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IMPROVED ERROR ESTIMATES FOR MIXED FINITE
ELEMENT FOR NONLINEAR HYPERBOLIC EQUATIONS: THE
CONTINUOUS-TIME CASE*)
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Abstract

Improved L-error estimates are computed for mixed finite element methods for second
order nonlinear hyperbolic equations. Results are given for the continuous-time case. The
convergence of the values for both the scalar function and the flux is demonstrated. The
technique used here covers the lowest-order Raviart-Thomas spaces, as well as the higher-
order spaces. A second paper will present the analysis of a fully discrete scheme (Numer.
Math. J. Chinese Univ. vol.9, no.2, 2000, 181-192).
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1. Introduction

Let © be a bounded domain in R? with Lipschitz boundary 89, and unit outward normal
v. For fixed 0 < T < o0, J = (0,7, we discuss mixed finite element approximations of second
order nonlinear hyperbolic equation

c(z,w)uy — V- (a(z,u)Vu) = f(z,u,t), x €N, teJ, (1.1)
with initial conditions
u(z,0) = uo(x), ug(x,0) = uy (z), x € Q, (1.2)
and Dirichlet boundary condition
u(z,t) = —g(x,t), (x,t) € 00 x J. (1.3)

We shall assume that the functions c(z,u), a(z,u), f(z,u,t), g(z,t) and solution u(z,t)
have sufficient regularity. Additionally, we assume that there exist constants c., c¢*, ax, and
a* such that

0 < e <c(w,u) <c, 0 < ax <alz,u) <a”, (1.4)

Optimal rates of convergence for Galerkin approximations to a class of second order nonlinear
hyperbolic equations have been previously derived by Yuan yi-rang and Wang hong [9, 12-
13]. The study of superconvergence for the gradient of the solution of second order hyperbolic
equation was provided in [1, 6, 10-11]. Recently, several works have been devoted to the analysis
of the mixed finite element methods (see [2-5, 8]). Cowsar, Dupont, Wheeler [2] have considered
the convergence of the mixed finite element methods for second order linear hyperbolic equation.

In this paper, we formulate a mixed finite elment scheme for the approximation of (1.1)-
(1.3) and establish the superconvergence L?-estimate between the finite element solution and
its elliptic projection. The method here gives a direct approximation of the flux, rather than
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one that requires differentiation and multiplication by a possibly rapidly varying coefficient;
so, the direct evaluation of the flux can be expected to give improved accuracy for the same
computational effort.

2. Mixed Finite Element Formulation for Nonlinear Hyperbolic
Problem

Let V = H(div;Q), W = L?(Q). Introduce the flux variable z:
z = —a(z,u)Vu, (2.1)

and let a(u) = a(z,u) = 1/a(z,u), c(u) =c(z,u), f(u)= f(z,u,t). Before defining a mixed
finite element procedure we rewrite (1.1)-(1.3) in the following weak formulation

(u(0), w) = (wo, w), weW, (2.2)
(u(0), w) = (u1,w), we W, (2.3)
(c(uuer, w) + (V- z,w) = (f(u), w), we W, (2.4)
(a(u)z,v) — (V- -v,u) =< g,v-v >, vev, (2.5)

where (-, ) is L(2) inner product, < -,- > is the L?(912) inner product.
For h a small positive parameter we take Wj, x V), C W x V to be the Raviart-Thomas
space [8] of index k, where k is fixed nonnegative integer, associated with 7p,.
The continuous-time mixed finite element approximation to (2.2)-(2.5) is defined as a map
from [0, 7] into W}, x V}, given by the pair (U(-,t), Z(+,t)) satisfying
(C(U)Uttaw) + (v ’ Z: w) = (f(U)aw)a w e Wh; (26)
(a(U)Z,v) — (V- -v,U)=<g,v-v> vEV, (2.7)
with initial conditions

U)=00),  U0)=00),  Z(0)=Z(0), (28)
where (U(-,t), Z(-,t)) is the elliptic mixed method projection to be defined later.

3. Mixed Method Projection

For the solution u(z,t), let a1 = a(u), y(u) = au(u)z, au(u) = 8%‘5}‘), and 71 = vy(u).

Define a linear mixed elliptic projection of W x V onto W, x V;, by the (u,z) — (U, 2)
determined by the relations

(V- (z —~§),w) + AMu — (7,%) =0, B w € Wy,
(1(z = 2),v) = (V-v,u=U) + (11(u -U),v) =0, v € Vy,

for each t € J. The positive constant A will be assumed to be a sufficiently large constant such
that

(3.1)

(@16, Q) + A& E) + (&) = o(ICIs + II€lI5), for ¢ €V and € € W, (32)
where Ag > 0 is independent of t € J. Let
U:U—ﬁ; P:Z_Z;
“ ~ 3.3
E=U-U, (=7Z—-"7. (3.3)

As shown in [3, 4, 8], there exist the Raviart-Thomas projection I, : V — V}, and L?*-
projection P, : W — W}, such that for 0 < ¢ < oo,

div o Hh = Ph o diV7 (34)
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[lv —IIpvllo,q < C||V||r,qh", 1/g<r<k+1, (3.5)

llw — Pyw||—s,q < C||w||r h"t?, O<r+s<k+1, (3.6)

IV (0= )llog S CIIV -ollogh’,  1<r<k+1. (3.7)
We point out (Hh’(/))t = Hh’(/)t, (Ph¢)t = Phd)t; (Ph¢)tt = Phﬁzstt- Let
0 = u— Ppu, o=2z—Iljz,

T=Pu-TU, § =Mz - Z, (38)

then n =60+7, p=o0+0. Recall a duality lemma from [3-4], which is restated here as Lemma
1. Assume that a; = a(u) € L= (J; H¥1(Q)) and € is s + 2 regular for 0 < s < k in this paper.
The domain (2 is said to be s + 2 regular if the Dirichlet problem

Liyd =~V -(a1Ve) +biVo+ A =, z €9,

¢ =0, x € 01, (3.9)
is uniquely solvable for 1 € L?(Q2) and if ||@||s+2 < C||||s for all ¢ € H¥(Q).
Lemma 1. Let ( €V, f € V', and g € L*(2). Let T € W}, satisfy the relation
(V-(w) + A1, w) = g(w), w € Wp, (3.10)
(aC,v) — (V-v,7) + (B1,v) = f(v), v € Vp.
Ifk>1,0<s<k—1andQ is s+ 2 regular, then for h sufficiently small,
I7ll-s < CR*H[Cllo + A2V - Cllo + 1151 + llgll-s—2
+h | fllo + B2 (|gllo)- (3.11)
If k> 0 and Q is k + 2 regular, then for h sufficiently small,
I7ll— < CREFE(I[Co + 11V - Cllo + [1F1lo + Hlgllo) + [1Fll-k—1 + [lgl|-5—2- (3.12)

Estimates forn, p, V-p, m:, pt, and V-p; are given in [3-5] and are presented in Lemma
2, 3, and 4 without proof.
Lemma 2. Fort € J and for h sufficiently small,

B [lull for 0<s<k-1 and 1<r<k+1
llu—Ul|l—s < Ch" 5 ||u|lp41 for s=k and 1<r<k+1 (3.13)
[lulp42 for s=k+1 and 0<r<k+1,

-2 sow { b 0SS
IV - (z=2)||—s < CH"*||ul|py2 for 0<s<k+1 and 0<r <k+1. (3.15)
Lemma 3. Fort € J and for h sufficiently small,
ool (TR A e
1zt = Zillo < C(||tg]|rsr + |[u]|psr)h” for 1<r<k+1, k>0, (3.17)
IV - (zt = Zo)|lo < C(JJuellrsa + ||ullri2)h” for 0<r<k+1 (3.18)
Lemma 4. Fort € J and for h sufficiently small,
llu = Tllo,o < Cllullroo + lltllr+14500)h" for 1<r<k+1, (3.19)
112 = Zo.00 < CR" 2| In A - ||| r4146,0.00 for 1<r<k+1, (3.20)

llue = Tello,co < Clluellroo + lell+r + lluell+)h" 1< v <k 41, k>0, (3.21a)
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llue = Tillo,o0 < Curllro0 + [ulls + [luells)h for k=0. (3.21b)

It also follows from [3-4] that
I17]lo < Cllullrt14600h" 1, 1<r<k+1, (3.22)
I7ello < Cluellr+14000 + [ullrre)h™, 1<r <k +1, (3.23)

The following inverse hypothesis will be useful in the argument below

[[v]]0.00 < CRM|v]lo,  [w]lo,co < Ch H|wl|lo, v € Vi, weE Wy (3.24)

In order to estimate 74, differentiate (3.1) with respect to ¢ twice:

(V- pt,w) + A1, w) =0, w € Wh,
(a1pt,0) — (V -0, 7¢) + (7178, 0) (3.25)
= —(m10:,v) — (% uep,v) — (Fluem,v), v € Vi,
(V- pt, w) + M7, w) =0, w € Wy,
(a1 pet,v) = (V -0, 14) + (71722, 0) = —(1108,v) — 2(%utpt,v) (3.26)
- 2(%%%:”) - ((%ut)tpav) - ((%Ut)m,v) = F(v), v € V.

It follows from Lemma 1 that for A sufficiently small,

|7etllo < Ch(llpeello + 11V - peello + [lpello + lImello + lpllo + [I7llo
+10sello) + lpell-1 + [|mel|-1 + [lpll=1 + [Iml]=1 + [|Ose]|-1-

Note that ||n]lo < C(||7¢]lo+||6¢]|—1)- It is necessary to estimate ||pet]lo, ||V -petllo, and ||pe]]—1.
By (3.4), (3.26) can be rewritten as
(V-(Stt,w)—f—)\(nt,w) :0, ’LUGWh,
(alétt,v) — (V . U;Ttt) + (’Ytht,U) = —(Oélo'tt,’l)) + F(’U), v E Vp.

(3.27)

(3.28)

Take v = §;; and w = 4:
(@16et, 0pt) + M| meel]” + (71720, 640) = — (0104, 1) + F (O1e). (3.29)

Using (3.2), it implies
16ecllo < Cllowello + 110eello + [lpello + [Inello + [lello + lnllo)- (3.30)

It also follows from (3.28) that
[V - etllo < All7eello- (3.31)

Note that ||Ptt||0 S ||Utt||0+||6tt||0 and ||tht||0 S ||V'Utt||0+||V'6tt||0. Substitute inequalities
(3.30) and (3.31) into (3.27), then

I7eello < Chllowello + IV - atello + [162llo + [[72ello + llpello + llmello
Hllpllo + [1nllo) + [loell v + [l -1 + llpll -1+ lnll-1 + [Bet][ 1
For h sufficiently small, the h||m||o-term on the right-hand side can be absorbed into the
left-hand side. Now, we bound ||p:]|-1. Let v € H'(Q)?, and ¢ € H?*(Q) satisfying that
-V - (a1V¢) = V-¢in @ and ¢ = 0 on 9Q. Assume that ||d|l2 < C||Vyllo < C||¢Y]-
Furthermore, ¥ = —a1 V¢ + p, where V - p =0 and ||u||1 < C||¢]]1. Then

(1pe, ) = —(a1py, a1 Vo) + (cape, ) = (V- pt, ¢) + (Q1pe, ). (3.33)

(3.32)

By (3.25),
(Vpe,d) =(V-pe,Prd) + (V- pi, 0 — Pro)
=—=AN1t,0) + ATt + V- pt, 0 — Prop)
< ClInlloliollo + R (l7ello + 11V - pello)lI@l]2}
< C([lmello + RV - pello)[[¥]]1-

(3.34)
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Then, since V - u = 0 and by (3.25)

(1pe,p) = (cape, Mpp) + (a1pe, p — Mpp)
= (V- (Hpp — p), Tt) (7t + mb: + 90 up + Fhugm, p)
+ (ape + e + G uep + Tugn, g — My p) (3.35)
< C{n(llpjlo + ||m||o +1lpllo + [inllo) + IIllo
+110el=1 + [lpll=1 + lInll=1} - [11]1-

The inequalities (3.34) and (3.35) can be combined with (3.33) to imply that

pell -2 < CLhlllptllo + 11V - pello + Hmello + llpllo + [Inlo)
Hl7ello + 10ell—1 + llpll-1 +[Inl] -1}

Thus, combining (3.36) with (3.32) and using Lemma 2-3, (3.5)-(3.7), and (3.23), we derive
that

(3.36)

I7eello < Clueellrr + el + [Jull42) 7, 1<r<k+1. (3.37)
Hence, by ||mt|lo < |(0sllo + ||7et]lo, we have
[Imeello < C(llweellrrr + [uellrsz + |l lr42)R" 1<r<k+1. (3.38)
From (3.6), (3.24) and (3.37), we also have
[Imeello,00 < Clllueellro0 + ltee|lr1 + luellrr2 + [Jullp42)h", 1<r <k+1. (3-39)

4. Improved Error Estimates

In this section, we derive the following superconvergence result
(U = U)ellpoe(ze) + 1U = Ullpos(zz) + 12 = Zl|p=(z2) = O(hFF?),

where L>°(L?) = L*°(J; L*(Q?)). This superconvergence result is useful to prove the following
theorem.
Theorem 1. There is a constant C' > 0, independent of h, such that

I[(w = U)ellLe=(r2) + lu = Ullpee(z2) + ||z = Z||L=(r2) < C(u)h", (4.1)

for1<r<k+1, k>0, where C(u) is given in (4.23).

The following result from [4] will often be used in the argument below.

Lemma 5. If g is the average value of g(u) on each element of the Ty, and ||Vg||o.co < K,
then

(g(w)8,¢) — (g0, ¢)| < CKR|8]]o][¢]]o-
First, we prove the following lemma in order to prove Theorem 1.

Lemma 6. If¢E=U—-U and ( = Z- Z, then there is a constant C' independent of h such
that

€ellLoe 2y + €l oo (z2) + 1< Lo L2y < Cu)h™HT, (4.2)

for1<r<k+1, k>0, where C(u) is given in (4.23).
Proof. Using Eqgs. (2.2)-(2.7) and (3.1), we obtain the error equations:

(e(U)&u,w) + (V- Gw) = —([e(w) = e(U)]us, w) + (f(u) = f(U),w) (4.3)
= (c(U)nee, w) + AT, w), w € Wh, '

(@U)¢,0) = (V0,8 = ([a(w) = a(U)]p;v) = ([a(u) — a(U)]z,v) (4.4)
+(’)/17’],1)), v E Vh. ’

Differentiating (4.4) with respect to ¢ and setting v = (, w = &, add the two relations (4.3)-
(4.4):
(cU)&et; &) + ((U)Ee, €) = —([e(w) — c(U)]uet, &) + (f (v) — f(U), &)
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—(c(U)nee = A1, &) = (u(U)UiC + au(u)2€t, €) + ([aw(u) = au(U)]Uip, ()
+([a(w) — a(U)]pr + au(u)(us = Ur)p, €) + ([aw(u) — au(U)](u — Ub)z, ()

+ewauezn = [au(u) — o (U)]urz, ¢) + (awzin — [a(u) — a(U)]z, () = Z I;. (4.5)

First, integrating (4.5) in time, let us estimate the left-hand side of (4.5) using (1.4) and
(2.8),

t 1 t d
/0 [(c(@)&e, &) + (alU) G, ()] ds = 5 /0 {E(C(U)ftaft) — (cu(U)Us&t, &)
+@(0)60) ~ (@00 ds > Dlgll + 5 Il

t
O (16l (=) + 1) / (N6 + 11CI12) ds, (4.6)

Then, we bound each of the terms on the right-hand side of (4.5).

1] = I(fe(w) = (), &) = |([e6w) = e(Prw) + e(Paw) = () + (D)

(cu(w)(u — Pru)uw, &) — (éuTu(U — Pyu)uyy, ft)

+ClIrllollello + ClIlol[€e o, (4.7)

where é,,, means ¢, evaluated at a point u(xz*,t*) between u(z,t) and Pyu(z,t). Using Lemma,
5 with g(u) = ¢y (u)ug, we obtain

—e(U)un & )| <

[12] < C{lj6llo + 1161lo.c0118llo + IIrllo + 1€l o}H€lo- (4.8)
Similarly
L] = 1(£(w) = F©),€)] = |(F(w) = f (Puw) + F(Pou) = £(T) + £(D)
—F(U),&)| < CLRIBllo + 18llo.ccl B1lo + liTllo + lillo}IEcllo, (4.9)
Next,

3] = [(c(U)nee — AT, &) + (@u(U)U€ + a(u) 26, )] < ‘(C(U)ett;&) + (e(w)Tit, &)

(te(w) = e@me, &) + (@) = ey, & )| + C{ AIrllo + II<llolgello

+ (l1€el oo o=y + 1) 1ICIG T < C{AllBeello + l7eello + 1mllo,00 [mee]lo
+HImeello,0llEll0 + 11710 + 11¢10} - 1Eello + C (1€l Lo oy + 1) IC113, (4.10)

sl = |(fou() = eu(0)Up, )| = | (lou(w) = @ (0) + () — @uU)]
Uin.€)| < Clmlloscllollo +llello.cliéllo} (16illz=z) + D) 1¢llos  (41)
15| = |(fa(w) = a(U)]pr + () (e = Up)p, )|
= |(latw) = a(@) + a(D) = alU)lp: + au(w)(u = s + Te = U)o, ¢ )|

< C{(Imllo,c + h= 1€l pello + (lmllo.co + h7HIENo)lollo } IS o- (4.12)
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Let us make an induction hypothesis

Sup (||£( Mo +1[&@®lo)h ™ = O(h), as h =0, (4.13)

which is consistent with our goal of showing that ||¢][o + ||&]|o = O(R*+2). As of (4.13), (4.12)
becomes
15| < C{lInllo,ccllptllo + Allptllo + [1mello,00 [lollo + Bllpllo} ¢l lo (4.14)

Again in the next term,
ol = [([ov(u) — 0 (U))ae — V)=, O) o
= |(loa(w) = @u(@) + (D) = au(U))(w = Ty + T - U)z,¢)| (4.15)
< CAlInllo,cllmello + [1mllo,001€¢ o + [17mello,00 110 + All€ello} [I<] o,
where the hypothesis (4.13) was again used.
7] = |(quwuezn — [ (uw) — au(U)]usz, )]
(2auuuutzn + [au(U) — ay (U)]uez, ()‘ (4.16)
C{lmllo,< [1mllo + 11€llo} 1I<1lo,

1 = | (G + @) - @) | < € ol + Il o, (017

Note that (4.13) implies
[[€ell Lo (L) < 1, as h— 0. (4.18)

Now, we can find an estimate for (4.5) using the estimates above and (3.20), (3.39), and
(4.18) to obtain the evolution inequality

t
18115 + [1¢115 SC/O (€115 + 11€115 + lI<I31ds + R, (4.19)

where R was used to simplify

t
R="J {hZ|I9II3 +JI9II3,00||29||3 + IITLlﬁ + h2JZ|9tt||% +2||m||3
Hl1nllo, o ([17lfo + [1mello + [lmeello + [lllo +[lello) (4.20)
02 pell§ + 1mel15 010113 + B2l I3} ds.

Using (3.6), (3.22), (3.37)-(3.38), and Lemma 2-4, it is easy to see that for 1 <r < k+1,k >0,
R < C’/ el 12y + Tuel Fp + Huel oo + ull7 o + [Jullf o } ds - R272, (4.21)

Finally, adding a term ||£||2 at the two sides of (4.19) and using that ||£||2 < Tfot 1€ |2ds
since £(0) = 0 and Gronwall’ lemma, we obtain the following estimate:
€Il (z2) + lI€ll=(z2) + ICl|= z2) < Clu)h™, (4.22)
for1<r<k+1, k>0, where
C(u) = C (|lueellL2(ar+r) + luell L2 arr2nwroey + ullzarszawre)) - (4.23)
Thus, Lemma 6 follows if we verify the hypothsis (4.13). Note that for k¥ > 0, (4.22) implies
oy (€Il + 1 (Dll)h™ = O(h**?) - h™1 = O(h), as h— 0,

So (4.13) is demostrated, and Lemma 6 is established.
Now, the proof of Theorem 1 follows directly from Lemma 6 and the triangle inequality.
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