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Abstract

We examine a nonlinear partial differential equation of elliptic type with the homoge-
neous Dirichlet boundary conditions. We prove comparison and maximum principles. For
associated finite element approximations we introduce a discrete analogue of the maximum

principle for linear elements, which is based on nonobtuse tetrahedral partitions.
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1. Introduction

Ancient Chinese mathematicians have done many fundamental discoveries, even though
many of them are now usually called by western names, e.g., the Pascal triangle, the Horner
scheme, the Gaussian elimination, see [23]. In the modern era, Chinese mathematicians have
also got many priorities. For instance, the first proof of convergence of the finite element method
for a linear elliptic boundary value problem was done in the pioneering work [6] by K. Feng in
1965 (for the English translation, see [7]). In 1968, M. Zlamal [30] proved a rate of convergence
of this method. These results were later generalized to nonlinear problems (see, e.g., [10, 11,
14, 18, 19]).

During the development of the finite element method it has been found out that the rate
of convergence of the finite element method at some exceptional points exceeds the optimal
global rate. This phenomenon is known as superconvergence. Nowadays there are six research
monographs on this theme [1, 3, 21, 22, 27, 29]. Five of them were written by Chinese mathe-
maticians. For superconvergence of the finite element method in the case of nonlinear problems,
see, e.g. [2, 4, 27].

In [18], we present a survey of results concerning convergence of the finite element method
for a nonlinear steady-state heat conduction problem. The aim of this paper is to introduce
some further properties valid for this problem, namely the maximum principle and its discrete
version.
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Maximum principles play an important role in the theory of differential equations and math-
ematical modelling of physical phenomena. If the maximum principle would not be satisfied
for a model of heat conduction in a body (2, then some pathological situations could arise. For
instance, the heat could flow from colder to warmer parts of €2, i.e., such a model would not
have reasonable physical properties. We could also obtain negative concentrations, densities
etc. That is why so much attention is paid to maximum principles. They are mostly derived
for the classical solutions of boundary or initial-boundary value problems of the second order,
see [9, 24, 26].

In this paper we examine the nonlinear elliptic problem

—div(A(-,u)grad u) = f in Q, (1.1)
u=0 on 09, (1.2)

where 0 C R? is a bounded domain with a Lipschitz continuous boundary 89, d € {1,2,...},
fe LQ(Q), and A = (a,-j)d

ij=1
the matrix function A are given in Section 2. In [11], we introduce sufficient conditions for the

is a uniformly positive definite matrix. Precise assumptions on

existence and uniqueness of 4 and we also give a one-dimensional example of nonuniqueness.
The existence, uniqueness or multiplicity of solutions of similar nonlinear elliptic problems are
examined, e.g., in [5, 8, 9, 10, 28].

The necessity to solve problem (1.1)—(1.2) arises in several real-life situations, e.g., in steady-
state heat conduction in nonlinear inhomogeneous anisotropic media (see [19]). The matrix
function A of heat conductivities depends on the unknown function u which represents the

temperature and f is the density of volume heat sources.

2. Weak Formulation

To state a weak formulation of problem (1.1)—(1.2), we assume that the entries of A = A(-,-)
are bounded measurable functions, i.e.,

max |a;j(z,§)| < C, (2.1)

©,8,0,J

wherez € Q, £ € R! and 4,5 € {1, ...,d}. The entries a;; are supposed to be Lipschitz continuous
with respect to the last variable, i.e., there exists Oz > 0 such that for all (,¢ € R' and almost
all z € 2 we have

|aij($7c) _aij($7£)| SCL|C_£|7 7/7.]: 17"'7d' (22)
Further, let there exist Cy > 0 such that for almost all z € Q)

Con'n<n"A(z,&)n VEER' VneR™ (2.3)

Finally, let H!(Q) be the standard Sobolev space of functions whose generalized first deriva-
tives are square integrable. Denote by

V = Hi(Q)
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its subspace of functions with vanishing traces on the boundary 92. For simplicity, a possible
dependence of A on z will be usually not explicitly indicated in what follows.
Definition 2.1. A function v € V is said to be a weak solution of problem (1.1)—(1.2) if

a(u;u,v) = F(v) Yv eV, (2.4)

where
a(y;w,v) = (A(y) grad w, grad v)o 0, y,w,v € H(Q), (2.5)
F(U) = (f; U)O,Q7 CAS H' (Q)7 (26)

where (.,.)o.q is the standard L*-norm.

Since A is bounded by (2.1), we observe that the right-hand side of (2.5) is finite, i.e.,
a(-;-,-) is well-defined. The relation (2.4) follows directly from (1.1)—(1.2) and the use of
Green’s formula.

According to [11], there exists exactly one weak solution of (1.1)—(1.2). The existence of
u € V does not follow from the theory of monotone operators, because, in general, this problem
does not lead to a monotone operator (see [11] for a one-dimensional example). If

Az, u) = Mu)l, (2.7)

where [ is the identity matrix and A is a positive scalar function independent of z, then the
existence and uniqueness of the weak solution follows by applying the well-known Kirchhoff
transformation [8], which yields a linear problem. Otherwise, u is obtained as a weak limit of
a sequence of Galerkin approximations of (2.4).

3. The Comparison and Maximum Principles

The following comparison principle says that nonlinear mathematical model (1.1)—(1.2) of
heat conduction has natural and reasonable properties, namely, any rise of the density of heat
sources causes that the temperature will not decrease in any point.

Theorem 3.1. (The comparison principle.) Let (2.1)—(2.3) hold and let uy,us € V' be two
weak solutions of the Dirichlet problem for the equation (1.1), which correspond to fi, fo €
L?(R2), respectively. If

fi>fo ae inQ (3.1)

then

uy > uy a.e. in €.
Proof. Let fi > fo and let uy,us be the corresponding weak solutions. Set
QO = {ZL“ e | Uz(:l?) —Ul(él?) > 0}

and assume that
meas {2y > 0. (3.2)
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Let € > 0 be given and let us define

Q. ={z € Q| ua(z) —ui(x) > e}, (3.3)
min(e, us — u in Qp,

ve = (&2 —w) ° (3.4)
0 in ]Rd \QO

This means that v. = ein Q., 0 < v. < e in Qp \ Qe and v. =0 in N2\ Qp.

First we show that v. can be applied in (2.4) as a test function. Since us —u; € V, the
positive part (us —up)™ also lies in V. This is because v — v represents a continuous mapping
from H'(Q) to H'(Q) (see, e.g., [10, p. 29]). Hence, if v € V' then |v] = v + v~ also belongs
to V for v € V. Consequently, the equality min(a,b) = £ (a + b — |a — b|) implies that

ve = min (g, (uz —u)*) € V. (3.5)
Hence, v. can be used as a test function in the weak formulation, i.e.,
(A(u;)grad ug, grad ve)o.o = (fi,ve)o,0, ©=1,2. (3.6)
Using (2.3), (3.5), (3.6), (3.1), (2.2) and the Cauchy-Schwarz inequality, we find that
o < (A(ur)grad ve, grad ve)oo
= (A(u1)grad (up — uy), grad Us)o,no\ns
= (A(u1)grad uz — A(uy)grad ug, grad ve)o,o
= (A(u1)grad us — A(uz)grad us, grad v:)o.o + (f2 — f1,v0e)0,0
< ((A(ur) — A(uz))grad uz, grad ve)o,0.\0.
< [[(Aur) — A(uz))grad uzllg o\ q. lgrad velly g \q.
< eCpd?||grad u2||0790\95 |lgrad UEHO,Qo\QE ,
where ||.||o,o stands for the standard L?-norm. This estimate and Friedrichs’ inequality lead to

Cillvello,o < llgrad velly o < eClgrad us(lg g\q. » (3.7)

where C7 > 0 is a constant.
Further we prove that
meas ). — meas Qy as & — 0. (3.8)

Since obviously
meas )y = meas (). + meas (2 \ Q.),

it is enough to show that
meas (2N Q) >0 as e¢—0. (3.9)

Assume that this is not so. Then there exists a fixed nonempty set Q such that
QCQNQ Ve>0.
If # € Q then us(z) — uy () > 0, because Q C €. However,

uz(z) —ur(z) <e Ve>0,
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i.e., uy(z) — uy(x) = 0, which is a contradiction. Thus € = (.
From (3.5), (3.7) and (3.9), we get

meas Q. = 8_2/ e?dr < 5_2””6“%79

QE

< Cs||grad uz||§790\95 —0 ase—0,

because us is fixed (unique). However, this contradicts (3.2) and (3.8). Consequently, meas 2y =
0 and uy > us a.ein €.

Remark 3.2. The foregoing proof can be easily adapted to nonhomogeneous Dirichlet
boundary conditions. For the Newton boundary conditions, see [17].

Remark 3.3. Our assumptions on the matrix A(-,u) are not contained in [9, p. 207], where
A does not depend explicitly on u but on its gradient. Moreover, our method is completely
different from that used in [5, 9, 26], where only the classical solution u € C?((2) is considered.

Remark 3.4. From the comparison principle we immediately see the uniqueness of the
weak solution. Moreover, we can prove that the weak solution attains its maximum on the
boundary when the right-hand side is nonpositive.

Theorem 3.5. (The mazimum principle.) Let (2.1)-(2.3) hold and let f < 0 almost
everywhere in . Then

- , 3.10
max u(z) = max u(z) (3.10)

Proof. Using the comparison principle, we see that f < 0 implies u < 0 a.e. in 2. Therefore,

0 > maxu(x) > max u(zr) =0,

z€Q redQ

because the homogeneous Dirichlet boundary conditions are considered. Thus (3.10) is true.

Remark 3.6. This special case is also proved in [9], but for the classical solution and in a
different way. However, the comparison principle for equation (1.1) with the Dirichlet boundary
conditions is not investigated in [9].

Remark 3.7. Note that comparison principle (1.3) for linear problems (i.e., when A is
independent of ) is a consequence of the weak maximum principle (see, e.g., [9, p. 32, 207]).
For more information about maximum principles we refer to monographs [9, 24] (see also [12,
26)).

4. Finite Element Approximation

We will approximate problem (2.4) by the finite element method based on the linear simpli-
cial elements. For brevity let (2.7) hold. Assume that  is a d-dimensional polyhedral domain

and let 7y be its standard face-to-face partition into simplexes. Let
Vh:{’l)hEV|’UT€P1(T) VTEE},

where Py (T') is the space of linear polynomials over T and vr = vy |r.
A Galerkin approximation of (2.4) consists of finding u”* € V}, such that

a(u™;u vp) = F(vy) Vo € Va, (4.1)



32 M. KRIZEK

where a and F' are defined by (2.5) and (2.6), respectively. Since this problem is nonlinear, we
are not able to evaluate entries of the associated stiffness matrix exactly, in general. That is
why a numerical quadrature has to be used. (In [13, 14], it is described how to treat a curved
boundary in the case of three-dimensional domains.) We shall employ the following numerical

integration formula
K

/ g(x)dr ~ meas TZwkg(xk),
T

k=1

where the weights wy € R' are such that

K
w > 0, Zwk =1
k=1

and the nodes 2, € T for k=1, ..., K.
We shall look for a function up € Vj, (with lower index h — cf. (4.1)) such that

ap(un; un,vn) = Fp(vp) VYop € Vi, (4.2)

where
an(Yn; Wh, V) = Z Ar(yr) grad wy - grad vy
TEeT,

for Yh, Wh, Vp € Vh;

K

Ar(yr) = meas TZwk)\(xk,yT(:ck)) ~ / Mz, yr(z))dx
k=1 T

and

K
Fp(vp) = Z meas TZwkf(xk)vT(a:k).
k=1

TETh

5. The Discrete Maximum Principle

In [18], we give a short survey of discrete maximum principles for linear and nonlinear
elliptic problems. Here we introduce sufficient conditions for which a finite element solution
attains its maximum on the boundary when f < 0. We again assume that (2.7) holds. It
is well-known that for two-dimensional linear problems the discrete maximum principle holds
for triangulations where no obtuse angle appears. This result is generalized in [25] so that
some obtuse angles can appear in the triangulation. Below we give some generalizations to the
three-dimensional case.

A tetrahedron is said to be nonobtuse, if all six internal (solid) angles between its four
faces do not exceed a right angle. A partition 7T of a polyhedron into tetrahedra is said to be
nonobtuse, if all tetrahedra belonging to 7} are nonobtuse.

We have the following theorem (compare (3.10)).

Theorem 5.1. (The discrete mazimum principle.) Let T, be a monobtuse tetrahedral
partition, let (2.1)-(2.3) and (2.7) hold, and let f <0 in 2. Then any solution of (4.2) satisfies
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the following discrete maximum principle
max tp = mMaxup.
5l 1)

For the proof see [16].

Remark 5.2. In [20], we present a constructive algorithm, which generates refinements of
tetrahedral partitions, where no obtuse angles appear.

Remark 5.3. The assumption from Theorem 5.1, concerning nonobtuse partitions, is only
a sufficient condition. In [15], we present a weaker condition, which enables us to prove the
discrete maximum principle for partitions containing tetrahedra with slightly obtuse angles. We
also present an example, where several tetrahedra contain an angle over 100° and the discrete

maximum principle still holds.

References

[1] C.M. Chen, Finite Element Method and Its Analysis in Improving Accuracy, Hunan Sci. and Techn.
Press, Changsha, 1982.

[2] C.M. Chen, Superconvergence of Finite Element Approximations to Nonlinear Elliptic Problems,
Proc. of the China-France Symposium on Finite Element Methods, Beijing, 1982, Science Press,
Beijing, 1983, 622-640.

[3] C.M. Chen, Y.Q. Huang, High Accuracy Theory of Finite Element Methods (in Chinese), Hunan
Science and Technology Press, Changsha, 1995.

[4] S.S. Chow, G.F. Carey, R.D. Lazarov, Natural and postprocessed superconvergence in semilinear
problems, Numer. Methods Partial Differential Equations, 7 (1991), 245-259.

[5] J. Douglas, T. Dupont, J. Serrin, Uniqueness and comparison theorems for nonlinear elliptic equa-
tions in divergence form, Arch. Rational Mech. Anal., 42 (1971), 157-168.

[6] K. Feng, Difference schemes based on variational principle (in Chinese), J. Appl. Comput. Math.,
2 (1965), 238-262.

[7] K. Feng, Difference schemes based on variational principle (in English), Collected Works of Feng
Kang, Beijing, I (1994), 180-209.

[8] H. Gajewski, K. Groger, K. Zacharias, Nichtlineare Operatorgleichungen und Operatordifferential-
gleichungen, Akademie-Verlag, Berlin, 1974.

[9] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer-Verlag,
Berlin, 1977.

[10] R. Glowinski, Numerical Methods for Nonlinear Variational Problems, Springer-Verlag, New York,
1984.

[11] I. Hlavacek, M. Kiizek, J. Maly, On Galerkin approximations of quasilinear nonpotential elliptic
problem of a nonmonotone type, J. Math. Anal. Appl., 184 (1994), 168-189.

[12] R. Jensen, The maximum principle for viscosity solutions of fully nonlinear second order partial
differential equations, Arch. Rational Mech. Anal., 101 (1988), 1-27.

[13] P. Knobloch, A finite element convergence analysis for 3D Stokes equations in case of variational
crimes, Appl. Math., 45 (2000), 99-129.

[14] S. Korotov, M. Kiizek, Finite element analysis of variational crimes for a quasilinear elliptic problem
in 3D, Numer. Math., 84 (2000), 549-576.

[15] S. Korotov, M. Kfizek, P. Neittaanmaki, Weakened acute type condition for tetrahedral triangula-
tions and the discrete maximum principle, Math. Comp., 70 (2001), 107-119.



34
[16]
[17)
[18]
[19]
[20]
[21]
[22]

23]
24]

[25]
[26]
[27]
28]
29]

[30]

M. KRIZEK

M. Kiizek, Q. Lin, On diagonal dominancy of stiffness matrices in 3D, Fast- West J. Numer. Math.,
3 (1995), 59-69.

M. Krizek, L. Liu, On a comparison principle for a quasilinear elliptic boundary value problem of
a nonmonotone type, Appl. Math. (Warsaw), 24 (1996), 97-107.

M. Kfizek, L. Liu, Finite element approximation of a nonlinear heat conduction problem in anisotropic
media, Comput. Methods Appl. Mech. Engrg., 157 (1998), 387-397.

M. Kiizek, P. Neittaanmaki, Mathematical and Numerical Modelling in Electrical Engineering:
Theory and Applications, Kluwer Academic Publishers, Dordrecht, 1996.

M. Krizek, J. Pradlovd, Nonobtuse tetrahedral partitions, Numer. Methods Partial Differential
Equations, 16 (2000), 327-334.

Q. Lin, N.N. Yan, The Construction and Analysis for Efficient Finite Elements (Chinese), Hebei
Univ. Publ. House, 1996.

Q. Lin, Q.D. Zhu, The Preprocessing and Postprocessing for the Finite Element Method (in Chi-
nese), Shanghai Scientific & Technical Publishers, 1994.

J.-C. Martzloff, The History of Chinese Mathematics, Springer, Berlin, 1997.

M.H. Protter, H.F. Weinberger, Maximum Principles in Differential Equations, Prentice-Hall, New
Jersey, 1967.

V.R. Santos, On the strong maximum principle for some piecewise linear finite element approximate
problems of non-positive type, J. Fac. Sci. Univ. Tokyo Sect. IA Math., 29 (1982), 473-491.

J. Serrin, On the strong maximum principle for quasilinear second order differential inequalities, J.
Funct. Anal., 5 (1970), 184-193.

L.B. Wahlbin, Superconvergence in Galerkin Finite Element Methods, LN in Math., vol. 1605,
Springer-Verlag, Berlin 1995.

Z. Xie, Multiplicity of positive and nodal solutions for nonlinear elliptic problems in R™, Proc.
Roy. Soc. Edinburgh Sect. A, 128 (1998), 1069-1997.

Q.D. Zhu, Q. Lin, Superconvergence Theory of Finite Element Methods (in Chinese), Hunan Science
and Technology Publishers, Hunan, 1989.

M. Zldmal, On the finite element method, Numer. Math., 12 (1968), 394-409.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


