) statisfies (2.2) with m < 0. When ¢<0.3, the solution is
rapidly damped, we apply the explicit method with order 2

{ Xn+1 = Xn + h¢(tn+%;Xn+%); (5 2)

Xnt+d = Xn + %(b(tn;Xn);
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where ¢,,1 = tn + h/2, h = 1.0E — 06 and xo = (z(0),y(0),2(0))% to this problem. When
t > 0.3, the transient phase is over, we apply two-stage Radau ITA method with order 3 and
stage order 2

1/3 | 5/12 -1/12
1 | 3/4 1/4
| 3/4  1/4

with A = 0.01 to the problem (5.1). Let Az, Ay and Az denote the absolute global errors of
the components x, y and z, respectively. Let ¢ = 1.0E — 05, errk = max(Ax, Ay, Az). we
obtain the following numerical results in Table 5.1.

Table 5.1

t 0.35 0.5 1.0 1.5 2.0
errk | 3.5762E-05 | 1.3282E-04 | 3.6779E-04 | 5.0889E-04 | 5.9303E-04
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