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Abstract

Based on the generalized Dikin-type direction proposed by Jansen et al in 1997, we
give out in this paper a generalized Dikin-type affine scaling algorithm for solving the
P.(k)-matrix linear complementarity problem (LCP). Form using high-order correctors
technique and rank-one updating, the iteration complexity and the total computational
turn out asymptotically O((k + 1)y/nL) and O((k + 1)n®L) respectively.
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1. Introduction

An LCP is normally for finding vectors x,s € R™ such that:
s=Mz+gq, 2's=0, (z,5)>0. (1)

where ¢ € R and M € R™"*". An LCP is called monotonic if M is positive semi-definite. In
this paper, M is assumed to be a P, (k)-matrix(®1] i.e. for a x > 0, M satisfies:

1+48) > wi(Mu)i+ Y wi(Mu); >0

for any u € R™. Obviously, positive semi-definite matrix is a P, (0)-matrix. It was proved in
[10] that M is a P,(k)-matrix iff M is a sufficient!!].

Based on Dikin’s approach, Monteiro and Adler proposed in [8] an affine scaling algorithm of
primal-dual type for LP whose iteration complexity is O(nL?), and Jansen et al gave out lately in

[3] a primal-dual algorithm whose iteration complexity is O(nL). Later, Jansen et all®l made an
improvement on the complexity of the algorithm given in [3] such that the iteration complexity
obtained is asymptotical O(y/nL), and the total computational complexity is asymptotical
O(n35L). Recently, Jansen et al made an unified generalization in [4] of the primal-dual affine
scaling directions and, starting from an arbitrary feasible pair (z°, s°), produced a generalized
Dikin-type affine ssaling algorithm for the monotone LCP, of which the iteration complexity is
[0 0

O(pz(ln,pz) log = )5 : )

In this paper, we consider the P.(x)-matrix LCP. Based on the generalized Dikin-type
direction given in [5], we give out an r-order generalized Dikin-type affine scaling algorithm by
using the high-order correctors technique and the rank-one updating, where r is an integer in

(ZO)TSO

[1,+/n]. The iteration complexity of our algorithm is O((k 4+ 1)n("+1/(") 1og 2L _2) "and the

g

total computational complexity is O((x + 1)(n?® + rn?)n(r+1/1) Jog M) If r = |\/n] in

€
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.

particular, then the iteration complexity becomes asymptotically O((x + 1)1/n log W), and
0

the total computational complexity bound becomes asymptotically O((x + 1)n3log %)

2. An r-Order Algorithm

In this paper, the following notations are adopted: For u,v € R%, let min(u) and max(u)
denote reapectively min;<;<y u; and max;<j<, u;, and let uv and u”(h € R) represent respen-
tively vectors of R that (uv); = u;v; and (u?); = (us)".

Denote the set of strict feasible solution {(x,s) € ™ x R" : s = Mx + ¢, (z,s) > 0} by F,
and let

Ne(B) ={(x,s) € F: ||zs — pe|loo < Bu}

where u = 27s/n and 8 € (0,1).
In this paper, we assume F # ); thus, the system (1) is solvablel®].
Our algorithm is as follows:
The algorithm is to be initiated from a given pair (z°,s%) that satisfies (2, s%) € N (3).
Step 0: Set k := 0.
Step 1: Set (z,s) := (2*,s*). If 27s < & (¢ > 0 is a pre-set tolerance error), stop.
3

€
)

Step 2: Let vy € (0,1), and choose (Z,5) € R x R} such that
(&) Ho; — 35| < and (5;) |sz—sz|<7 for i =1,2,- (2)
Step 3: Let w = zs and ¢ > 1. compute ( ) from
w'Hl
dV = MdP, sV +zdV = - (3)
[Jwll
Step 4: For j = 2,---,r, compute dg,-j),dgj)) from
j—1
dy) = Md), 5P +&d)) ==Y dPdy"). (4)
t=1

Step 5: Choose a step length @ > 0 such that the new (z(@), s(@)),

r

z(@)=z+ (1+7) Zoﬂd s(@)=s+ (1 +7) Za]d(f

is in N5 (8).

Step 6: Set (z**1, skl .= (z(a), s(@)), k := k + 1 and go to Step 1.

The quantity —ﬁ given in the step 3 (which was first introduced by Jansen et al¥l) is a
generalized Dikin-type affine scaling; when ¢ = 0, this quantity turns out a classical primal-dual
affine scaling!!'?l; when £ = 1, it becomes a primal-dual Dikin affine scaling[3I[5!.

For the sake of notational simplicity, we omit in the following discussion the superscript &
unless otherwise specified.

Let w = xs and w = &3. It is not diffcult to obtain the following results by (2).

(1+7) 2w <@ < (1—7) 2w (5)
-7z <e<(1+7)2, (1-7)5<s<(14+79)5 (6)
0<1l—7y<a(@) ' <147, 0<l-y<sE) <1+, (7)

Let z(a) = x (1+7)E 1oﬂd ()—s+(1+7)2 1oﬂd )| where « is a certain
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step length. Suppose w(a) = z(a)s(®), we have

T

w(a) = z(a)s(a) = $+(1+7)Zajd§5j) s+(1+7)2ajdgj)
j=1 j=1

r 2r j—1

Sas+(1+9)*) ol (@Y +3d0) + (1+7)*) o {Z dPai=v }
j=1 j=2 t=1
‘ w“l ) 2r ) r ]

=w—(1+ 7)204W + @+ >l > dldi (8)

w

Jj=r+1 t=j—r

where the inequality comes from (6), and the last equality from (3) and (4).
Let D denote & '/25/2, Using (3) and (4), it is not difficult to verify that

1D ||? + ID~ 1P| + 2(d) T dY) = |||, 9)
j—1
where ¢(V) = —p~1/2® H ” and ¢\¥) = w’l/z{ Zd )} for j=2,---,r

It can be verified (see to Lemma 3.4 and 4.20 in [6]) that

—kllg?|* < (@)TdP < (1/4))1dV |

j=1,2,---,r; hence, for j = 1,2,---,r we have
1DdY || < V2r +T[|gP || and [[D7HdY|| < V25 +Tlg"]). (10)

Without loss of generality we assume p = 1(otherwise, an scaling can be performed to
achieve this). The following Lemma provides an upperbound of [|¢)|| for j=1,---,r

Lemma 1. Let ¢(j) be defined as: ¢(1) = 1 and ¢(j) = Zi;ll to(G —t) for j=
2,---,r. We have
@ g < T+ +8);

. ji—1 (25 j—1 . i
(i) [lqP|| < SRS DEED | |qO|J for j =1, -,

Proof. For the (i): Inequality (5) implies (1 —'y)w;1/2 < 117;1/2 < (1+7)w; L2, ; hence, from
(z,5) € Ny () and the definition of ¢(!), we obtain
) witl 2 ) ||wl+1/2||2
IO < a2 < @l
[[w*]] [[w*[?

o J|w* min(w'/2)||?

IN

(1 +7)*(1+B).

For the (ii): We prove this by induction on j. For j = 1 the inequality is obviously trivial.
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Now, we assume it holds for 1 < p < j. By taking noticing of (10) we have

Jj—1 Jj—1
Il = 57172 3 d0 a0 < @+ il 2| 3 d0ad 0|
t=1 t=1

1
(1+7) (1+7 )26 + 1) &
< WZHDCN)H D7ty < T g ZH D 1=

L+7)@2e+1) S [ L+ 2+ D)0 | 4y
< (1—pB)L/2 tzl{ (1—B)E-D/2 g™ | }'

(L) 2+ D)7 00G =) 1yt
{ e L e }

0 @R TG)
= S

This completes the proof of the lemma, 1.

3. The Iteration Complexity

Theorem 1. The algorithm produces in O((k 4+ 1)n("+1/() Jog &) ) s ) iterations an e-
approzimate solution (z,s) to (1) i.e. (z,s) € {(z,5) € F:xTs < ¢}.

The proof uses two following lemmas.

Lemma 2. Let 8 = (26 + 1)a. If 0 < 1, then

- Lt o7+ o 148\ 16"
> o {Z 1A | 1D d¢- >||} a0 -9 (155) oy

j=r+1 t=j—r
if @ > 1, then

> o {tZ |DdY | 1D~ dy- t>||} G0 -9 (155) 5 02

j=r+1 )T

Proof. From Lemma 1 we have

r i1
S D) 1D~ 0] < 25+ 1) Y g g9
t=i=r t=1

<eery 3 (S B g0y,

t=j—r

{ (1 + ’Y)j_t_1(2f‘6 + 1)j_t_1¢(j - t) ||q(1)||j—t}

(1- B)u—t—D72

_ 2j—2 j—1(q _ 1+ " ’
e - 0) (155) o),

Since the function (14 v)%~=2((1 + 3)/(1 — 8))?/? is increasing in j and ¢(j) < 2272/j, so

1 16"
S DA D= a5 < (2 + 171 (14 7)1~ ( ”) .
j=j—r
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Therefore, (11) follows from o/ (2k + 1)1 < 9T+1/(2/<a +1) j=r+1,---,2r and (12) follows
from o/ (26 +1)771 <627 /(2K + 1) j—r+1 27,

(1-p)° }and a <

(g+1)(1—+5)e+1 Fori=1,- we

Lemma 3. Assume o = min{2p,
have

__no
(1+7)?(1+8)"
€+1 2 n 241
1 (1+7) Ei= w; .
£+1

(i) (1+5) (1‘(“;1)“2:7%" )‘(w—ﬂw)wﬁi—ﬂ) (147 (w) v

Proof. For the (i): Since the formula w; — (1 + 7)?aw!™ /||w’|| attains its minimum at
w; = 1— 0 or 1+ 8 when being viewed as a function of w;; so, in the case of w; = 1 — 3, we

have
(1-— 5)( ! (1+7)%a Z?: wf !
1—ﬁ—(1+7)2a7—(1—ﬁ)<1— L

'] ]
n wl+1
=(1+7)%a(1-B) {Elf -( —ﬁ)‘} ”w—lln

1
(1+8)'v/n

>(L+7)%a(l = B{(L =A™ - (1-5)}

=(1+7)%ap <1+g>€%,

where the inequality follows from
Zw€+1 > mln {— 1 Zw > ( 1||w||2 (1 _ﬂ)l—ln

(the last inequahty above comes from ||w|| > /n, which holds because of e’w = n and the
Cauchy-Schwartz inequality) and

[lw[| = \l > wi < \lmaX(w””) Yowi<(1+8)Vn
i=1

i=1

(the last inequality above holds because ||w|| < (1 + 8)v/n (See to Proposition 3.1 in [5])).
In the case of w; =1 + 3, we have

1+ﬂ—(1+’)/)204(1+5)e+1 _(1_5){1_ (]- +7)2a2?wf+1}

[fwl n [Jwll

n w£+1
=28+ (1+7)*a {(1 — ﬂ)leT (1+ ﬂ)Hl} HJZH
2 1 1
220+ (L)l = 5) — @+ A )

1-8\" 1 2y/n 1_(L4BY 145
=+ (155) \/ﬁ{(1+7)2a((1—ﬁ)/(1+5))‘+ﬁ (1—5) 5 }

S@+9) 0‘5<1+g>€%

where the last inequality comes from a < 0

28v/n 1
rars and g 2 L
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For the (ii): It is obvious that the formula w; — (1 + v)?aw!™ /|jw’|| attains its maximum
at w; = el hen being viewed as a function of w;. Now, we have either w; ¢
[(1+7)2a(e+1)]H/E i ) i

(1-8,1+48) orw; € (1-5, 1+ﬁ). In the case that w; ¢ (1—3, 14+3), then w;— (1+7)?aw! T /||w!||
attains its maximum in w; € (1 — 3,1+ ) at w; =1 — 8 or 1 4+ 3. Now, the proof for the (ii)

is similar to that of (i). In the case that wl ( — 3,1+ B), then w; — (1 +7)2aw!™ /||wt||

attains its maximum at w; = w;. For ¢ = 1,---,n we have
(1+y)?a X, w! . o it
(1+8){1- ’ — by — (14 7) 0t
n [l ' [l

o @it (149 %a(l+8) Y, wit
el n [Jwll

~ 20 Willwl w1
=(1+7) {(14_7)2@(@_‘_1) (1+0) llw!]| } [|wt]|

, (AP A1
2(1+7) a{(1+7)2a(€+1) -+ } eV

>(1+7)a

(1+7)% (1+p8)8
T(+p)n 18

>(1+7) aﬂ( ﬁ) -

1+8)
where the second inequality comes from @; > 1 — 3, ||wf|| > (1 — B)* ty/nand 31 | w'! <
1+ g)l+1n, the thi;d inequality from a < (1+7\)/27z$_;3’[;3121((+1), and the last inequality from

ThlS completes the proof of the lemma 2.

Now, we prove the theorem 1 as follows:

The key to the estimation of the iteration complexity lies in determining the step length &.
For a pair (z,s) € N (8), we then set to find out an « such that (z(a),s(a)) € N (B) i.e.

(1 - Bula)e < wa) < (1+ Aula)e (13)
where u(a) = e"w(a)/n. Let € = Y20 | oﬂ{ E;:jfr(d;”)f’dgf*“}. From (8), we have
oy =1- 1 +n7) a Zﬁl;z’f“ i 27)25. (14)

From (13), it can be seen that if

2a n w€+1 2 le
|§|s(1+ﬁ>(1—“”) i (117) £>—<wi—(1+7)2a|’—> (15)

n [fwl n ||

and

we—i-l 205 wl+1 2
€] < wi— (1+7)%a —<1—ﬂ>(1—(”” Zimwi  (1+9) f) (16)

T n [Jwll n

hold for i = 1,---,n, then (13) follows. Now, by taking notice of n/(n+ (1+7v)(1+3)) > 1/5,
we have: if

2q n w(+1 wl+1
'5|5§{(”5) (1‘(17) ] >‘( ~ ||wf||>} o
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and
1| o wit (1+ )% yr, wit

hold for i = 1,---,n, then (15) and (16) hold also.
By the definition of &, it is easy to verify that

2r T
< > oﬂ'{ > Ipd?|| IID‘ldEj‘”II}- (19)

j=r+1 t=j—r

For the sake of simplity, we only consider the case of § < 1. (In fact, for the case of 8 > 1,
discussion can be carried out similarly.)
From (13)—(18), the lemma 2, and the lemma 3, it can be seen that if

Vno
S T2+ 0)

and
gr+! - 1+8\ 16" 1 , (1-p8\"1
2/<;—|—1(1+7) (1—ﬁ)<m> 3 §5(1+'y) aﬂ<m> ﬁ
hold, then (z(c), s(a)) € Noo(B). According to the second inequality above, we have
_ 4 1/r _ L/r
b 10 (87"(1 +7) 6) <1 6) 1 0
16(1+7)4(L+6) \ 5(1-2) 144 nt/n)

Therefore, the step length @ in the k-th iteration can be choosen as

a:min{ 15 <8r(1+v>4ﬂ>”’“<1—ﬂ>”" 1 Vio }
6(1+)*1+p8) \ 5(1-5) 1+4 (26 + 1)nt/21)7 (14 4)2(1 + B)

(21)
Obviously, n > £(1+ )28 (%) . Thus, from (20) and (21), teh following loose upperbound
of & can be obtained,

a<— =0 <8r(1 +v>2(1+ﬁ)>”’“ (1—/3)‘/" nt/en
—16(1+)4(1+3) (1-p)? 1+ 2k +1
Substituting the above bound into (11) and taking notice of (19), we obtain
11—\
€] < <m> Vna.
Using (14), we have
(L+y)%ae’w™t (149)°

p(@) <1-—— T €]
=Bt a 2 (1= a
S0 gy e T2 (Hﬂ) NG
=1- 0 (22)

(2/<,; + ]_)n("JFl)/(ZT')

, -1
where 0 = (1 + 7)2% (%) @ (see to (21)).

Now, from the key inequality (22) we have

S 0 g
E+INT (k+1 _ kYT gk - )
(") = {1 (2K + 1)n(r+1)/(2r) } (=) < {1 (2x + 1)n(r+1)/(2r)} v
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therefore, the rest of the proof can be carried out routinely as follows. Obviously

5 k
{1 T lent 1)n<r+1>/<2r>} o=e
is equivalent to

5
Flog {1 T @+ DnlrtD/0n) } < log(e/20),

hence, to

k> =26+ 1)nUTY/C0 og(eq /)

| =

(because log(1 —n) < —n for n < 1); so, after no less than [3(2x + )nr+D/C) og(gy/¢)]
iterations, an e-approximate solution to (1) is then obtained i.e. the iteration complexity of our
algorithm is O((k + 1)n("+1/(2") log(gy /¢)).

By taking r = |\/n], the iteration complexity then turns out asymptotcally O((k+1)y/nlog
(EO)TSO

€

4. The Total Computational Complexity

In this section, we specify the choice of (Z, §) in our algorithm by using the following scheme
of rank-one updating.

The Rank-One Updating.

For k =0, set 2%; = 29, 3%; = s°.

For k > 0, let (zF,s*) € N (B) and let (&*,5*) satisfy (2). Compute (zFF! sh+1) as
indicated in the step 6 given in the section 2. Set

3 3 (zh 1
@, (1) s { l

(zk, (3%) otherwise.

s, Af (@8) Tt — &8 >, or (38) 7S — 58| > 4,

)94

Now, the 8 and ~ are required to meet additionally the following assumptions:

(i) 8 €10.2,1),

(it) B(1 +7)(2r/5)*/" < 16(1 = )[(1 = B°)(1 +€) = B7(2r/5)*/"].
It is obvious that such assumptions can be met, for instance let v = 0.1 and 8 = 0.25.

In this section, we only discuss the case of § < 1. The case of 8 > 1 can be dealt with
similarly.

{+1
Since from the assumption (i) above it can be proved that - (ﬂ) < 2(3; therefore, if

T+1 \ 115

we take
- 1-8 sr(L+7)'8\ " (1-8)" 1 23
= e (Csaeg ) (153) @enwm ®

the theorem 1 still holds.
Theorem 2. Let the algorithm be specified with the above (3, and the rank-one updating;
0\T _O
then it has asymptotically a total computational complexity of O((k + 1)n3log %)
Lemma 4. Assume that (z,s) € No(B3),(Z,5) € R x R} where (Z,3) satisfies (2), and
assumptions (i) and (ii) are met. Denote the new iterated point by (Z,8) and let

r

e (A+9)? 3 L+ 21+ 8 ¢?(j) (26 + 1)
(1=p)—t '

(1=701-75)

i=1
Then, we have
o (& —2)|2 < p* < 1and [|s~1(3 = 8)[[2 < p* < 1.
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Proof. We only need to prove the first inequality above (the second can be proved similarly).
Let D;; be the i-th diagonal element in D = :i_l/2 §1/2 it is easy to see

o6 = o)l = (149 3 S )

i=1 j=1
= (1 +7)2Xn:i(Dﬁ-lw?V(Dud(x”?)%@)z"- (24)
i=1 j=1
From (z,s) € Noo(8) and (7), we have
R _ L _ 1+
(2;'Dyt)? = (&; twi)(si8; ) (w; ) < e
Form the above inequality and (24), it follows
o™ = o)l < e a ” Z DAY | (@)?
(1+7)° - G112 A2]
S ;(2“ Dllg?|*a
(1+7)° GO+ 20+ 8¢ (e + 1)1 o
=T )Z (1B &=
Obviously, 48 > 1 — g for § € [0.2,1); hence, from (23) we have
_ (2r/5)1/"3 1
P TE (1 TB(+ 1) @rt Dni/en”
Since ¢(j) <2%°2/j <2272 j=1,---,r; so,
) (1+1) - B (2r/5)%1
7S Ta - -B) ; (L+ B)I(1— By (€ + )%
(1+7) el [(1+ ) (1= B) (£ + 1) — 577(2r/5)?]

ST )1 5 (L5 Ay (01— 8 A+ A~ A+ 1)~ P/

By the assumption (i) i.e. 8 € [0.2,1), it can be specified that (1+3)(1—8)(£+1) > 5%(2r/5)/";
therefore,

(L5
16(1 =) (1= B)(1 + )

I+8)"A-p)(t+1)"

(1 +B)r=+(1 = B)r=H (¢ + 1)r=H[(1+ B)(1 = B)(L + 1) — p2(2r/5)*/7]
_ (1 + )02 /3

16(1— I(1— B2)(C+ 1) — F2(10r)/7] =

where the last inequality is due to the assumption (ii).
Proof of Theorem 2. Let

SE = {k: |¥| 7 Hah T — 38 > 4,1 <k < K},
TE = {k: |58 skt — 3% > 4,1 <k < K},
and g = /p*. From the lemma 4 and the proposition 5.2 given in [7], it can be derived that

N lo oK
maX{Z|5 |Z|S }< —p)In(1—7)°

pr <

<1
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This demonstates that the total number of rank-one updating occurred within K major steps
of iteration is bounded by O(y/nK). Since the algorithm finds out an e-paaroximate solution

to the problem (1) in O((k + 1)n("t1/(") log(ey/e)) iterations, and each rank-one updating
involves O(n?) arithmetic operations, therefore the total number of arithmetic operations is

bounded by O((xk + 1)(n*% + rn?)n("t1/") log(eo /). Now, when taking r = |/n] the total

computational complexity bound turns out asymptotically O((k + 1)n? log w

Now, suppose the data of the problem are given in rational numbers. Let L be the data
sizel’l, ¢ = 271 and g9 < 2% (hence log(eo/e) < 2L); it can be concluded from the theorem 1
and 2 that the iteration complexity of the algorithm tends to be O((k + 1)y/nL), and the total
computational complexity becomes asymtotically O((x + 1)n®L).
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