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Abstract

This paper presents a new inexact trust region algorithm for solving constrained non-
smooth optimization problems. Under certain conditions, we prove that the algorithm is
globally convergent.
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1. Introduction

Trust region methods are an important class of iterative methods for solving nonlinear
optimization problems, and have been developed rapidly in recent twenty years (see [1]-[9], [15],
[16] etc.). For nonsmooth optimization problems, as early as in 1984, Y. Yuan [2] [3] proposed a
trust region method for the composite function f(x) = h(g(z)), where h is convex and g € C*;
L. Qi and J. Sun [4] proposed an inexact trust region method for the general unconstrained
nonsmooth optimization problems; A. Friedlander et al. [7] also proposed an inexact trust region
method for the box constrained smooth optimization problems, and J.M. Martinez and A.C.
Moretti [8] extended the method to the nonsmooth case with convex polyhedron constraints.

In this paper, we will consider the nonsmooth case with the general closed convex set
constraint, i.e., we will consider the following constrained nonsmooth optimizaton problem:

minimize  f(x) (1)
subject to x € .

where (2 is a closed convex set in R™ and f : 2 — R is a locally Lipschitzian function in 2.

We propose a new inexact trust region algorithm for solving (1), where the subproblem is
similar to that in [8], but the adjustment of the trust region radius is different. In contrast to
the model in [8], our method is suitable to more general closed convex set constraint. Moreover,
we discuss the convergence not only for the case {||Bg||} uniformly bounded, but also for the
case

k
IBrll < 5 +c6 Y Ai,Vk 2)
i=1
or
| Bel| < 7 + cgk,VE (3)

where c¢s, cg, ¢7, cg are all constants, A; is the trust region radius in the i-th iteration.
The organization of the remainder of this paper is as follows. In section 2, we introduce the
concept of the critical point, describle the algorithm and make some basic assumptions on the
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algorithm. In section 3, we establish the global convergence of the algorithm when {||Bgl|} is
uniformly bounded or (3) holds.

2. Algorithm and Basic Assumptions

Throughout this paper, || - || denotes the 2-norm. In fact, according to the equivalence of
the norms in R™, the results in this paper hold for arbitrary norms.

Let p(x,s) : 2 x R™ — R be a given iterative function satisfying the following assumptions:

Al: ForallzeQ, ¢(z,0) =0 and ¢(z,-) is lower semicontinuous.

A2: ForallzeQ, ifz+s€Q, tel0,1], then p(z,ts) < to(z,s).

The concept of iterative functions can be found in [13].

Definition 1. For all x € Q,A >0 and M >0 , let

1
m(z, A, M) = min{p(z,s) + §M||s||2 x4+ s€eQand |s|| <A} (4)

we say that x € Q is a critical point of (1) if there exist A > 0, M > 0 such that m(x, A, M) = 0.

The above definition on the critical point is similar to that in [8], we also may use the
definition on the critical point in [4]. In fact, it is easy to see that under Assumptions Al and
A2, the two definitions are equivalent.

Next, we introduce an useful lemma whose proof can also be found in [8].

Lemma 1. Under Assumptions A1 and A2, v € Q is a critical point of (1) if and only if
for all A >0 and M > 0,

m(z,A, M) =0.

Now, we assume that zo € €2 is the initial point, the level set Ly = {z|f(z) < f(zo),z € Q}
is bounded, D C R" is a bounded open set containing Lg. Let Ag be the diameter of D,
and ¢g,c1,C2,C3,cq4 be constants satisfying 0 < g <1, 0< e <c <1, <1< A
trust region algorithm for solving constrained nonsmooth optimization problem (1) is stated as
follows:

Algorithm 1.

For all £ >0

Step 0. Choose the symmetric matrix B, € R™*™ and constant M, satisfying ||By|| < Mj,.

Step 1. Solve the subproblem

minimize  Qk(s) = p(wx, 5) + 5 Mglls|* 5)
subject to zj + s € Q and ||s]| < Ay.

Assume that the solution of (5) is s?.

If Qk(sg) = 0, stop; otherwise
Step 2. Compute s € R™ such that

Oy (sk) < coQr(s2) and zy + 55 € Q, ||si| < A, (6)

where, for all s € R™, ®4(s) = (zg, s) + %STBkS.
Step 3. Let

f(wp + sx) — flag)
<I>k(sk) ’

Ty =

Ty + sk, ifrg > co,
T = . 8
k+l { Th, otherwise , (8)
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c3Ay, if rp < co,
Ak+1 = Ak, if co <1 < c1, (9)
min{csAg, Ao}, otherwise .

To discuss the relation between critical points and the stationary points, we introduce several
definitions, see [4] and [8] for details.
Definition 2. Letz € Q, s€ R" andx+se€ Q. If

fmup £+ 15) = @
10 t

exists, then we call it the upper Dini directional derivative of f at x in the direction s, and
denote it by f1(x;s).

Definition 3. A point x €  is called a Dini stationary point of f if for all s € R™ and
T+ s €,

fH(z;s) > 0.

AO0. Assume that for all x € Q2,5 € R" such that = + s € Q, fT(z;s) exists and that there

exists 6 > 0 such that
lim inf pla,ts) <Oft(x;5).
tl0 t

In smooth optimization, Dini stationary points coincide with the first-order stationary
points. The following lemma shows that, under Assumption AO, critical points of (1) are
Dini stationary points of f.

Lemma 2. Under Assumptions A0 and Al, if Qk(sg) = 0, then zy, s a Dini stationary
point of f. Moreover, any critical point of (1) is also a Dini stationary point of f.

Proof. 1If Qk(sg) = 0, then s = 0 is the solution of the subproblem (5). Thus, for all
s#0and z; +s € Q,t € (0,1), by Assumption Al, we have

2
0= Qu(0) < Qu(ts) = plan, ts) + o My 5|

So,
t t .
Pz, ts) + = My|ls|? > 0,

t 2

that is,
t
lim inf £E 1) 5 o (10)
)

By Assumption AO, f*(zg;s) > 0. This shows that x; is a Dini stationary point of f.
Suppose that zj is a critical point of (1), then (10) is also true. So, any critical point of (1)
is also a Dini stationary point of f.
Lemma 3. Under Assumptions Al and A2, for all x € Ly and M > 0, the function
m(z,-, M) is nonpositive, nonincreasing and for A >0 and any t € [0,1],

m(z, tA, M) <tm(z,A, M).

Proof. By the definition of m(z, A, M) and Assumption Al, we deduce that m(z,-, M) is
nonpositive, nonincreasing and for all ¢ € [0, 1],
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m(z,tA, M) = min{p(z,ts)+ M||ts||2 x+ts € Q and ||s]| < A}
< min{t(p(z,s) + 5 M||s[|%) : @ + ts € @ and [}s]| < A}
< min{t(p(z,s) + §M|| 1) : 2 +s € Qand ||s]| <A}
=tm(z,A,M).

This completes the proof.
Lemma 4. Under Assumptions A1 and A2, for all A > Ay,

Co
P < —
k(SIc) =3A

Proof. Let m(xy,Ar,0) = @(zk,5;), where zp, + 5, € Q and ||5¢]] < Ag. If 5, = 0, it
is obvious that (11) holds. So, in the following analysis, we assume 5; # 0. Then for all
t € [0,1], we have x4+ t5; € Q and ||t5k|| < Ag. Thus,

m(zg, A, 0) min{Ag, —m(zy, A, 0)/(MpA)} (11)

Bp(sp) < coQr(s¥) <co Ogltigl Qr(tsy)

; - 1 2(15, |12
<
< co min {tp(wk, 5x) + g Mit[|5k [}

< %Qmax{(p(:l?k,§k),—[4,0(371«;gk)]Q/(Mk“ngZ)}

S —2(1 max{m(xk, Ak, 0), —[m(xk, Ak, 0)]2/(MkAk2)}
For all A > A, by Lemma 3, m(zy, Ag,0) < % m(zg, A,0). Therefore,
®(s1) < ;—A m(zk, A, 0) min{ A, —m(zx, A, 0)/(MpA)}.

This completes the proof.

To prove the global convergence of Algorithm 1, we need additional assumptions on ¢. Let
N={0,1,2,...}.

A3. For any convergent subsequence {zy : k € K C N}, if s, — 0, then

f(xr +sx) — flzr) < @(ar, si) + ofl|sll)-

A4. There exists A > 0 such that, for all ||s|| <A, —¢(-,s) is lower semicontinuous.
Lemma 5. Under Assumptions A1-A4, if T is an accumulation point of {xy} but not a
critical point, then there exist € > 0 and n > 0 such that for all k satisfying

Mp <M, J|lzx—2| <e, 0<Ap<mn,

we have 1, > co, where M is a positive constant.
Proof. Since Z is not a critical point, by Lemma 1 and Lemma 3, we may assume that
m(z,A,0) = —28 < 0. From Assumption A4, there exists € > 0 such that when ||z, — Z|| <
g,m(zg, A,0) < —f. So, as A, = 0,

=@ (sk) + f(@r + 51) — f(2r)

1— =
"k — P (s1)
—55;‘531@81@ + o(|[skll)
<
- —‘Pk(sk)
< o(Ay 0.

20—2,6 min{Ay, B/(MyA)}

Therefore, when 7 is sufficiently small and 0 < Ap <7, 1 =7 < 1—¢o, i.e., 7 > co. This
completes the proof.
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3. Convergence Analysis

In this section, we assume that A < Ag. By the above lemmas, we first deduce the conver-
gence of Algorithm 1 when {Mj}} is bounded.

Theorem 1. Under Assumptions AI1-A/J, suppose that there exists a positive constant
M such that My, < M,Vk. Then any accumulation point of the sequence {1} generated by
Algorithm 1 is a critical point of f.

Proof. Let us assume that an infinite subsequence {zy : k € K} converges to Z which is not
a critical point of f.

Let Ko = {k : 1 > c2} be the set of successful iterations. If K is finite, then for all k
sufficiently large, rr < ¢2, thus

Tl =Tk =T, Apy1 =3, = 0( as k — +00).

By Lemma 5, when k is sufficiently large, rp > co. This is a contradiction. Hence Kj is
infinite. Without loss of generality, we assume K C Kj. From (11) and (7), we have

SR 3 [=m(zx, Mo, 0)] min{Ax, —m(zx, Ao, 0)/(Milo)}

keEKy -
< 2 ) = flare)] = 21 @) — fana)]
ke Ky k=0
< flwo) — f(@)-
So
> [=m(ak, Ao, 0) min{ Ay, —m(xx, Ao, 0)/ (MrAg)} < +00. (12)
keKy

Let m(z,A,0) = —28 < 0. Then there exists 9 > 0 such that for any ¢ € (0,2¢], as ||zy —
zl| <e,

m(mkaAmO) S m(xkaﬁao) < _ﬁ < 07

thus > min{Ag, 8/(MAp)} < +00, that is,
kEKo

> Ap < +oo. (13)
keEK)

Therefore, when k € Ky and k — 00, Ay, — 0. From (9), we have
lim Ay = 0. (14)
k—oo

By (13) and z;, — % as k € K and k — oo, we deduce that for any € € (0,¢¢], there exists
a positive integer N = N(¢) such that as k € K and k > N,

_ € €
||:ck—:c||<§and Z Ak<§.

k€ Ko
E>N

N()V\/, we pr()Ve by lnductl()n ‘ha‘
hIIl — - ].5
L Tk € ( )

Choose kg € K C Ky such that kg > NV, then

_ g
ok, — 7l < 5 <,
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_ g g
Tkot+1 — T < [|Thg41 — Tho || + 3 < Agy + 5 <&

Suppose that for some m > 0, ||z, +m — Z|| < €. Then, if kg + m € Ky, we have

m
lTkotmer — 2l < lowrg — 2l + X2 [[@roits — Trotill

=0
<5+ X Ap<g
k€ Ko
k>N
if ko +m ¢ Ko, we also have
|Zko+mt1 — Z|| = [|[Tho4+m — Z|| <e.

Hence, (15) holds.

(15), together with (14) and Lemma 5, implies that when k is sufficiently large, r > ¢2. So,
Ajy1 > Ag, which contradicts (14). This completes the proof of the theorem.

For (2) and (3), Y. Yuan [2] has shown that if (2) is valid, then {||Bg||} is uniformly bounded.
Hence, it suffices to discuss the case when (3) holds. We have the following theorem.

Theorem 2. Under Assumptions AI1-A4, if (3) holds, then

lim sup m(zg, A, 0) = 0,
k—o0
that is, at least one accumulation point of the sequence {xy} is a critical point of f.
For the proof of the above theorem, we quote Lemma 3.4 of Y. Yuan [2].
Lemma 6. Let {Ay} and {M}} be two sequences such that Ay, > ci9/My, for all k, where
c1o is a positive constant. Let l be a subset of N'. Assume

Apt1 < aly, kel

Apt1 S czAy, k¢,

M1 > My, for all k, and Y min{Ay, 1/M;} < oo,
kel

where ¢4 > 1,c3 < 1 are positive constants. Then the sum

oo

Z 1/Mk < 00.
k=1

Lemma 7. Under Assumptions A1-A3, if limsupm(zy, A, 0) # 0, then Ay > c19/Mjy, for

k—o00
all k > 1, where M, = m<akx{||Bi||} + 1, c10 is a positive constant.
S

Proof. Since lim supm(z, A,0) # 0, there exist § > 0 and a positive integer ko such that

k—o0

Vk > ko, m(zy, A,0) < —6. Thus,

m(xkaA():O) < m(ZUk,A,O) < _67 vk > kO' (]‘6)
From (11), we have
_ 00(5 .
(I)k(sk) S mmln{Ak,(S/(MkAo)} (17)
< —comin{Ag, 1/M}, Vk>ko

where ¢y is a positive constant.
By Assumption A3, we may deduce that there exists 7 > 0 such that when [|sg|| < 7,
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Pl + 50) = Fa) < gl 56) + geoll — )l

Let Cip = min{AlMl,AgMg, . ',AkOMkO,CgT]Ml,Cg,CgCg(]. - 62)}. Then, Vk S k}o, Ak Z
c10/Mj. holds.

Suppose that Ay > ¢19/M}, holds for some k > ko, by induction, it suffices to prove that it
also holds for k + 1.

If ||sg]| >, then Agyq > e3Ag > c3n > cr0/My > cio/ M-

If ||sgll < m, then when ri > 2, Ags1 > A > c10/My, > c10/Mp41. On the other hand,
when i, < ¢,

ca®r(sk) < flar + sk) — f(zr) < (@K, s8) + %Cs(l — c2)|[skl|- (18)

Thus, we have

1 1
(1= e2)®i(sk) 2 —5co(l — a)llsell + §SgBk5k>

that is,
_lgr l.a— o) (=
55k Brsk + 5¢o(1 = co)llsell > (1= a)(=Pr(sk))
Z Cg(l—Cg)min{Ak,l/Mk}.

From the above inequality, we deduce that

IBrllllskll* + ca (1 — c2)l|skll > ca(1 — c2) min{2]|se], 2/My},
So,

Millskll” > eo(1 — c2) min{]|skll, 2/Mx — [|sel}-

If [|sgl] > 2/My — ||skll, then ||sg|| > 1/My; otherwise, My||sl|> > co(1 — ¢2)]||sk||- Hence,
IIsk]] > min{l,eo(l — c2)}/My. Consequently, Apy1 > csllskll > cro/Mi > c10/Mpg41. This
establishes the lemma.

Proof of Theorem 2. Let M, = I?<akx{||Bz||} + 1, choose I = {k : r, > c2}.

If lim supm(z, A, 0) # 0, then by (12) and (16), we deduce

k—o0

> min{A, 6/(MAo)} < oo,
kel

that is,

Zmin{Ak, 1/Mg} < oo.
kel

From Lemma 6 and Lemma 7, we have

> <o
k=1 Mk
This contradicts (3). Hence

lim sup m(zy, A, 0) = 0.

k—o0
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By Assumption A4, it follows that at least one accumulation point of the sequence {x;} is
a critical point of f. This completes the proof.
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