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Abstract

In this paper, the global superconvergences of the domain decomposition methods with
Lagrangian multiplier and nonmatching grids are proven for solving the second order elliptic
boundary value problems. Moreover, L> and L? error estimates are discussed and a defect
correction scheme is presented.
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1. Introduction

A nonconforming domain decomposition method with Lagrangian multipliers was proposed
in [13]. The basic idea of this method is to deal with the nonconforming of nonmatching grids
by introducing the Lagrangian multipliers on interfaces of subdomains and its advantages are
that it allows not only the incompatibility of the internal variables on the interface between
subdomains, but also the discontinuity of the boundary variables on the common vertices of
subdomains. Thus one can choose different mesh size, interpolating function and type of element
in different subdomains according to the different requirement of pratical problems. So this
method is very flexible and well suitable to parallel computational environment.

The superconvergence estimates and error expansions for the finite element method are well
studied in many papers. We refer to Chen [, Krizek and Neittanmaki 'Y, Lin and Xu [19],
Lin and Zhu ['427] Krizek ['?! and Wahlbin [?®] for a detail and survey and to Lin and Zhu (4]
for some techniques of high accuracy analysis.

Even so, there still remains some foundmental problems to need studying. In particularly,
for high accuracy analysis of the domain decomposition with nonmatching grids, it has sel-
dom been found in the literature. This paper just studies this problem and gives its global
superconvergence estimates and defect correction.

2. Domain Decomposition and Global Superconvergence

Let our problem be to solve the following differential equation

—Au+u =f in Q 1
{ v =0 on 00 (1)
where (2 is a convex smooth domain and f € L*(Q).

Throughout the paper, {2 is assumed a rectangle to simplify the discussion, although the
results are valid for convex smooth domain (cf [14]). We first shall divide the domain € into
rectangular subdomains Q; (j =1,...,n4) and then subdivide subdomains 2; into rectangular
meshes 7} with the two widths h; and k;, where h = max{h;, k;}. Let A; (according to certain
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order) be the vertices of 9Q;, d the diameter of ; and I';; the straight edge of 0Q; with the
vertices A;_; and A;. Let 0Q; = |J;,I';j and I = Um.Fij.

Now let us define the functional spaces

= [ &' () and B() = [] £ (09))

with the norm

llolf6, = Z l10][3 0, and [|ulIf = leull_l 0%,

respectively, where

-1 2 2 3 2
llully o0, = (@™ [lullo,o0, + |“|%7<99:')2’ |u|%"99 /89 /89

[ w
0Q;

||U||%,89]-'

and

||U||7%,39j = sup
1
vEH 2 (092;)

lv|#0

Then (v,p) € H if and only if v € H(Q) and p € H(I'), where H = H(Q) x H(I') with the
norm ||(v, p)||3 = ||v|13 + ||u||3. Obviously, H is a Hilbert space.
We may introduce a bilinear form

Blu, A, 1) = Z{/ 25;‘ G dw—/Q (vA + up)ds}, V(u,\), (v, 1) € H,

le J

and a functional

F(u,p) = fudx.
v, jzjl/gjv:c

Then the weak form of problem (1) is defined as follows

find (u,A) € H such that

(2)
B(u,\;v,pu) = F(u,p), Y(v,u) € H.

We know by [13] that the problem (2) has one and only one solution (ug,Ao) € H. Let

w € H*(N2) be the weak solution of problem (1). Then ug = w and Ay = %, where 7 is the
unit outer normal of ;.
For any positive integer k,l,n, m;, we define the finite element spaces as follows:

Su(;) = {v € C(Q))| vl € Qm, (e),Ve € T}}

and
Sn(09) = {ul plr,; € Pa(Li;),VLi; C T},

where

Qm;(e) = span{z*y' : 0 <k, I <m;}
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and
P,(Ti;) =span{zfy': 0<k+1<n}.
Let
ng nd
Sn(Q) = [] Sn(€) and S, (L) = [] S.(09;).
j=1 j=1

Then (v, 1) € Spxyp if and only if v € S, () and p € S,,(T'), where

Shxn = Sn(Q) x Sp(T) CH = H(Q) x H(T)

with the norm ||(v, 1)||s, .. = (v, w)||m-
We define the finite element approximation of problem (2) as follows

find (u,\) € Shxn such that

(3)
B(u,)\;v,,u) = F(”;H): V(U;N) € ShXTl‘
We know by [13] that the following conditions hold for %h sufficiently small:
sup  |B(u, A, p)] > ¢f|(u, M||m, Y(u,A) € Shxn, (4)
(v,m)ESpxn
(v, )| <1
sup |B(U;/\;U7M)| > c||(v,,u)||H, V(U;M) € thn; (5)
(©:X)€Shxn
1(u,2)|[n<1
B(u, A0, 1) < cf|(w, Ml[al| (0, )1, V(u, A), (v, 1) € H. (6)

Hence the finite element approximation of problem (3) has a unique solution (un, An) € Shxn-

We take any element e € T}, where e = [ze — he, Te + he] X [ye — ke, Ye + ke, and (ze, ye) is
the centeral coordinate of e, 2h, and 2k, the two widths. Let A; denote the four vertices of e
and interpolation operator I;Ln’ 1 C — Sp(Q;) satisty

LY u(A;) = u(4;), i=1,2,3,4,

/(u—I,’lnju)vds:O, Yo € Py, —2(ly), mj>2, k=1,---4,

Ix

/(u — LY uvdedy =0, Vv € Qum;—2(e), m; > 2,

€

where [1,l» and l3,[l, denote the four edges of e parallel to x and y axis respectively. We know
by [14] that I,/ u are only defined.

Lemma 1. Let u € H™it2(Q;),(j = 1,--+,n4). Then there exists a positive constant c,
independent of h and n, such that

2
. o1
| /Q Z(u - [irznju)wivzi < ch™its ||U||m]-+2,Q,-||U||1,Q,-, (7)
J i=1
| / (u— I u)o] < ™ Jullm, 41,0, 0] o, ®)
3

my 41
[ = 1 wads] < e lall 0, N 00, )
09Q;
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for any v € Sp(Q;) and A € S,,(0R);), where v, denotes 7”

Let P represent the L?— projection operator from H (') to S,(I'). Then the following
Lemma is easily proved ( cf [2],[4],[13] ).

Lemma 2. If p € H'(99;) and X € S,(0%;), then we have

i = Pulleoe, < cen”CRE M |ullon,, —= <k <1, (10)

and
1
[[Allo,00; < end™2[|A[| 1 aq; - (11)

Theorem 1. Let h < d,n,m; > 1,1 > 2m; + 1 5 =1,---,nq) and let (up,A\n) € Shxn
satisfy (3). Then for "1 sufficiently small we have

- Ou R 1yl
lun = I, w0 + ||An — Posllgr < C;h 2 (|l 2,0, +d2 75 |[ulli41,00,)-
Proof. Let Inu € S(€) such that th|Qj = I,’lnj (ule;). Then (up — Thu, A\ — P%) € Shxn-
Thus we have by (2)-(6)

~ 0
sup  B(up — Ipu, A\, — P—ii;v,u)
(v,n)EShxn on
[|(v,1)|[m<1

IN

- 0
cl|(up, — ITnu, Ay — Pa_g)”H

- w3 S0 B0t (0= 0

(vsn)EShxn
[(v,m)][m<1

—Z/BQ (Gt~ PT0+ (u = 1wy},

which, combining Lemma 1 with Lemma 2, implies our Theorem.
In order to obtain the error estimates between the solution of equation (1) and its finite
element solution, we will use high order interpolation postprocessing. We assume that T,z (=

1,---,nq) has been obtained from T3, of mesh size 2h; and 2k; by subdividing each element
in 77 5, into 4 congruent subrectangles of size h; and kj. Let e;(i = 1,2,3,4) denote the 4
congruent subrectangles of size h; and k;, T = {4;,i = 1,---,9} the vertice sets of e; and

S={l;,i=1,---,12} the edge sets of e;.

For u € C(Q), we define high order interpolation operator J22;Ln 7 satisfying
Tau(A) = a(dy),  (i=1,---.9),
/ Jh uw = /’U/U, V’UEijfz(lj), (j:]-a"'712)7 (12)
l

[w=arie= 0, Vo Quoale). (=10,

i

It is easy to check that
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2m; ym; 2m,; 2m;
JziTJIIT] = J2;Ln]> ||J212njv||s7p79 < dllspe;, Yo € Sn(€Y),
2m,; Y1 —
= T ullap, < ™ ullm 41 p.0;, (13)
s=0,1, 1<p<oo.
Theorem 2. Under the assumption of Theorem 1, there exists a positive constant c, inde-

pendent of h and n, such that

llu = Jopunll + 1125 = Anll—1r

(14)
< thmJ (ullm; +2.0, + d2* 5] Jullir1,00,)-
Proof. We have by (13) and triangular inequality
llu— T unllie, < elllu— o ulle, + 117w = unll0,)
< (W™ [l 42,0, + (17w = unllie,)
and
Ju ou ou
||aﬂ. Anll=1 00, _|| —P%H—%,anj“‘ﬂ a7 = Anll=1 00,
which, in combination with Theorem 1 and Lemma 2, shows inequality (14).
3. Correction Scheme and L*> Estimates
Theorem 3. Let (u,A) and (upn, Ap) satisfy (2) and (3) respectively. Then
~ ou
- < ch||(u — — - A
[l = unlloe < chl[(u —un, 5= = An)lls,
where h = h+n—1.
Proof. Let w; € H}(Q;) be a weak solution of the following equation
—-Aw4+w =u—u, in Qj
w =0 ondQy,
Then we have
lwjll2.0; < ¢llu = unllo,q;- (1)

Let W € H(R2) such that W|g, = w; and %—nggj = % (j=1,---,nq). We get by Green’s
formula, for any (v, u) € H,

oW Ov oW
oW . _ E ) E : D W
B(W, 5% v, 1) {/ . 1+W v) — /mj(aﬁwr 1)}

le

- Z{/(—AW+W>U+/BQ[6—VY ~ O+ W) (16)

on
= Z/Q(u—uh)v
=1 7%
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Hence, (W, %—Vg) is a weak solution of problem (2). Taking v = v —uy, and p = £% — A in (16),

we deduce that

ow
B(W7 a,,—_[’ Uh, on Z||u_uh||OQ" (]‘7)

By the symmetry of B we find that

ou
B(v, p;u — up, — 77 —An) =0, V(v,u) € Shxn- (18)

Combining (17),(18) with the continuity of B, we obtain, for any (v, 1) € Shxn,

S : oW ou
Z||U—Uh||é79j = B(W—U;% T T U o — An)

ow ou
< el — v, S~ el o~ M)

It shows that

- oW du
2 .
Z llu = unllp,0, < c(w)uelfshxn W =, = = mllsal[(u = un, 5= = An)|m-

Further, we have by (15), Lemma 2, interpolation estimate and above inequality

ng
. B ou
Slu—unllo, < c(h[|[W]lza+n 1dll ||- Pl = un, 5= = Al
j=1
1 Ou
< clh+n )||U—Uh||0,9||(u—uha%—Ah)||H-

This proves our Theorem.
For any (W, %—‘%’) € H, let (W, An) € Shxn be its finite element approximation solution

satisfying

ow

o

Then we may define a projection operator Ry: (W, %—‘f{) +— (W, \) and a correction scheme:

(W Wh: S\h;val‘l‘) = 07 V(’U,[,L) € thn-

~ 2m; 2m;
up = J2h ‘up + up — RhJZh T up-

Hence

w—dp = (I — Ry)(I — J5" Ry)u,

where up, = Rpu.
Theorem 4. Under the assumption of Theorem 1, there exists a positive constant c, inde-
pendent of h and n, such that

|lu = @nllo,e < Chzhm’ (Nullimy 12,0, + d2 T4 |ulli11.00,)- (19)
Jj=1
Proof Set h =h?>+n"2and W = u — Jgg"”uh Then (W, 2%) € H. We assume that

on
R, (W, 2 %) € Spxn is the finite element approximation solution of (W, 2%, From (13), Theo-

T
rem 2 and Theorem 3 imply that "
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) e ow oW
lu=nlBa < ch D (W = RaWIE g, + 1| 5= = Ba =12 4 o)

j=1

Nq
— . . - 1y ¢ 1 <
< ch Y (W g, + IRaWII o, +n 22D ulf, og,)

=t (20)

IN

Nd
- _o(+d 1
ch Y (WL g, +n > lullf o))
j=1

ng
_ o . 1 .
< by B (|[ullf a0, + AR Ul ag;)-
Jj=1
This implies inquality (19).
Theorem 5. Let u and (up, Ap) satisfy (2) and (3) respectively. Then under the assumption
of Theorem 1, there exists a positive constant c, independent of h and n, such that

au o 41 L, 1
155 = Mllozr < end™2 YR R (Jullms2.0, +d* ¥ |ullir,00,) (21)
j=1
and
nd
1 L1 141
lJu— unllosoe < cnh)d SR+ (fullm, 12,0, + d5 Jullir00,). (22)
Jj=1

Proof. From (10) and inverse estimate we see that

ou ou ou ou
— — A . < — — P—]|ly- . P— — )\ . )
I o7 nllozo0; < | o7 87'1’”072’39] + | o7 nllo,2,00;

_ 1, . 0u
en”'d|ullig1 00, + cnd 2||P% — Anll -1 00,

IN

IN

—1 gl _1,0u
en” d'{[ulli,00; + cnd 2|5 = Anll 4 o0, -

This implies inequality (21) by Theorem 2.
We have by triangular inequality, inverse estimate and interpolation estimate

= unlloco; < =L ullocog; + 111" 1 = nllo,cc g

< b3 ull g1 o0, + (0B (10— upl]1 20,

which in combination with Theorem 1 shows inequality (22).
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