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Abstract

A weakly demped Schrodinger equation possessing a global attractor are considered.
The dynamical properties of a class of finite difference scheme are analysed. The exsitence
of global attractor is proved for the discrete system. The stability of the difference scheme
and the error estimate of the difference solution are obtained in the autonomous system
case. Finally, long-time stability and convergence of the class of finite difference scheme
also are analysed in the nonautonomous system case.
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1. Introduction

The nonlinear schrodinger equation with weakly damped
U 2u

i%+%+g(|u|2)u+iau:f reNt>0 (1.1)
where i = v/—1,a > 0, together with appropriate boundary and initial conditions, is arised in
many physical fields. The existence of an attractor is one of the most important characteristics
for a dissipative system. The long-time dynamics is completely determined by the attractor
of the system. J.M. Ghidaglia[l] studied the long-time behavior of the nonlinear Schrédinger
equation (1.1) and proved the existence of a compact global attractor A in H!(Q) which has the
finite Hausdroff and fractal dimension under the conditions (1.4) and (1.5) in the follows. Guo
Boling[6] construct the approximate intertial manifolds for the equation (1.1) and the order
of approximation of these manifolds to the global attractor were derived. At the same time,
a semidiscrete finite difference method of the equation was discussed by Yin Yan[7]. In this
paper, completely discrete scheme is discussed by finite diffenerce method for the equation with
initial condition

u(z,0) =up(z), x € Q (1.2)
and Dirichlet boundary conditions:
u(0,t) = u(L,t) =0,t € R, (1.3)
where Q = (0, L), f € L*(Q),9(s)(0 < s < o0) is a real valued smooth function that satisfies
lim G+—§s) =0 (1.4)
s§——+00 S
and L o
lim supw <0, for some w > 0. (1.5)
§—+00 S
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where h(s) = sg(s),G(s) = [; g(o)do and G (s) = maz{G(s),0}.

2. Finite Difference Scheme

First, let us divide the domain Q. = [0, L] x [0,00) into small grids by the parallel lines
z=2;(j=0,1,---,J) and t = t,,(n = 0,1,---), where J is a positive integer, x; = jh,Jh =
L,t, =nAt(j=0,1,---,J;n=0,1,---), h and At are the spatial and temporal mesh lengths
respectively. Denote the complex value discrete functions on the grid points zg, %1, -, x5 by
¢, ---. We employ Ay, A_ and §;, to denote the forward difference, the backward difference
and the forward difference quotient operaters respectively, i.e.

A .
Aydj = djr1 — ¢j, Dby = ¢j — ¢j—1,0n0; = %%,

We introduce the discrete L? inner product
J
(6,00 = > 6;0;h
7j=0

and the discrete H! inner product
J—1

(¢7 w)l,h = Z 6h¢]m]h7
j=0
together with the associated norms

1 1
16l = (0:0)i>  lllin = (¢, 0)i -
Finally, let
19lloc = max |6;]-
It is convenient to let L? and H} be the normed vector space {C”/*1,|[e||s} and {CJ ™, || e||1.n}
respectively, here Cj ™' = {¢ € C7+1; ¢y = ¢; = 0}. We easily obtain by simple calculation
Lemma 2.1. For any discrete functions {¢;}d and {1;}], there is the relation

J—1 J-1
D GIALA == (D) (Dity) — dolytho + Dby
j=1 Jj=0

Lemma 2.2. For any discrete function {¢; Y, do = ¢y = 0, the following inequality is valid

1 1
[6lloc <1l nllll7-

Proof. From ¢9 = ¢5 = 0 we can see easily the relations

m—1 J—1
$2, = > (bja1 + 65)0nbsh, ¢ == (bj41 + 6;)0n0;h,
j=0 j=m

by cauchy inequality, Lemma 2.2 is proved immediately.
Lemma 2.3. If functions f(t), f'(t) € C(RY) N L*(RY), the following inequality is valid

Y- IFP < bt [ 17 @Pd+ (ot [ 50Pd
k=0 0 0
Proof. By the integrating by parts formula, we derive

tr tr
adfP = [ 2@ @ -+ [ P
te—1 tr—1
then applying Cauchy inequality, summing them up for k¥ from 1 to co. This completes the

proof.
In order to prove long-time stability and convergence of difference scheme, we need the
following discrete Gronwall lemma
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Lemma 2.4. Let {y"},{g7}, {92}, {h"™} be four nonnegative discrete functions satisfy

yn+1—yn< n+1 n+1+ nn+hn =0.1.--- (21)
At = gz y gl y ,T’L — Yy I .
and there exists a constant v > 0 such that for all n>0,1 —Atg}>~. Then
n—1
y" < ylexp( Atz g5 )exp( Atz g7)
k=1 k=0
n—1 n n
+At2hzexp At Z g¥)exp(At Z g n=0,1,---.
i=0 T kS k=it1

Proof. the relation (2.1) can rewritten as
y" < (1= Atgy )TN+ Atg])y" + At(1 - Atgy ) TR, n = 0,1,
Using frequently the inequality, we derive

n—1 n—1 n n
Y <y° H (1—Atgh) 7 [ + Atgh) + At D> _wt T[T (10 —2tgh)™ ] (1 + Atgh).
k=1 k=0 =0 k=i+l k=i+1

On the other hand, since —In(l1—z) < %,Vx €[0,1), and 1 + z<e®,Vx € R, we derive

n+1 n+1
H (1 = Atgh)™ = exp(— Z In(1 — Atgh))
k=it1 k=i+1
n+1 n+1
Atgy 1 k
< exp( Z 7]9) < exp(—At Z 92)7“’ = 07]-7 )
k=i+1 1-Atgy TS
and
[T +atgh) < T exp(atgh) =exp(at > gf),n=0,1,---
k=i+1 k=i+1 k=i+1
Therefore
n—1
y" < ylexp( Atz g5 )exp Atz g7)
k=0
n—1 n n
+ Atz hlexp( At Z g¥)exp(At Z g n=0,1,---.
T kS k=it1
In this paper we only cons1der the case
g(s) = ks

which is physically motivated, and it satisfies the conditions (1.4) and (1.5). We construct the
finite difference system

LAt n+1 —S At n
ezt —e 22T 1 N N
i J J LAt 4+l —2At
7 N, + WA+A_(€2 ¢J +e 2 ¢;b)
+ (B 4 e BN Mg e B4 = fy, (2:2)

ji=12- J—-1,n=0,1,---.
The finite difference boundary conditions are as follows
o0 =07=0,n=0,1,---. (2.3)
The initial condition is as

QZ&?ZU(ZU]),]:O,].,,J (24)
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Now we are going to prove the existence of the solutions ¢§-‘+1(j =0,1,---,J) for the finite
difference system (2.2) with the boundary conditions (2.3). For any (J+1)-dimensional vector
¢ = (do, b1, -, ¢s), let us construct (J+1)-dimensional vector & = (®g, @y, -, D) as follows

i(e%AtQj 7—At¢n) _ AAht AJrA (€%At¢j —|—67%At¢;~l)

At -z n o _z n
+ A== (€3 2051" + e 2 H0T7) (e Moy + e FEGT) = AALS;,

j=12--- J—1.
where ®; = ®; = 0,0 < A < 1. It defines a mapping ® = Th¢ of C’/*! into itself. In order
to obtain the existence of the solutions for the finite difference system (2.2) with boundary
conditions (2.3), it is sufficient to prove the uniform boundedness for all the possible fixed point
of the mapping with respect to the parameter 0 < A < 1.

Multiplying (e22'®; + e’%ma?)h and the follow equation

. a _a n At a —a n
i(e281®; — e T48%7) :)‘Q_iﬁAJrAf(@zAt‘I’jﬂLe 2807)

+ )\Fa—(|eZAt<I> 1> + |e__At¢>”| )(e%m@j + e_%mqﬁ?) = AAtf;,
and summing them up for j from 1 to J — 1, then taking the imaginary part, we have
le2 24| — [le” 22967 | = AAtIm(f,e35® + e F2gM),,.
By cauchy inequality and e-inequality, we have
BB = A} + AALTm(f, €2 21B + e 320G,

< e e"|7 + ALt ([le2 A fllnll @l + ||f||h||e_%“¢”||h)

AN
She SR + 2t + IR

< alt|®ff + (1+ 5

Finally, we obtain

At
12]l; < 1+ 5)e *”‘Atll¢”llh+At( +—)||f||h

If function f € C([0, L]),then Z |®;|? is uniformly bounded with respect to the parameter
=
0 < A < 1. Thus the solution of the finite difference system (2.2) with boundary conditions

(2.3) exists. The uniqueness of the solution of the finite difference system is proved directly by
theorem 4.1.

3. Long-Time Behavior of Discrete System

In this section, let us put (2.2) with boundary conditions (2.3) in framework of dissipative

dynamical systems. For fixed h and At let us define operator S, o : Hf — H} by
¢1 = Sh,At¢07

hence for every n > 0, by the theorem 4.1, the family of solution operators {(Sh,at)"}n>0
defined by ¢" = (Sh,at)"¢°, forms a continuous semigroup on H}. In the follow, we make
mainly t-independent priori estimate for the solutions of the finite difference system (2.2) with
boundary conditions (2.3).

Lemma 3.1. For any initial value ¢° € L7, and ¢f = ¢% =0, f € C([0, L)), there is priori
estimate for the solution of the discrete system

19"11% < (e 220 1¢°l7 + 5= 50 7222+ e fllnn =12, (3.1)
Furthermore, there ezists a constant py > (% 582 + e"‘At)||f||i)% such that the ball
By = {¢ € Lj;[|¢lln < po}
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is a absorbing set in L2 under the semigroup (Sh,at)". X
Proof. Multiplying the relation (2.2) by At(e%Atgb;-H_ + e_%m(ﬁ?)h, and summing them

up for j from 1 to J — 1, then taking the imaginary part, we have

Re(e%At¢n+l _ 8_%At¢n,€%At¢n+1 + e—%At¢n)h

At LAt n+1l — 2 At n LAt n+1l — 2 At n

+2—h21m(A+A,(ez P e T TIPN), ez TGN fem TNy,

= ImAL(f,e2Blgntl 4 e 28Lpny, . (3.2)
It is easy to see that

Re(e%At¢n+1 _67%At¢n7 e%At¢n+1 + 67%At¢n)h:||€%At¢n+1Hi _ ||67%At¢n||]21.

By Lemma 2.1

Im(A+A,(€%At¢n+l + 6—%At¢n),e%At¢n+l + e—%Atqsn)h

= Im(A (3G 4 T EAGR) A L (FAN 4 e EAG)), =0,
Therefore, (3.2) can be rewritten as follows
le® A1 = lle™ FA1G | + ImAL(f,e 28 9™ +emFRG),. (3-3)
From (3.3), we obtain
(L+art)lle" I,

<e Q" + At|(f,eFAGM + e TG,

- At
<em O g" [} +allo™ I +

A « _aa At
Ol 71+ 2 atlle 29 4 217

a —« 7 || 7 p At @
<L+ 5Ate A7 + astllg™HIE + CR AONFN-
Therefore

_a At
16" 17 < ™% 2I6"IE + (2 + eI

o ‘ 1 ‘
< (e BB + 5zt @ + Al = 0,1,
The proof is complete.

Now we prove the existence of an absorbing set in the space H}.

Lemma 3.2. Under the conditions of Lemma 3.1, there is the estimate
9k? K2
16717 < 2B° + =" KG + - K§ + 2(If |7 + K3),m = 1,2,

Furthermore, there exists a constant p; > (%e‘mmpg + "4—2p8 +2(|I£112 + p3))2 such that the
ball

B = {6 € Hy; [|9lln < pi}
is a absorbing set in Hj, under the semigroup (Su,a¢)". where K§ = ||¢°|[7 +p5, E® = [|¢°[13 ,, —
%e*%“(lqﬁol“, 1) + 2Re(f, ¢°)n.
Proof. Multiplying the relation (2.2) by (e%ma;ﬁl — e_%ma;l)h, and summing them up
for j from 1 to J — 1, then taking the real part, we have

K a
AU, = SR AT 1) + 203 A Re(£, ),

K a

_e—2aAt(|¢n|4, 1)h 4+ 273 AtRe(f, ¢n)h,

B A

=€
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or
a K 3a
2N — ST Dn + 2Re(f, "
a K a
= e B TG — e T AN D+ 2Re(f,6")n)- (3.4)
Let

K _3a
B" = [|¢" [} — 5~ FA6"" Da + 2Re(f, 6"
Case 1. k > 0. From (3.4), using inequality 1 +z < e® <1+ ze®, Va € R, we have
3 o
En+1+%At||¢n+1Hih S e—aAtEn + %e%AtAt(msn—Hﬁ; ]-)h

3Ka s

S e—aAtEn + ;a_e%AtAt||¢n+1“on¢n+l||l2l
3 o

<e @NEn 4 %e%mAtH(b”H“LhH‘ﬁnH||?z

a 9k2a
< e MBS AL + —g— e Al I,

hence
2
En+1 S e—aAtEn + 9K8a€3aAtAt||¢n+l||?;
< (e—@Dty2 pn—1 9x’a BALL A 4 (=Dt 47|6 n+1)(6
< (e %) +—g¢ C o™ lIn + 1™ IR)
<oenenn
9k2a =’
S (efaAt)n+lfn0En0 + < €3aAtAt Z (efaAt)]||¢n+17]||?“
Jj=0
or
Ik’ il - ;
B < (e TRE™ 4 ==t AL S (e ) e Il (3.5)
=0

If the initial value ¢° satisfies ||¢°||, < Ro, by Lemma 3.1, for Vpj > po, when n > ny >
2 R2 N
mln(m), we have [[¢"[|n < py and

n —a/Aty\n—ng no 9"':2 daNt( 1\6
E" < (en ) TR + —=e™ ™ (pg)”

By the definition of E™, we have
p K _3a n n
1671, =" + Se #5461, 1), — 2Re(f, 6"

K
<E™ + Zl1e" luall™1l5 + 201 llallg™l1n
<E™ 1 n|2 K’_Z n||6 2 n|(|2 3.6
B+ ST n A g 0" A+ Al + 110" - (3.6)
R2 )
g —p3

2
K
167112 p <2E™ + =116 [ + 201 £ + 8" [12)

2
Theref h >ng > ——1
erefore, w enn_ng_aAt n(
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_ _ 9k K2
<a(emeBtyrmogne + 2 etest ()0 4 Eign e + 2| + (16717,
Thus . .
T A2 96 sant; 1v6, K 6 2 2
lim [[¢"|l] , < —=€™*(pp)" +—po + 2([If1l% + £5)-
n—00 4 4
Since pf, > po is arbitrarily, then the follow inequality is also valid

T (A7 ]2 96? sant; o, K 6 2 2
T}g{;”‘ﬁ I7,n < € (Po) +ZP0+2(||f||h+Po)-
Case 2. kK < 0. From (3.4) we have
En < e—aAtEn < (e—aAt)2En—1 <o < (e—aAt)n—HEO'
By the definition of the E™ and (3.6), we have

2
K
16717, < 287 + =116 [l + 201 £ + " [12)

2
<2(e *AN"E° + %IW‘II% +2(1£117 + 11" 117)- (3.7)

Thus

HZ

Jim (16712 < 6 + 2(1£ 11z + p0)-
By (3.1), we obtain

o™ 17 < N6°l% + 06 = K§,n=1,2,---.
Finally, from (3.5), (3.6) and (3.7), we obtain

2
K
1671170 <2 + = l1™ 17 + 201117 + lle™12)

0, 95 santze , K6 2 2
<2FE t e K0+ZK0+2(||f||h+K0).
The Lemma 3.2 is proved.
By Lemma 3.1, Lemma 3.2 and Lemma 2.2, we have
Corollary 3.1. If f € C([0, L]) and initial value ||¢°||1,n < R, then there exists a constant
C(R) independent of h and At such that

sup[|¢"[1%, < C(R).
n>0

Now we prove the existence of attractor Ap a¢ for the discrete system on Hj. Obvious, a

family operators (Sp,a¢)™ satisfy the semigroup properties
(Sh,a)™(Sha)" = (Sh,a0)™ ", Vm,n >0, (Spae)’ =1

For every n > 0, (Sh,a¢)" is a continuous operator from the finite dimensional space H} into
itself. By Lemma 3.2, there exists a bounded set Bf* which is absorbing in H} under (Sp at)".
Using theorem 1.1 in [2], we obtain

Theorem 3.1. If f € C([0,L]), then the discrete system possesses a global attractor Ap st
on H}, and

Ah,At = ﬂ U (Sh,At)mB{l.

n>0m>n

4. Stability and Convergence of the Difference Scheme

Let {¢"} and {1)"} be the two solutions of the difference scheme with initial value {¢°} and
respectively, and initial value satisty
1/}0 . 1 d . .o . 1 1 . f

°llLn <R, |9°llin < R



400 F.Y. ZHANG AND S.J. LU

By the Corollary 3.1, we have
sup [|¢"[1%, < C(R), sup [[9" |5, < C(R).
n>0 n>0

Let €" = ¢™ — 4™, then {e™} satisfies
eB ALl _ =g Aten 1

i N, L+ WA+A_(6%At6?+1 +em e

+ D (e At 4 [em B Atgn 2) (B Al 4 o~ g Atgn)

=& &=

(leZAtiTH? + o™ 22T 7) (e2 Ayl T 4 e7 32T =0, (4.1)

=12, J=1n=01,--.
Because
(|6%At¢;~l+1|2 + |€—%At¢?|2)(e%At¢?+l _'_e—%Atqs;})

_ (|8%At¢;l+1|2 + |€_%At¢?|2)(€%At¢?+l + e—%Ath?)
:(|8%At¢;}+1|2 + |e—%At¢?|2)(e%At€;}+1 + e_%AtE?) + (|6%At¢?+1|2

— |eB A2 4 B AlGRI2 _ oAty ) (eF Ayt | =g Ay,
and
(|€%At¢?+1|2 _ |6%At¢;b+l|2 + |€7;At¢?|2

_ |67%At,¢)§z|2)(e%At¢;’z+1 )
<{(le2 2T + [eFAyf [T AT + (lemF 9]

+ e EOYP e B A} (B A 4 e A7)
§|6%Ate?+l|(|e%At¢?+l|2+2|6%At¢;}+1|2+|e—%At¢?|2)

+ |67%At6?|(|67;At¢;}|2 +2|67‘;At¢?|2 + |€%At¢?+1|2)‘

Multiplying the relation (4.1) by At(e%m@?"'l + e*%AtE?)h, and summing them up for j from

1 to J — 1, then taking the imaginary part, using the above estimates, we have
le2 S IR — lle” 24% 5
<[K] (e + DO(R)AL(|leF A1 [T + [l F 4% ||7).

Let Ky = |s|(e*®t+1)C(R). If there exists a constant v > 0 such that 1 — Ky At >+, then

14+ KoAt 1+ KAt _
n+17(2 n2< 2n12<‘_‘
10 < T Al < Togeag e 7 <
1+ KyAt ‘
< (2 IR < DAY = 0,1,
— 2

We obtain the following stability theorem
Theorem 4.1. Let {¢"} and {¢™} be the two solutions of the difference scheme with initial
value {¢°} and {Y°} respectively, and initial value satisfy
16°l10 < R, 1%l < R.
If there exists a constant v > 0 such that the temporal mesh length At satisfies
1 - |k|(e*®"+1)C(R)At > v,
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feC(o,L]), then for every n > 0, we have
67 — " |y < &7 IRIETEDCRINAL 0 _ Oy,

By using the same procedures as the proof of theorem 4.1, we can obtain the following
theorem

Theorem 4.2. If the solution of equation (1.1) satisfies

u . e 0%u . e
T € L*(0,T; H (22)), Bl € L*™(0,T; H*(Q2)),
w € L=(0,T; HA(Q) N HA(Q)),
and initial value ¢° of the difference scheme (2.2) satisfies
16° = ulls < Ch.
Then for ¥n > 0 such that nAt < T, there ezists a constant C(T') dependent on T such that
lu™ = 6"l < C(T)(h? + OF2).

Remark 4.1. According to the regularity of solution of Schrédinger equation, if initial
value ug € H'(Q) N H} () and right hand f € H>(Q) of equation (1.1). Then the conditions
of Theorem 4,2 hold.

Remark 4.2. As the parameter o > 0, the discrete system can remain well disspitive
properties of the original system, and as the parameter v = 0,the discrete system can also
remain well consevertion properties of the original system.

5. Long-Time Stability and Convergence of the Difference Scheme

First of all, we make t-independent priori estimate for the solutions of the finite difference
system (2.2) with boundary conditions (2.3) in the nonautonomous case. Right now let us

1
replace f; by f;H_z in the right-hand side of (2.2) and suppose that there exists a constant Cy
independent of A and At such that

o 1
(A 1744 ) < . (H1)
=0
Using exactly the same technique as in the proof of Lemma 3.1, we can obtain that

Lemma 5.1. For any initial value ¢° € L}, and ¢3 = ¢% = 0, if (H1) is true, then there

alt 2
exists a constant K'og = ||¢°(|2 + (14_217)00 such that

o
o0
0% .
sup (672 + 54t 07112 < K'o.
n>0 j=1
Now we make the second hypothesis. There exist constants C; and C3 independent of h
and At such that

o0 1
([ Walgar)” < suplis ol < Ca (112)
0 >0
Lemma 5.2. Assume that hypothesis (H1) and (H2) are true. Then for any initial value
2
¢’ € H}, and ¢} = ¢% = 0, there evists a constant K'y = %K'g +2C3 + 2K'y + 2E° +

. . . 4
8k2K'DeP O 4 20 M0 + 207 + (14 e =K'y such that
a

sup 0711, + 200 |91 < K
n> j=1
K —3x 1
where E° = ||¢°|[F ;, — §e™ = 24(|¢°*, 1)n + 2Re(f2, ¢°)n.
Proof. The proof is similar to that of Lemma 3.2, but has some differences. Multiplying the
relation (2.2) by (e%ma;ﬂ_l — e_%ma?)h, and summing them up for j from 1 to J — 1, then
taking the real part, we have

K o 1
AR = S )+ 26 A Re(fE, 67,
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— K _
e aAt”(j)n“i 2aAt

e 208 (|4 1), + 2e7FAIRe(fHE, ¢y,
or 2
BB — ZeH AL (L 1), + 2008 Re(F1E 67,
_—salt) in2 _E AN n |4 1 2R nti n
=e 1™ I3, 5¢ (19"% 1)n + 2Re(f"72,0")n.
Let

(5.1)
B = 9713, — 5o~ F A (6", i + 2Re(F7E, 6"

Case 1. k > 0. From (5.1) and Lemma 2.2, using inequality 1 + z < e* < 1+ ze*, Vo € R, we
derive

B AR,

<E" + 25ae s SAL(|¢" T, 1), — 2(e*t — 1) Re(f77, 6",

+2Re(f"HE — frtE gnth),

<E" + 2kae T SCAL|¢" [l |67 7 + 200 At AL (£, 67|

tn+% n+1
+2|(/ Judt, 67,
t

ntd
1 .
<E" + Sat|o" ], + 267 ae” S A"
al\t nti n+1 tn+% n+1
+ 20 AL ST |n][@7 |k + 2 | Fellndt]| o™
t o1
ntd

1
SE™ + Salll¢" R + 267 e S A 6" [; + ae* AL

tat 3 . .
+||¢”“||i)+/ "I fellzdt + Atlle" 7,
1

bt
hence

E"TL <E™ 4 26205 C Ao |8 + aeaAtAt||fn+% %

tn+§
+/ C IRt + (1 + ae* 2O AL Q"I — altlg™ I,
t

ntd
S ......
n+1 n+1
. .1
SE® 4 2620 M AL S (|¢]f) + ae* ALY | fE R
j=1 Jj=1

t,43 n+1 n+l
g : :
+ / 1fl2dt + (1 + ae*2) At S 16712 — anst S 116712,
ty j=1 j=1

or

n
E" +anty |1¢]I7,

j=1
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n n
<E° + 2670 M ALY |95 + ae® AT ALY (IR
j=1 j=1

tn+l n .
+ / PRI+ (1 + aett) AL S 167
t

% =t
By the definition of E™ and Lemma 5.1, we have
16717+ alst > 1187113

j=1

n
e EAP" |, 1)y — 2Re(F7HE, ") + E® + 26%ae™ A A 10715
Jj=1

K
<z
-2

n ) tn+l o :
a8y P+ [ IR+ (14 ae a0 S 0
=1 t =1

K 1 2 713
<SH™ e wllo™ 1 + 2112 lallg™ | + B + x> Kge>* !
alt 2 2 alt 2 /
+ a0y +C7 + (1 4+ ae )EKO

1 2
<IO"IE o+ K+ CF + Ko + E° + 47K pe™ !

. . 2
+ae®PC2 4+ C? + (1 + ae"At)aK’g,
hence, in the case k > 0, we obtain
n
19"117 5 + 2088 Y |51 5 < K'1yn = 1,2,---.

k=1
Case 2. K < 0. From (5.1) we have

3
EM 4 A6,
<E" = 2" — 1)Re(f"H3,¢"H) + 2Re(f"E — frHE g,

. . tn+§ .
<E" + ae S AL R + (0" TH13) +/ N fellndt + Atllo™ R
tn+%
hence
tn+§
B <B a4 [ iR

tn+%

3«
+(1+ ae"‘At)AtH(j)”"'lHi — 7At||¢”+1||ih

n+1

. by .
< +ae a3 PR+ [ Al

= t
j=1 3
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n+1 ) 30 n+1 )
+ (L ac®) At Y| — At 19717
j=1

j=1
or
n o ~ .
B+ S R
i=1

n ] tn+l
<E +ae* Aty |IF75 +/ “ £l

— t
Jj=1 3

+(1+ae®®N At [1¢]l7.

j=1
By the definition of E™ and Lemma 5.1, we have

lo™I5 1, + 5aAtZII¢”IIih
i=1

n
e A", 1) — 2Re(f7E, ¢ + B0 + ae ALY ||

j=1

K
<2
-2

thrl . n .
+/ FIAIRdE+ (14 aet B AL S k|2
iy k=1
2

1 2
<S[16™ 11, nllg™ 1% + 212 all6™In + E® + ae*'Ch + CF + (5 + 2e*2N K

K
-2
L2 K2 3 2 / 0 alt 2 2 2 alty ot
§§||<;5 Iin+ Ko+ C5+ Ko+ E + ae*>"'Cy + Cf +(5+2€ )K'o.

Therefore, in the case k < 0, we derive

||¢n||ih + 3C¥At2 ||¢k||ih S Kllan = ]-7 27 T
k=1
The Lemma 5.2 is proved.
By Lemma 5.1, Lemma 5.2 and Lemma 2.2, we have
Corollary 5.1. Under the conditions of Lemma 5.2, if initial value ||¢°||1,, < R, then there
exists a constant C(R) independent of h and At such that

sup [|¢"|% < C(R).
n>0

Let {¢™} and {¢"} be the two solutions of the difference scheme with initial value {¢"} and
{1)°} respectively, and initial value satisfy
16°l1.n < By [9°llen < R
By Lemma 5.1, Lemma 5.2 and Corollary 5.1, there exists a constant C(R) independent of h

and At such that

sup [|9" (I, + &t Y [l¢*]1%, < C(R),
"= = (5.2)

sup 1" 1% + Aty "% < C(R).
n= k=1

Let €" = ¢™ — 4™, then {€™} satisfies
e3Otntl _ —$Aten 1
i J J

N _a
X + O3 e i)
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(|62At¢n+1|2+|e——At¢n| )(G%At¢;}+1 +6_%At¢?)

PPIE »-PIB

(eF S 4 e 207 2) (3 805 4 e 8800 =, (5:3)

j: 1727"'7J_]-7n:07]-7"'
Because
(|6%At(l§;~l+1|2 + |€7;At¢?|2)(e%At¢?+l +67%At¢;~l)
_ (|6%At’(/);l+1|2 + |67%At¢?|2)(6%At¢?+1 + engt,(/);z)
(BG4 [ FAGIE) (B A BB 4 (JeFAGIHE

— B ORI 4 oS AlGR[2 o~ F AtyRR) (e ALY 4 om8 Aty
and
(|62At¢n+1|2 |6%At¢;}+1|2+ |€_%At¢?|2

_ |e*;At¢?|2)(e%At¢;’+1 +67;At¢?)

<{([eB A + [ BAtn )T 4 (e T A%

T lem FAYR) e E AN} - (JoF Ayt 4 [ E Aty
§|e%me;‘“|(|e%m¢?“|2+2|e%m¢f+1|2+|e_%m¢;’|2)

e (e 20T + 2e” Ay + B Sy ).
Multiplying the relation (5.3) by (e® At—”“ + e~ 22 h, and summing them up for j from 1
to J — 1, then taking the imaginary part using the above estimates, we have

||CWH||2 ||6n||h || p2alit (|2 nH (2 n2 n|2 nH (|2
TS S Bl It Tl 15+ 511e " 15+ o™ 131 1R

K . P P .
+'§'ew<3||¢n||zo+7||w||io+5||¢"“||io+||¢”“||io>||e”||i,
n=0,1,---.
Let y™ = [le”][7, g7 = [Ele2x4(3]| g7 247119 ™ 2at5 [ L2 " 1%, ), g = el e bt (31 gt |24

7||¢’*H||§o+5||¢n||§o+||¢n||§o) and h"® = 0. If there exists a constant v > 0 such that Vn >
0,1 — gy At > v, then by Lemma 2.4 and (5 2), we derive

n—1
€12 < e 2 excp( 7Az:292 exp(AtY gh)
k=1 k=0

< || Fexp(2yH[K|C(R)e** 4 Jexp(2]k|C(R)e**4Y).
We obtain the following stability theorem
Theorem 5.1. Assume that hypothesis (H1) and (H2) are true. Let {¢™} and {"} be the
two solutions of the difference scheme with initial value {¢°} and {y°} respectively, and initial

value satisfy
16°10 < R, 1¢°]l1,0 < R
If the temporal mesh length At small sufficiently such that there exists a constant v > 0 satisfies
1 —2|6|C(R)e*INt > .
Then we have
19" ="l < exp((v"! + IKIC(R)e** ) (|¢° — 4°|la,n = 0,1,2,- .
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Remark 5.1. If the right term f(z,t) of the equation (1.1) satisfies
7,9 e pre @) e @),
Then by Lemma 2.3, hypotheses (H1) and (H2) are hold.

Let R denote the local truncation error of the difference scheme (2.2). As the solution
u(z,t) of the equation (1 1) with initial condition (1 2) and boundary condition (1.3) smooth

sufficiently, the series Z |R™"3||? converge, and Z IR™ 2|2 = O(h? + At?). Thanks to
k=0
Lemma (2.4), by using the same procedures as the proof of theorem 5.1, we can obtain that
Theorem 5.2. The conditions of theorem 5.1 hold, and suppose that the solution of equation
(1.1) with boundary condition (1.2) and initial condition (1.3) satisfies

0 u 2 1 0*u 2 2
€ LR HN ), S € I (RY HA(®),
€ AR ) N (R HA (),

u € L®(RY; H*(Q)) N L*(RT; H*(Q)),
and initial value ¢° of the difference scheme satisfies
16° = w1, = O(h?).
Then there exists a constant C independent of h and At such that for all n >0,
lu = 6"l < C(* + AP?).
Remark 5.2. For the sake of convenience, we have only analysed the Dirichlet boundary
condition (1.2) for the equation (1.1). For the Neumann or the periodic boundary condition,

some parallel conclusions can also been obtained for the equation (1.1).
In addition, as the initial value uop and the right hand f(z,t) of equation (1.1) satisfy

up € H'(Q) N HF(Q), f e L*(RT; H>(Q)),
of &f

ot ot
Then the conditions of Theorem 5.2 hold.

€ L*(RT; H(Q)).
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