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Abstract
This paper discuss band-limited scaling function, especially on the interval band case

and three interval bands case, its relationship to oversampling property and weakly trans-
lation invariance are also studied. At the end, we propose an open problem.
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1. Introduction

A MRA of L*(R) is an increasing family of subspaces {V,, }mez, with

1) Vin C Vm+1,

2) f(z) € Vp, if and only if f(2z) € Vint1,

3) U, Vin = L2(R) and ), Vi = {0},

4) There exists a function ¢(x) € Vp(called scaling function of MRA {V,,, },;,) such that
{¢(x —m)},, forms a Riesz basis of Vj.

An orthogonal MRA is a MRA with {¢(z — m)},, forming an orthogonal Riesz basis
of Vo. Sometimes, ¢ (or a MRA {V;;,},, ) is said to be orthonormal if {¢(z — m)},, is an
orthonormal Riesz basis of Vj.

Clearly, {¢(272 —m)}mezforms the basis of V;. Let Wy = Vi &V} be the direct complement
of Vo in Vi, ¢¥(z) = Y dre(2xz — k) (called wavelet) such that {¢)(z — n)}pecz forms a Riesz
basis of Wy. p(x) =Y cxp(2x — k), then we have

p(w) = mo(w/2)p(w/2), (1.1)

and

P(w) = m(w/2)pw/2), (1.2)

. 1 .
where mg(w) = 3 Z cre” ™ my (w) = 3 Z dre” ™% and the Fourier transform is defined by
k k

Flw) = /R Fhe=tdt for f(t) € LA(R) N L'(R). (1.3)

From (1.1) and (1.2) we know that the scaling function play a very important role for
constructing a wavelet ¥ (z). How to find a mild wavelet for some problems can be reduced to
find a proper scaling function ¢(x).
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As a special important case, [4] and [7] have dealed with the compactly supported scaling
function systems, it is to solve the following dilation equation with finite non—zero ¢

x) =Y cpp(2z — k). (1.4)

However, many important scaling function, such as Shannon Wavelet and Meyer Wavelet
[9] are not compactly supported but band limited, therefore dealing with band-limited scaling
function in more general case is necessary and useful. Unfortunately, this problem is not so
easy to solve as the compactly support case. Up to now, there are yet no systematic results
about the problem, except some sporadic works such as [3].

In the paper, we focus on the scaling function with interval band and finite unions of
interval bands. After general discussing on scaling function In section 3, a characterization
of bandlimited scaling function will be given which formerly only can hold with translation
invariance (see [9] or section 3). By the way, we also prove interval band scaling functions are
translation invariance and have oversampling property (see [12] or section 3). Additionally, the
aliasing error with oversampling property (see [J] or section 1) is estimated.

In section 4, we will discuss the scaling function with three interval bands and follow some
similar results as section 3. At the end of the paper, we propose an open problem.

2. Elementary Properties of Scaling Function

The scaling functions of a MRA have many important elementary properties. We here as
completion will list some propositions concerning these properties which will be applied to the
following sections. Some proofs that appeared in other references will be omitted.

Proposition 2.1. {V;} is an orthonormal MRA with scaling function ¢(t), p(§) is contin-
wous, then

a) Z |P(w + 2km) ]2 = 1, |mo(w)|* + |m1(w)? =1 a,e w€R,

(b) (;(0) =1 and p(2kw) =0 for k#0,
() D wlz — k) = 3(0) when p(z) € L*(R).

k
Proof of (a), (b) and (c) are well known and can be found in many books concerning wavelet,
such as [6], [8], [5] and [11].
Proposition 2.2. ¢(z) is an orthonormal scaling function of MRA {Vy,}, suppp(w) = Q2
then
(a) Q@ C 29,
b) [ J{Q + 2k} = R,
k

c) U{2J’Q} =R.

Proof. The proof is easy and also can be found in [9].
(a) follows from € = suppp(w) C supp@(%) = 212. due to (1.1).
(b) follows from (a) of proposition 2.1.
(c) follows from J,, Vin = L*(R).
Proposition 2.3. o(t) is an orthonormal scaling function with
suppp(w) = Q, then |Q| > 27 where |Q] is the Lebesque measure of measurable set ).

Proof. Let R = Z[2k7r, 2(k +1)m), then Q = Z Qy,, where

’

k k
O = QN[2km, 2(k 4+ 1)7). Clearly, J,{Q% — 2kn} C [0, 27]. We can claim

1[0, 2]\ [ J{% — 2k} = 0. (2.1)
k
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Otherwise there must exist a measurable set § C [0,27) \ J,{Q — 2k}, such that |§| > 0.
Therefore
> 1@(w+2km))* =0 for each w € 4. (2.2)
k

The contradiction of (2.2) and (a) of proposition 2.1 implies that (2.1) holds.
But
(% — 2k} < D719 — 267] = Y [ = 19 (2:3)
k

By (2.1) and (2.3), we conclude that |Q] > 27.
Proposition 2.4. Suppose that ¢(t) is a scaling function with suppp(w) = Q. Let a = inf
and b = sup(), then a <0 and b > 0.
Proof. If a > 0, then 2a > a. Since there is a number sequence «,, € ) such that a,, — a,
we can find a,, with
a < ap, < 2a. (2.4)

By (a) of proposition 2.2, we know
a>2a foreach a€f (2.5)

(2.4) and (2.5) imply that a < 0.

Similarly we can prove b > 0.

As the end of the section, we will list a result about band-limited scaling function, its proof
can be found in [3] or [6].

Proposition 2.5. Assume that ¢(t) is the scaling function of MRA {V;}, p(w) is continuous
and compactly support, then

@(%W) —0 or @(—gw) ~0. (2.6)

3. Interval Band Scaling Function

Let (t) be a scaling function of a MRA {V;,,} with @(w) being continuous, then suppp =
@ YR\ {0}} is an open set in R, we can express suppp = Z 0;, where ¢; is an open interval

(3

in R, but (b) of proposition 2.1 implies that there must exist a d;, containing zero point. As a
special case, if suppp = (a,b) with a < 0 and b > 0, we have following result.

Proposition 3.1. ¢(t) is an orthonormal scaling function with suppp(w) = (a,b), then

(a)27r§b—a§%7r, %—aSQﬂ', -5 <2m,

(b) Let « = b —a — 2m, then |p(w)| =1 when w € (a + o, b — ),

() |(W)|* + |p(w + 2m)|? = 1 when w € (a,a + a) or equivalently
1P(w)|> + |Pp(w —27)|? =1 when w € (b— a,b).

Proof. (A) supp@(w) = (a,b) implies that suppp(2w) = (£, 2).

But p(2w) = mo(w)p(w) due to (1.1).

We have )
a
Supme(w) ) (57 5)7 (31)
and
a b
mo((a,3) U (5,5) =0 (32)
Therefore

mg((a,%)+2ﬂ') =0 and mo((%,b) —27) =0 (3.3)
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due to the 2m—periodicity of mg(w). By (3.2) and (3.3) we know
b

27 > —

a—+2m > 2

% + 271 > b. (3.4)
Take summation of the first two inequalities of (3.4), we have

b—a<Sr (3.5)
3

(3.4) and (3.5) are just (a) of the proposition.

(B) For each w € (a+«,b—«), we have w+ 27 > b and w— 27 < a, hence (a) of proposition
2.1 degenerate to |p(w)| =1

(C) Similarly, the (c) of proposition (3.1) follows from (a) of preposition 2.1 and (a) of
proposition 3.1.

Remark 3.2. From the proof of (A) we know that the orthonormality condition of ¢(t) is
not necessary for (a).

With the help of proposition 3.1, we now can give a characterization of interval band scaling
function.

Proposition 3.3. ¢(t) is an orthonormal scaling function, then suppp(w) = (a,bd) is a
bounded interval if and only if there is an ¢ € R with 0 < & < % and a distribution h with

supph = (—¢,¢€), such that E(O) =1 and |pw)|* = h* X(_r,m(w — ), where a = 252,

Proof. “If”is obvious. ’

“Only if”
By translation, we assume that a = 0. Define h(w) as the distribution in D’ given by the
distribution derivative

L 1B5(w — )|? w € (a+m,a+ 37|
_ o |P , )
hiw) = { 0 otherwise (3.6)
But (a) of proposition 2.1 and (a) of proposition 3.1 imply
1P(w+m))? +|pw—7)*=1 forwe[b—3mb—7m)U(a+m a+3n] (3.7)
Take distribution derivative on both sides of (3.7), we have
d ~ 2 d ~ 2
< — 2 5w- f —3m,b— . .
dw|<p(w+ﬂ')| dw|<p(w )| or we€ [b—3m,b—m)U(a+ m, a+ 37] (3.8)
By (a) of proposition 3.1 and (3.8), we know
d ,  d )
dw|<p(w+ﬂ')| ——dw|<p(w—7r)| =0 welb—3ma+m], (3.9)
Lo+ mP = - 1po - mP =h(w) we(atmb-m) (3.10)
R e = —— — T = iy — .
dw SO dw SO 7 7
and J J
— o 2 — ——|n — 2 — —
dw|<p(w+7r)| dw|<p(w m|*=0 we€][b—ma+ 3] (3.11)
Therefore

d hlw+7m) we(a,b—2m)
%|<ﬁ(w)|2 =< 0 otherwise (3.12)
—h(w—7m) wé€ (a+2mb)

But (3.6) and (3.11) imply
supph(w) = (a + 7, b — ). (3.13)

Hence
supph(w + 7) = (a,b— 27), supph(w —m) = (a +7,b). (3.14)
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(3.12) and (3.14) imply
SlPWP = hw+m) —h(w-—m)
= hx(0w+m)—d(w—m)
= hx %X(fﬂ'ﬂl’) (W),

where x(_r ) is the characteristic function of interval (—m, ).
Furthermore, we have

B = h(w) * X(—mm) (). (3.15)

Let e = 222227 From (3.13), we know

supph(w) = (—¢,¢€).

By inverse translation, we know

B = h(w) * X(=m,m) (@ — @)
and R
»(0) =1 imply h(0) = 1.

Remark 3.4. [9] get a similar characterization of bandlimited scaling function with addi-
tional assumption weakly translation invariance. But from proposition 3.3, the weakly transla-
tion invariance is not necessary, its proof benefit from proposition 3.1.

[10] proposed the oversampling property when he developed Shannon sampling theorem to
wavelet subspaces. Furthermore [12 generalized [10] to J case. We first read the definition of
oversampling property, then show a proposition about that of bandlimited scaling function.

Definition 3.5. Let (t) be the scaling function of a MRA {Vy,,}, with p(t) = O(|t]==71)
for some € > 0, then ¢(t) or MRA {V,,} are called to have oversampling property with rate
J(J e Ztu{0}) o

F(t) =Y H(Gp)e@t=n) for f(t) € Vh. (3.16)

Proposition 3.6. ¢(t) is a scaling function with interval band and o(t) = O(|t|=71) for
some € > 0, then @(t) has oversampling property with rate J(J > 1).
Proof. [12] has showed ¢(t) had oversampling property if and only if

Pw) = 23 (w)P(w/27), (3.17)

where @5 =Y 3w + 2/ k).
Let suppp(w) = (a,b), then

suppp’y = Z{(a, b) + 2/ kr} duetob—a < im
k

But (a) of proposition 3.1 implies that

2r+277a>b and a>2"7b-2n, for J > 1.
Therefore
Pw) =) on  suppp() =27 (a,b). (3.18)
(3.17) and (3.18) imply that we only need to show
Pw) = pw)p(w/27). (3.19)

By (b) of proposition 3.1, we know

@(2%):1 on 2/(a+a,b—a),
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where o = b—a — 27 < 27/3.
Since 27(a + a,b — @) D (a,b) due to 27 > b—27a and 27 > 27 /b — a. Therefore (3.19) holds.
With the oversampling property, (3.16) holds for each f € Vp, but we wish to know the

aliasing error |le(f, t)|| if approximating f € V} by (3.16), where e(f,t) = f— Z fl= —n),

such as one can reconstruct a non—bandlimited function by means of the band pass samphng
theorem [1], [2]. [10] have estimated |le(f,t)|| when J = 1, and obtained ||e(f,?)|| < C||Cf]|,

where Cy = Z < f,¥(x —n) > e ™ the following corollary will tell us more information

about the congtant C for J > 1.
Corollary 3.7. ¢(t) is the orthonormal scaling function of MRA {V,,} with interval band,
then the aliasing error

lle(fs )1 < 272D 1bal) /2111 = &7 (@)|oo
for J >0, where b, =< f, (- —n) >, Y(z) is the wavelet of {V,,} and p* = Z@(w + 2km).
k
Proof. From proposition 3.6, we only need to consider f € Wy. Let
= Z bptp(t —n), crlw) = Z bpe ™",
n
then we have

le(f, D)l

If =Y F(Gr)e@t =n)]
105 @)bw) =277 37 F(55)e ™37l

Utilizing Poisson Summation Formula, we have

le(£. DIl = ICr@mi($)8(5) = 3 Flw+ 2" kma(o7)
k
J
=[Gy @mi(5) [ mo(5)8(57) = Cr@)mi ()
J =
I1 o<;>¢*<;‘j>¢<2%>||
j=2
<GB = Cr@)F ()R
= Z/ 1Cr @) P67 + 2km) 21 = 3" (7))
- TP 1= 5" L IR( + 2k

2J

1, ) .
= [y "ICHPIL-2* (3P )1/27
the inequality due to |m; (w)|, |mo(w)| < 1. Therefore

le(£, )1 < 2720Cs Iz, 111 = &* (@)lloo-

[0,27]

[9] introduced the concept of weakly translation invariance when he developed the shift
invariance subspace from the sense of integer to real number and showed Meyer—type wavelets
had this property. But the following theorem will tell us any scaling functions with interval band
is weakly translation invariance. We still repeat the definition of weakly translation invariance
here.
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Definition 3.8. Let p(t) be the scaling function of MRA {V,,}, T, is a translation operator,
The(t) = @t —h) for h € R. MRA {V,,} are called to be weakly translation invariant if
The(t) € V1 for each h € R.

Proposition 3.9. ¢(t) is the scaling function of MRA {V,,} with interval band, then {Vy, }m
is weakly translation invariant.

Proof. Let supp@(w) = (a,b), then (b — a) < 37 < 47 due to (a) of proposition. 3.1.

We can find a function X € C*°, such that X'(w) = { 2 I I E Z , then
> 37
—thw ~ __—thw~
e o) =e "M oW)X(w —o),
where ¢ = i.
Let m(w Z e~ th(wHkm) y Xt akn—c)- We get
k
(W) = € M G(w) = m(w)w), (3.20)

Since m(w) is a 4r—periodic function in C*°, (3.20) implies that T, € V7.

4. Three Bands Scaling Function and Open Problem

Let (t) be the scaling function of MRA {V,,} with supp@(w) = (a,b) U (¢,d) U (e, f), we
assume that 0 € (a,b),d < a and e > b.
By (a) of proposition 2.2

We get

Therefore

mol(e, U (LD UG, VDU

due to p(2w) = mp(w)P(w).
The 27—periodicity of mg(w) implies that

We have
f—-d=e—c=4n.

Since b—a > 27, and £(b—a) + f — e < 27, we have f — e <, that is to say
f—c<bom.
Otherwise, if a + 27 > 5 L and b— 27 < §, then

But (4.1) tells us

~
|
Q
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therefore f — ¢ < 4.

Similarly from the proof of proposition 3.1. we also can get b—a < %’T. This is the following
theorem.

Theorem 4.1. Let p(t) be a scaling function with suppp(w) = (a,b)U(c,d)U(e, f),0 € (a,b)
and d < a, e > b. Thenb—aﬁ%’r and f —c¢ < 5m.

Remark 4.2. In general case we can discuss the scaling function with finite intervals band
or infinite intervals, but it is not so easy, by now there are no general results. The results in
Theorem 4.1 is not sharp. We are studying the sharp conditions. In fact, we can prove that
f—c< %W which will be proposed in another paper concerning more general cases. Similarly
we can prove the three interval bands case is weakly translation invariant as proposition 3.8,
and therefore has the characterization as proposition 3.2.

Open problem 4.3. Let ¢(t) be a scaling function with suppp(w) = Q being bounded
open set. Can we show || < 827 As we know it is correct when Q is an interval.
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