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APPLICATION OF NEWTON’S AND CHEBYSHEV’S METHODS
TO PARALLEL FACTORIZATION OF POLYNOMIALS*Y

Shi-ming Zheng
(Department of Mathematics, Xizi Campus, Zhejiang University, Hangzhou 310028, China)
Abstract

In this paper it is shown in two different ways that one of the family of parallel iterations
to determine all real quadratic factors of polynomials presented in [12] is Newton’s method
applied to the special equation (1.7) below. Furthermore, we apply Chebyshev’s method
to (1.7) and obtain a new parallel iteration for factorization of polynomials. Finally, some
properties of the parallel iterations are discussed.

Key words: Newton’s method, Chebyshev’s method, Parallel iteration, Factorization of
polynomial.

1. Introduction

Let F : RN — R" be a nonlinear map. Newton’s method
T =z F'(z) 'F(2) (1.1)
and Chebyshev’s method

T=ax—[I+3iF'(2)""F'(@)F (2)" F(z)] 7" F'(z) "' F(z)
= o F@) F(e) — AP (@) P (@) (F () ()’ (12)

are well known for solving nonlinear equation
F(z) =0, (1.3)

where I is the unit matrix of order N,z is an approximation of the solution z* of (1.3), ™ and
T are new approximations of z* produced by Newton’s and Chebyshev’s methods, respectively.
It is well known that the order of convergence for Newton’s and Chebyshev’s methods is 2 and
3, respectively, if F'(z*) is nonsingular.

Let

N
pt) = a,tN =, ag=1 (1.4)
v=0

be a monic polynomial of degree N = 2n. Then the convergence is quadratic or cubic, respec-
tively, if Newton’s or Chebyshev’s method is used to find one simple zero of (1.4). Many parallel
iterations have been proposed and studied to determine all zeros of (1.4) simultaneously (see

[1-(3], [51-[11])-
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In the following it is assumed that p(¢) in (1.4) is a monic polynomial of degree N = 2n
with real coeflicients. Then it can be factorized as

p(t) = [[(# = pst — 03), (1.5)

j=1

where p;,q;(j =1,2,---,n) are real.

Bairstow’s method is a well known iteration to determine one real quadratic factor of p(t)
(see [4]). Its advantages are that the computational program is simple and that the convergence
is quadratic if there are only simple or real double zeros of p(t).

From the viewpoint of linear interpolation Zheng!'?! proposed a family of parallel iterations
to determine all real quadratic factors of polynomials, which keeps the advantages of Bairstow’s
method.

Let
n 2n
g(t) = [ (# = ujt —v;) =D b > ", b = 1, (1.6)
j=1 v=0
where b, = b,(z) is the function of © = (u1,v1, -, un,v,)T € R2™. It is clear that
(P1,q1," - Pnsqn)? of (1.5) is the solution of the system of nonlinear equations

F(z) = (fix), +, fon(@))T = (ba(2) —ar, -+, ban(@) — a20)" =0 (1.7)

In section 4 of this paper it is shown in two different ways that one of the family in [12]
is Newton’s method applied to (1.7). In section 5 we apply Chebyshev’s method to (1.7) and
obtain a new parallel iteration for factorization of polynomials. For purpose of convenience
the linear interpolation operators and their properties are introduced in section 2. A simple
condition for nonsingulity of F'(z) in (1.7) is given in section 3. Finally, some properties of the
parallel iterations for factorization of polynomials are discussed in section 6.

2. Linear Interpolation Operators and Their Properties

For purposes of brevity, all formulas, sums and products involving indices %, j, k will assume
the range 1,2,---,n and v = 0,1, ---,2n, unless explicit stated otherwise. We denote [ and E
the unit matrix of order 2n and 2, respectively. And 0 will denote real zero 0 € R!, zero vector

(0,0)T € R? or null matrix <g 8), respectively, when it may not be mixed from context.

Definition [12]. Let

T; = (U,‘,Ui)T € R2, (21)
«;, B; be the zeros of
Q,‘(t) = tz — U,it — Uj. (22)
Suppose that
L(f) = L(f;zi,c;t) = L (fi@i, 0)(t — o) + 2 (fi 20, 0) (2.3)

is the linear interpolation of f(t) with nodes a;, 3;, where c € R' is a number independent of f
and t. Denote

I(fi@ie) = (W(fim,0),l(f;a5,0)T € R?, (2.4)
At = (T S L) 25)

Particularly, we denote
L(f;zst) = 1(f; 23, 05),
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Ufy2i) = U(f;20,0) = (L (f32:), 2 (f20) T, (2.6)
g = o = ("M TOSS W) e

L(f) is determined uniquely in spite of ¢, but a suitable choice of ¢ may reduce the compu-
tations (see [12]). Clearly,

L(f;2i,05t) = L(f; 74, ¢;t) — cli(f; 74, 0).

Therefore we always assume ¢ = 0 in the following.
It is enough to determine I(f;x;) for finding L(f;z;;t). Zheng!'?l showed the following
properties for the operators of linear interpolation defined above:

l(Qi;xi) =0= (070)T7 (28)

HQks i) = (ui — ug,v; — vg)", (2.9)

l(af +bg; i) = al(f; ;) + bl(g; i), Alaf + bg; @:) = aA(f; i) + bA(g; ), Ya,b € R, (2.10)

I(fgsz:i) = A(fi2:)l(g;2:) = Algs 2)l(f;20), (2.11)

det(A(f;wi)) = f(ai)f(ﬂi), (2.12)

Moreover, from definition and above properties it is easy to prove the followings:

0 0

A(Qism;) = <0 0) : (2.14)

A(fg;mi) = A(f;2:)A(g; zi) = Alg; 2i) A(f;24), (2.15)

A(f/g;mi) = A(f;2)Ag; i)t = Algs i) T A(f524), (2.16)

l(l;xi) = (0: I)T: l(th'z) = (1 O)T l(t2 xz) (U,,U,) > (2'17)

l(f, :U,') = A(f,.’L'l)(O, 1)T7 l(tf;xi) = (fa ZU,)( ) )T7 (218)

A(l;z;) = E, (2.19)
uf +v; Uy

At ;) = ( . w) . (2.20)

Notations. Some notations are often used through the paper. For convenience we list them
here and will not explain them repeatedly. Let

Ty = (Ul‘,Ui)T € R27
T = (Ulavla"'aunavn)T € R2n7

«;, B; are the zeros of
Ql(t) = t2 — uit — Vi,

t)= ﬁ @i(t) = ﬁ(t2 — u;t = vj) Zb T by =1, (2.21)
j=1 j=1
2n—2
t) = [] Q) = [[(#* — ust — ;) Z bi ()22 b = 1, (2.22)

i i
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p
Zi = (fiﬂh’)T = l(g_axl) € R27

(3

z= Z(;U) = (fbnl;"';fnann)T S RZn‘

3. Nonsingulity of F'(z) of (1.7)

In order to apply Newton’s and Chebyshev’s methods to solving the equation (1.7) it is
necessary to give the condition for nonsingulity of the derivative F'(x) of (1.7). We have

Theorem 1. The derivative F'(x) of (1.7) is nonsingular if Q:(c;)Q:(8;) # 0 for j # i.
Furthermore,

F'(z) ™' =-D,'C,, (3.1)
where

l(tzn 1 x1) l(tj”:; 1 x1) W(t;zr) 1(1;21)
C, = 1t x2) It 1 x2) (t;z) 1(1;22) 7 (3.2)

(2 tz,) (22 x,) l(t;zy) U(L;2)

A(gr;z1) 0
Algr; o
D, = (91i2) (3.3)
0

Proof. By differentiation with respect to u; and v; in (2.21), respectively, we have

"8f”n,y_ Oy oy
o dul < Du; 3.0 = tgil®), (3.4)
af” 2n v o_ 2n—v _ _ .
Z Bt Z avﬁ = —gi(t). (3.5)
Observing (2.8),(2.11),(2.18),(1.7) it yields I(g;; zr) = 0 for k # i and
Zaf" $2n= v, _ { —A(gi;zi)(1 0) k=1,
Ou; Lo, k#1i,
Z af’/ tln 1/ { A gla 0 ]-) k= 7:,
v, 0, k#1i,
i e,
C”Fl(x) = —D,, (3.6)

where Cy,, D), are defined by (3.2) and (3.3), respectively. By (2.12), (2.15), (2.20) we see that

n

det(Dy) = H (i)gi(Bi) = HHQ] (i)Q;(B:) # 0. (3.7)

i=1 i=1 j#£i
In the other hand it can be proved by mathematical induction that

det(C,,) # 0. (3.8)
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In fact, (3.8) is true for n = 1 because C; = E. Suppose that (3.8) holds for n — 1. We take
the following elementary transformation for C,, in (3.2) as follows. Subtracting the k + 2-th
column left multiplied by A(t?;x,) from the k-th column, k = 1,2,--+,2n — 2, by

(™25 23) = A% )l (¢ 20), (Ut 2) UL 23) = B
the matrix C,, is transformed to
Cl =
Bl(t*"3;x)) Byl(t*" % x) © Bil(Lyzy) I(t;z)  1(1;2))
Byl (27735 x5) Byl (1?4 x5) C o Bol(Lyxy) I(t;zo)  1(1;20)

Bn—ll(t2n_3;$n—1) Bn—ll(t2n_4;$n—1) Bn—ll(l;xn—l) l(t;xn—l) l(l;xn—l)
0 0 : 0 1(t;zp) 1(1;xy,)

where
Bi = A(tZ; :Ul) — A(tZ;ZL“n).

So
det(C,,) = det(CY,) H det(B;)]det(Cy,—1).

By (2.20) and «; + 3; = w4, ;i = —vi, a2 + 7 = u? + 2v;, it can be verified that
det(B;) = det(A(t; ;) — A(t*; 2,)) = Quli)Qn(B:)-

Therefore (3.8) is true for n. Then the nonsingulity of F'(z) and (3.1) are obtained by (3.6),
(3.7) and (3.8). The proof of the theorem is completed.
We always assume Q;(c;)Qi(3;) # 0 for j # i in the following because of Theorem 1.

4. Newton’s Method Applied to (1.7)
Suppose that z; = (u;,v;)” is an approximation of (p;,¢;)” in (1.5). By (1.5) and (2.9) it
yields
(ui,0)" = (pis )" = (us — pi,vi — qi)"

t)
:lt2— it— iy Lg =1 ‘p( sLg)-
J#

By replacing [] (t* — pjt — ¢j) with some approximation functions Zheng'?! proposed a family
J#i

of parallel iterations P(q) with parameter ¢ = 1,2, - - - to determine all real factors of (1.5). One

of them is

+

x; :xi—zi:xi—l(g;a:i) (4.1)
9i
corresponding to ¢ = 1, where 27 = (u]",v;")T denotes new approximation of (p;, ¢;)7. We now
show the following theorem.
Theorem 2. Iteration (4.1) is Newton’s method applied to (1.7).
Proof. By (1.7), (3.1), (3.2) and (3.3) we see that

F'(x)"'F(z) = -D,'C,F(x)
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Algr; )™ 2 (by(2) — @, )l Y5 21)

= — | Alg2iz)™! 2 (bu(@) = ay )l (2" @2)

A(gan'n)_l ;1(61/('7") - au)l(t2n_u;xn)

Observing by = ap = 1 and I(g; ;) = 0, the i-th subvector above is

Algiz )™ Y (bu(@) = @)U 20) = Algisw) ™ Y (b (@) — a)I(E" 5 2)

= A(gi;z) 7 (Ugs 1) — U(ps 1)) = —Algss ) " H(pszi) = _l(gﬂfi)'

13
Therefore (4.1) is obtained once again by applying Newton’s method to (1.7). Theorem 2 is
proved.
It is interest that Theorem 2 can be proved in a different way. And we show it as follows
because some conclusions obtained in the next proof are useful in the following.
Proof of Theorem 2 in another way

Let

n

Pan1(t) = Y (&t +m)gi(1).

i=1

gjOéj +n5 = gp;(( ))7 fjﬂj +n5 = gp;((ﬁﬁ]]))

By

and g;(a;) = gi(B;) = 0 for i # j, we see that
pan—1(ey) = p(aj), P2n—a(Bj) = p(B))-

Therefore pa,—1(t) is the interpolation polynomial of p(t) with nodes a1,f1, -, ay, B, and

n

p(t) = (&t +mi)gi(t) + g(t). (4.2)

i=1

Substituting (2.22) into (3.4) and (3.5), it yields

2n 2n—2 2n—1
af" th v __ bz tln v—1 __ b th v
- - v— 1 ’
8u
2n—2 2n—1

af’/ 2n—v 7 2n—v—2 2n— v
za,,lt R YL S
Comparing the coefficients of $2"~", we have

of, of, _
8ul- ’ 6Ui B

where b (z) = 1,b,(z) = 0 for v < 0 or v > 2n — 1. Substituting (1.4), (2.21) and (2.22) into
(4.2), it is obtained that

;}autm_” = Zt2” gl Z v—1(@)& + by, (@)mi) + by (2)].

i=1

= —b,_1(z) —b,_o(x), v=1,2,---,2n, (4.3)
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Comparing the coefficients of t2"~%, by (4.3) and (1.7) we see that

Z(afyfl af” )+f1/( )_07 V:1,2,"',27’L,

i=1

—F'(z)z+ F(z) =0, (4.4)
z=F'(z) ' F(z). (4.5)
Therefore (4.1) is Newton’s method applied to (1.7)
T =x—z=2—F'(z)"'F(z).

Theorem 2 is proved once again.

5. Chebyshev’s Method Applied to (1.7)

In this section we applied Chebyshev’s method to (1.7) and obtain a new parallel iteration
for factorization of polynomials. We have
Theorem 3. Chebyshev’s method applied to (1.7) is parallel iteration

T = x; — z; + w;, (51)

where x; is an approximation of (pi,qi)T in (1.5), T; is the new one and

w; = A ZA Qj; @) 2. (5.2)
J#i

Proof. By differentiation with respect to uy in (4.2) it yields

OZZ(a&t'f'aaZ; +Zfzt+nz HQJ _tgk )

=1 auk i#k Jj#i,k
. - 0¢; a"h ) fzt + 7h
= ;( 7t s Z gr(t). (5.3)
Similarly,
_ ¢ 9% 8771 ) fzt + 7h
0= ;( ot 5vk Z gr(t). (5.4)

Observing A(g;; xy) = 0 for i # k,l(at+b;zi) = (a, b) and nonsingulity of A(gx; k), by (2.18),
(2.19), (5.3) and (5.4) we have

0, 0
(a—il,z’ a_ZZ)T =B+ AQiz) T At + i a)](1,0)7,
ik
0, 0
(85; 6:2) [E+ZA(Qi;mk)flA(fit+77i5$k)](0>1)T7
ik
and % %
g%ﬁ'i ggz =E+ Y A(Qi;zx) " A&t + mis 1) (55)

ik
6U,k 6Uk ks
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For i # k by (2.15), (2.16) and (2.18)

(5’51« 5771c)T _ Ol(p(t)/gr(t); 1) l(a(P/gk)_ )
ou;” du;” Ou; - ou; " F
t p) R T

(G iy ™) = AQume) AL 5w (1L,0)
Similarly,

8fk 8nk T _ 1 T

(avia a'l)z) A(Qlaxk)) A(_)xk)(oa]-)
Therefore o6, oc,

a i 6 i _ — p

,,’l;k a:;k - A(Qz;wk) 1A(g_k:$k)7 ? 7é k (5 6)

8ui 81)1

Then we obtain from (5.5), (5.6)
2 (x) =1+,
where
Y AQs ) AL () AQuz) AR z) T AQuiz) AR @)
j#£L g1 g1
AQua) T AR m) Y AQiw) AL (B x2) T A(Qusxa) T A1)
92 i#2 92
AQuiea) A ) A@zie) TACT ) T3 AQy ) AL (00
n n j#n
(5.7)

with L;(t) = &t +n;.
By differentiation with respect to z in (4.4) we have
F'()z + F'(2)2 (x) = F'(x),
F'(2) ' F"(2)F'(2) ' F(z) = F'(z) ' F"(x)z2 = I — 2'(z) = -8,
F'(z)"'F"(z)(F'(z)"'F(z))* = —S=. (5.8)
From (5.7) we see that the i-th subvector in R? of Sz is
(S2)i =D A(Qj; )T A(Gt +mjsmi)zi + Y AQ; wi)_lA(g; i)z (5.9)
2 i 9i
By (2.11)

A&t +mys i)z = A&t +ny; wi)l(g; ;) = A(g; z;)1 (&t + mj5 i)

(2 (2

= A(ﬁ; :)(&,m)T = A(ﬁ; zi)7j. (5.10)

Then we have by (2.16), (5.8) and (5.9)

(S2); = 2w;, (5.11)
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where w; is defined by (5.2). Substituting (4.5), (5.8) and (5.11) into (1.2), (5.1) is obtained.
The proof of Theorem 3 is completed.

6. Convergence of Parallel Iterations (4.1) and (5.1)

By Theorem 1, 2, 3 and the well known results about the convergence of Newton’s and
Chebyshev’s methods we immediately have

Theorem 4. The convergence of parallel iterations (4.1) and (5.1) is quadratic and cubic,
respectively, if the zeros of t* — p;t — ¢; are not those of t* — p;t — q; in (1.5) for j #1i.

The following theorem shows that the arithmetic mean of all 2n zeros of the approximation
quadratic factors after one iteration step by (4.1) or (5.1) is equal to that of the exact zeros,
no matter how to choose the initial approximations (u?,v?)?

Theorem 5. For any initial approzimations (u?,v9)T the sequence z* = (uf,v¥)T produced

[ (2
by (4.1) or (5.1) satisfies the following relation
Zuf“ = Zpi = —ay,Vk > 0. (6.1)
i=1 i=1
Proof. It is clear that the first component of F(z) defined by (1.7) is

fi(z) =b1(z) —ay = Zuz—al

and that
oh _ _1 f  0fi  Ofi —0
Ou;  OuiOur  Ouidv,,  Ovidv,

In the Newton’s and Chebyshev’s iterations
F(z) + F'(z)(a* —2) =0,

F(z)+ F'(2)(@ — o) + 3F"()(F'(2) ' F(x))* = 0

we compare the first component of both sides to see

—Zul—al Z(u"'—ui) =0,

i=1

—Zul—al Z(u —u;) =0.

i=1

These imply

n

Z = —a; = sz
i=1

n
+
Z Ui
i=1

The theorem is proved.

Remark. The conclusion about (4.1) in Theorem 5 has been proved in [12] in a different
way.
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