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Abstract

In this paper, we discuss the convergence and superconvergence for eigenvalue problem
of the biharmonic equation by using the Hermite bicubic element. Based on asymptotic
error expansions and interpolation postprocessing, we gain the following estimation:

0< A — A< CA* e
where € > 0 is an arbitrary small positive number and C¢ > 0 is a constant.
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Eigenvalue problem for biharmonic equation is an interesting and important problem, see
Ciarlet and Lions®. In 1979, Rannacher!® used the Adini nonconforming finite element to

solve this problem and obtained:
|IAn — Al < CR%.

Recently, Yang!®! has proved that the order of covergence of Ay is just 2. The aim of this paper
is to improve the order of convergence by using Hermite bicubic element. To our knowledge,
there is not any result for approximation to the eigenvalue problem by using this element in
literature. This paper fills in this gap. Not only the convergence is discussed:

0< Ay — A< ChL
but also a superconvergence is presented:
0< A —A<LChE e

where € > 0 is an arbitrary small positive number.

Note that the degree of freedom is 12 for Adini element and 16 for Hermite bicubic element,
respectively. We can see that the increase of the degree of freedom for Hermite element is
not too much, but the order of convergence and superconvergence by using Hermite element
is one times and even two times higher than that of Adini element scheme, respectively. We
mention that our techniques here are based on asymptotic error expansions and interpolation
postprocessing.[1:2:5:7]

Let © be a rectangle domain. We will consider the following eigenvalue problem of bihar-
monic equation :

A%y = du in Q
{ ulog = 2o =0
Its weak form reads as:find a pair of (\,u),\ € R,u € H3(Q), ||u|lo = 1 such that
a(u,v) = AM(u, v), Yv € HZ(9), (1)

* Received December 2, 1997.
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where

a(u,v) = / (UgaVaz + 2UgyVsy + UyyUyy)drdy.
Q

Let T}, = {e} be a uniform rectangular partition of Q and V;, C HZ(Q2) be the Hermite bicubic
finite element space associated with Tj,. We use @p(e) represent the complete polynomial of
degree p. v € V}, if and only if

1) v|. € Qs(e), Ve € Th;

2) v, vy, vy, v,y are continuous at the vertices and vanish at the vertices along 0.

The finite element scheme is: find a pair of (Ap,un), An € R,up € Vi, ||un|lo = 1, such that

a(up,v) = Ap(up,v), Yv € Vj,. (2)
Let (A, u) and (Ag, up) denote the exact eigenpair of biharmonic operator and the associated
approximate eigenpair in the finite element space Vj,respectively. Rpu € V}, represents the

Ritz-Galerkin projection of eigenfunction u. C' > 0 acts as a positive constant but it can take

different value in this paper. C. > 0 is a positive number which depends on e. It is well known
thatl!35:

¢#0,0eH2 (0, P)
2
M= e A (4)

v#0weVy (v,0)’
| Rhu — ull> < CR?||ulls, (5)
where
l|lw|]? = a(w,w), Yw € H3(Q).
Proposition 1.

0<A,—A<Ch,

l|lun — ullo < Cch*~C.
where € > 0 is an arbitrary small positive number.

Proof. First of all, we prove the first conclusion. Suppose (A, u), (||ullo = 1) be an eigenpair
of operator A%2. Then we have

a(u,v) = AMu, v), Yv € HZ (). (6)
obviously
(u,v) =0 <= a(u,v) = 0.
Yw € HZ(Q), let v =w — (w,u)u,u; = (w,u)u then (v,u1) =0 and a(v,u;) = 0, namely
llwllz = Tl + Ioll3-
Because ||u1]? = (w,u)?a(u,u) = Mw,u)?, we have the identity as below
w7 = Mu, w)* +[|w — (w, u)ul[, (7)
therefore, Vw € H3(Q),w # 6

(8)

Due to w — (w, w)u and space Hy = {au : a € R} are orthogonal for energy inner product
a(': ')750 ) )
[lw = (w, wully < lw —ulf;

and

_ 2
aww) \ Nw—ulls ) 9)

0<

(w, w) (w, w)
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Note that Vi, C HZ(Q), Ryu C Vj, we have

0<A< % = < ‘L(S’U“)) Yo €V, (10)
and a( R, Ruu) [ R — ul 2
OSSR S R ) w
From (11) and (5), for sufficient small h > 0,it is easy to gain our conclusion:
0< Ay —\<Ch. (12)

Secondly, for seeking the estimation of ||uj — u||o, we consider the auxiliary problem: find
w € HZ(2) such that
a(w,v) = (up,v), Yv € HE (). (13)
Let u and Rpu € V}, denote the exact solution and finite element solution, respectively. we can
go the same way as the proof of Theorem 1[4 and get
llun = ullo < Cllia - Ryillo. (14)
Now introduce another auxiliary problem: Vg € H*(2),let r be the solution of problem:
{ Alr=yg in Q
rlag = Slag =0
then
lIrlls < Cllgll-1,

and
|I7{la—e < Cellgllo-

Using Nitsche technique,we have
(@ — Ryu, g)| = |a(u — Ruu,r)|
= |a(i — Rpu,r —rl)
< Clla — Ryialla|[r — r"||2
< Ceh*e|[allallr|la—c
< Ceh*™“[allallgllo

where 7! € V}, is the Hermite interpolation of r.

So, we get
@ — Ryillo < Cch*=¢. (15)
Combine (14) and (15), we obtain
l|up, — ullo < C.h . (16)
Proposition 2. Suppose € > 0 is an arbitrary small positive number, then
|lup, — Rpullz < Ch*e. (17)

Proof. Yv € V},

la(up, — Rpu,v)| = |a(up — u,v)|

= [An(un, v) = A(u, v)|

= |(An = A)(un, v) + A(up — u,v)|

< O = A+ lun — ul|=2)]|v]]2- (18)
Take v = uj, — Rpu and we get our conclusion by (12), (16) and

lur, = ull 2 < Cllun - ullo.
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Finally, we present superconvergence approximations to the eigenvalue and eigenfunction.

Let T5, is a uniform rectangular partition of Q0 with mesh parameter 2h. T} be obtained
from dividing each element in 75 into four congruent subelements, which belong to 7}. Define
interpolation operator 12" on T, satisfying

I*"u), € Qs(e) Ve € Top,
Pru(Ay) =u(ds)  (PMu)e(A) = ue(4)),
([2hu)y(Ai) = uy(4) ([2hu)xy(14i) =Ugy(4;). 1=1,2,---,9
where A; be the vertices of rectangular element in T},
Lemma 1. [2 Let T, be a uniform mesh, then there holds the global superconvergence:
lu = 12" Ryulls < Chlullo
Now we can get our main result:
Theorem 1. If u € H3(Q) N HS(Q), then:
|12 up, — ulls < Ceh*, (19)
0< X — A< C.hS, (20)

where
3, = a(I*Mup,, I*Muy,)
(I?huy, I2huy)
Proof. Because of the identity:
I*hup —u = I2h(uh — Rpu) + I*"Ryu —u
so, from Proposition2 and Lemmal, we have
1" up, —ul|2 < 112" (up — Rpw)llz + (17" Ryu — ul|2
< C||U,h — Rhu||2 + ||[2thU, — u||2
< C.hA

Let
a(I?Pup, I?Muy)

(IZhuh, IZhuh) :

h =
From (9), we have
172" wp, — ull3
(I2huy, I2Puy)
and through the continuity of a(-,-), it is easy to obtain our conclusion:
0< A —A<C.hS .
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