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Abstract

In this paper we will show that the Richardson extrapolation can be used to enhance
the numerical solution generated by a Petrov-Galerkin finite element method for the initial-
value problem for a nonlinear Volterra integro-differential equation. As by-products, we
will also show that these enhanced approximations can be used to form a class of a-
posteriori estimators for this Petrov-Galerkin finite element method. Numerical examples
are supplied to illustrate the theoretical results.
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1. Introduction

The purpose of this paper is to show that the Richardson extrapolation can be used to
enhance the numerical solutions generated by a class of Petrov-Galerkin finite element methods
for the nonlinear Volterra integro-differential equation (VIDE):

y'(t) = f(t,y(t)) +/0 k(t,s,y(s))ds, telI:=][0,T], y(0)=0, (1.1)

where f = f(t,y): I x R - R and k = k(t,s,y) : D x R - R (with D := {(t,s) : 0< s <t <
T'}) denote given functions.

Throughout this paper, it will always be assumed that the problem (1.1) possesses a unique
solution y € C*(I), namely, the given functions f(¢,y) and k(t,s,y), which are, respectively,
continuous for t € I and (t,s) € D, will be subject to the following (uniform) Lipschitz condi-
tions [3]:

(V1) |f(@y1) — f(ty2)] < Lafyr — yo,
(V2) |k(t787y1) —k(t,S,y2)| S L2|y1 _y2|;
forallt € I, (t,s) € D, and |y;| < oo (i = 1,2).

The Volterra integro-differential equation (1.1) plays an important role in the mathematical

modeling of various physical and biological phenomena, and the study of various numerical
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methods has received considerable attention in the past, see, for example, the survey paper [2]
by Brunner and the monograph [3] by Brunner et al., as well as references cited therein. Also,
see [7] and [16] for some related recent publications.

It is well known that the extrapolation method is a quite effective numerical method in
producing more accurate approximations. This technique has been well demonstrated in its
applications to the numerical solutions for the elliptic partial differential equations in [1, 5,
10, 11], the parabolic partial differential and integro-differential equations in [6, 8, 12]. This
method has also been discussed for boundary element approximations [17, 18]. In [19] multi-
parameter parallel algorithms have been introduced into the extrapolation for accelerating the
computational speeds.

Here, we shall investigate the extrapolation of the numerical solutions generated by a class of
Petrov-Galerkin finite element (PGFE) methods [9] for the initial value problem of a nonlinear
VIDE (1.1). The Petrov-Galerkin finite element method has an advantage over the standard
Galerkin finite element method, a special case of the Petrov-Galerkin finite element method,
in that it allows the trial and test function spaces to be different. This feature provides us
with a freedom in choosing a pair of trial and test function spaces for a better computational
efficiency than the standard Galerkin finite element method. Moreover, our analysis reveals
that the PGFE solutions have a rich collection of approximation properties, and a variety of
post-processing techniques have been developed to take advantage of them [15]. In particular,
we will show that the Richardson extrapolation can be used to efficiently generate better ap-
proximations from the PGFE solutions for both the solution and its derivative to the initial
value problem of the nonlinear VIDE.

This paper is organized in the following way. In Section 2, we introduce the Petrov-Galerkin
finite element scheme for the problem (1.1) and recall some basic error estimates and asymp-
totic expansions obtained in our previous work. Section 3 is devoted to the study of the asymp-
totic expansions for the PGFE solutions and the iterated PGFE derivatives. In Section 4, we
will investigate the Richardson extrapolation for the PGFE solutions and the iterated PGFE
derivatives, and present some a-posteriori error estimators that use the superconvergent ap-
proximations obtained by post-processing the PGFE solutions with Richardson extrapolation.
In Section 5 we will present some numerical examples to illustrate the theoretical results.

2. Petrov-Galerkin Finite Element Methods

In this section we will introduce the Petrov-Galerkin finite element methods and recall the
global convergence results and asymptotic expansions for the L2-projection operator obtained
in [15] and [4], respectively. For this purpose, we first define a nonlinear integral operator
G:C(I)— C(I) by

t
(Go0) = Fltsplt) + [ kit 0(5))ds.
0
Then, the problem (1.1) reads: Find y = y(¢) such that

y'(t) = (Gy)(t), tel, (2.1)
and its Petrov-Galerkin weak form consists in finding y € H(I) (and then y' € L*(I)) such
that

(¥',v) = (Gy,v), Ve L*(I), (2.2)
where (-,-) denotes the usual inner product in L?(I) and H}(I) := {v € HY(I) : v(0) = 0} is
the Sobolev space.

Let T, : 0 = tg < t; < --- <ty =T be a given mesh for the interval I, and denote the
finite element trial and test function spaces, respectively, by

SONT,) :={ve HYI) :v|y, € Pp,0< k<N -1}
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and
ST, = {v € L2(I) tv]g, € Pu_1,0< k<N —1} with m>1,

where P, denotes the space of (real) polynomials of degree not exceeding r, oy = [tk,trr1]
(0<k<N-—1), h :=tpys —t; and h := H(llil)x{hk}. Clearly, the dimensions of S\ (T},) and

S(fl)(Th) are equal to Nm. Note that the superscript (-1) in S( (Th) emphasizes the fact

that functions in the space S (Th) are allowed to have discontinuity.
Our Petrov-Galerkin ﬁmte element (PGFE) method of (2.2) is now defined as: Find u €

SY)(T) (and then u' € S (Th)) such that

(u',v) = (Gu,v), Yo e S.H(T). (2.3)
Let P, : L*(I) — S,(nili (T1,) be the L?-projection operator defined by

(p,v) = (Ppp,v), Yvé€ S,g;_li(Th).

Then, the problem (2.3) can be equivalently written as: Find u € S (Th) (and then u' €
S( 1)( T3)) such that

u'(t) = (PuGu)(t), tel. (2.4)

—1)
Since S (Th) is a discontinuous piecewise-polynomial space, and P possesses localization,
we have

/ vPppdt = / vpdt, Vv € Py, (2.5)
Ok Ok
with
1Pnp = #llo,c0 < Ch™ ||l m, o0,
where ||v]|r0o := max {[[v®)||} for any nonnegative integer  and C is a generic constant

0<k<r
independent of kA whose meanings will become clear by the context in which it arises. In this
case, P, is defined on each element, and it can be regarded as an interpolation operator of degree
m — 1 (it is a kind of interpolation in average meaning which is different from the standard
Lagrange interpolation) associated with the mesh T}. Moreover, for an arbitrary mesh point
n (1 <n < N) of T, we have the following identity by (2.5)

/0" v(Py — Ipdt = Z/ (I — Py)v(P, — I)epdt, (2.6)

which will frequently be employed in our analysis later. In [15] we have shown that under the
conditions (V1) and (V2) the problem (2.3) (or (2.4)) is uniquely solvable whenever the mesh
size h is sufficiently small. We have also obtained the following global convergence results in
[15].

Lemma 2.1. Assume that f € C™(I x R) and k € C™(D x R). Then the Petrov-Galerkin
nite element error e := u — y satisfies
fi y
llello,oo == max{le(t)] : t € I} < CH™ Hlylm+1,00,
ll€llo,c0 := sup{le’(t)] : t € 0,0 <k <N =1} < Ch™||yllm+1,00-

In addition, we also recall from [4] the following asymptotic expansion with respect to the
L?-projection operator Pj,.
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Lemma 2.2. If ¢ € C"™2(I) and v € C™2(I), then there exists a constant C = C(m),
independently of the mesh T}, such that for 0 <k <N —1

/ o(B)(@ — Pag)(t)dt = Ch2™ / o™ (0™ (£)dt + O(h2™ ), 2.7)

Ok

3. Asymptotic Expansions

In this section, we will derive the asymptotic expansions for the solution of the initial
value problem (1.1) and its derivative, which are the key to the investigation of the global
extrapolation approximations.

3.1. Asymptotic Expansions for PGFE Solutions

First, we discuss the asymptotic expansion of the PGFE solutions of the problem (1.1). We
start by recalling the following lemma [3].

Lemma 3.1. Let the functions g and K* characterizing the integral equation,

u(t) = glt) + / K (t, 5)y(s)ds,

be continuous on I and D, respectively. Then this equation has a unique solution y € C(I)
given by

t
u(0) =90+ [ R(to)g(s)ds, tel
0
where R* € C(D) is the resolvent kernel associated with the given kernel K* and defined by
R*(t,s) := Z K (t,s), (t,s) € D with Ki(t,s) := K*(t,s) and K}(t,s) =
m=1
t

/ K (t,7)K}_,(1,s)dr, (t,s) € D (n > 2). Moreover, the resolvent kernel satisfies the iden-
tities (usually called the Fredholm identities)

t
R*(t,s) = K*(t,s) +/ K*(t,7)R*(r,s)dr, (t,s)€ D,
and

R*(t,s) = K*(t, s) +/t R*(t,7)K*(r,s)dr, (t,s)€ D.

Now, let § be the residual (or: defect) function,
a(t) = (t) — (Gu)(t), tel.
It is easy to see from (2.4) that

0 = P,Gu — Gu = (P, — I)Gu. (3.1)
Subtracting (2.1) from (2.4), we have by (3.1) that

e = P,Gu—Gy=6+ (Gu—Gy), tel, (3.2)

with e(0) = 0. Furthermore, let G’ : C(I) — C(I) be the linear Volterra integral operator
defined by

(G'o)(t) = fy(t,y(t)p(t) +/0 ky(t,s,y(s))p(s)ds, (3.3)
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where y(t) is the exact solution of the problem (1.1). And then, from (3.2), (3.3), Lemma 2.1
and Taylor’s formula we know that there are functions £ and i, whose values £(t) and 7(t) at ¢
are between y(t) and u(t), such that

e'(t) =d(t)+ (Gu - Gy)(t) -
=4(t) + (G )()+0(th ) (3.4)
= 8(t) + )+ / s)ds + O(h*™+?)
0

,y) are bounded uniformly on their respective

under the conditions that fy,(t,y) and ky,(t,s
t,y(t)) and K(t,s) := ky(t,s,y(s)) are independent

domains I x R and D x R, where p(t) := f,(t,
of the mesh size h.

t
By setting e(t) = e(t) exp (— / p(s)ds), it is easy to see from a simple calculation that
0

(3.4) becomes

&) = 5(0) + (Ko)(1), &(0) =0, (3.5)

¢
where §(t) := d(t) exp (—/ p(s)ds) and K is the linear Volterra integral operator defined by
0

- /0 t K(t,s)p(s)ds, K(t,s):= K(t,s)exp (- / t p(T)dT>, tel.

To simplify the notation, we will use e, K and ¢ instead of using ’ev,f? and ¢ in the discussion
from now on. By exchanging the order of integration with respect to s and 7, we obtain

¢ = 6+/tK(t,s) </ e'(r)dr) ds + O(h*™+?)

= 5+/ K, (t,s)e'(s)ds + O(h*™?),
where the kernel function K (¢, s) is defined by

Ky (t,s) := /t K(t,r)dr

Therefore, K(t,s) is independent of the mesh size h. And then, setting F := § + O(h?>™*2)
and following from Lemma 3.1 we have

e =F+ /Ot Ry (t,s)F(s)ds, (3.6)
where Ry (t,s) is the resolvent kernel associated with K (¢, s) defined by
Ry(t,s) = Ki(t,s) + /t K, (t,7)Ry(r,s)dr, (t,s) € D.
s
Note that R (t,s) inherits the same smoothness of K (t,s), and Ry (t,s) (therefore R(t, s))

independent of the mesh size h. Thus, by integrating from 0 to ¢ on both sides of (3.6) an
exchanging the order of integration, we have

e= /0 CR(t $)F(s)ds, (3.7)

¢
where R(t,s) :==1 +/ Ry (7, s)dr. Then, we know from (3.7) that
s

e= /t R(t,s)6(s)ds + O(h*™1?) (3.8)
0
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under the condition that k,(t,s,y) is bounded uniformly on D x R.
Let

(Rn)(t /Rts (Ph — Dp(s)ds, (3.9)

then, it follows from (2.1), (3.1) and (3.3) that
e = RpGu+ O(h2m+2) = RpGy + Ryp(Gu — Gy) + O(h2m+2)

— Rhy’ +RhGI€+O(h2m+2)7 (3'10)
which leads to a recurrence formula:
e = Ryy + RpG'Rpy' + (RyG')%e + O(h*™1?). (3.11)

Therefore, we have

Theorem 3.1. Assume that f € C™ (I x R) and k € C™2(D x R) for m > 1. Then,
the PGFE error e = u — y has the following asymptotic expansion at the mesh points of Tj:

e(ty) = alt,)h*™ + O(R*™h), 1<n <N, (3.12)

where o € CY(I) is invariable when the mesh is refined uniformly.

Proof. Let

n—1 2m
_ hk 8mR (m+1)
=0y (—h) G s,

where «(t) is invariable when the mesh is refined uniformly. Then, it follows from (2.7), (3.9)
n—1

and > hy < T that
k=0

Fu)t) = [ Rltnss)(Prs/ ) (o)

k=0 %
n—1 2m
. hi O™R . (3.13)
— p2m (m+1) 2m+2
h kE_O C <_h ) 5 Dam (tn,s)y (s)ds + O(h )

= a(ty)h?™ + O(h2m+2),

where C' = C(m) is a constant. In addition, since k € C™*2(D x R), then R € C™ (D) such
that a € C1(I).

Since the operators G' and P}, are bounded uniformly, from (2.6), (3.9) and Lemma 2.1 we
know

[(RLG'e)(tn)| = z_:/ (I — Pp)R(ty,s)(Pr, — I1)(G'e)(s)ds

k0‘7’°

3.14
<ZChm/|Ph— )(G'e)(s)|ds (319

< ChmIIG'ello 0o < Ch™lello,c0 < CI2™FHJyllim1,00-

Now, by combining (3.13) and (3.14) with (3.10), we can obtain the result predicted in this
theorem. Q.E.D.

For m = 1, which is the practically important case, we can show that the residual error on
the right hand side of (3.12) is in fact O(h?) instead of O(h?).
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Theorem 3.2. Assume that f € C3*(I x R) and k € C*(D x R). Then the linear PGFE
error e has the following asymptotic expansion at the mesh points of Tj:

e(t,) = a(t,)h? + O(h'), 1<n<N, (3.15)
where o € CY(I) is invariable when the mesh is refined uniformly.

Proof. For any t € o, (0 < k < N —1), by virtue of (2.6) and Schwartz’s inequality we have
that, for an arbitrary ¢ € C(I),

|(Ruep)(t Z/ I — Py)R(t,s)(I — Py)y(s)ds

R(t, $)(I — Pp)p(s)ds

< Chllgllo,oo + Cllello,co(t = tr) < Chllllo,00
which, together with ||G'||¢(r)—c(r) < C and Lemma 2.1, yields that
1(RrG")?ello,c0 < ChII(RaG"ello,c0 < Ch?[lello,c0 < ChY|ly]|2,c0- (3.16)

Next, it follows from exchanging the order of integration with respect to ¢ and 7 and the
definitions of the operators G' and R}, that

(G'Ruy)(5) = p(s)(Ruy')( / K(s,7)(Ruy')(r)dr

= /OS A(s,0)(Py, — I)y'(0)do,

s
where the kernel function A(s,o) :=p(s) - R(s,0) + / K(s,7)R(t,0)dr is independent of the

mesh size h.
Since

(G'Buy'Y'(5) = A(s, 5)(Py — 1) / A (s,0)(Py — Dy (0)do,

we know from Lemma 2.2 and (2.6) that

(RrG'Rry')( Z R(tj,s)(Pn — I)(G'Ruy')(s)ds
= kz:%Chi /ak R (t;,s)A(s,s)(Pn, — I)y'(s)ds (3.17)

+§0hi [ Bt ([ Ao B = D) ) as

LO(hY) = I + O(ht),

Jj—1 s
where C is a constant and [y := Z C’hi/ R (t;,s) (/ Al(s,0)(Py — I)y’(a)da) ds. Again,
k=0 * 0

it follows from (2.6) and exchangi_ng the order of integration with respect to s and o that

Zc;ﬁ/ Py — D)y (o) </a R'S(tj,s)A'S(s,a)ds> do
+ZCh2/ I—Py)y'(0) (/:k“

< Ch‘*llylleo

a

[ Zo|

(3.18)
R, (tj,s)AL(s, U)d8> do
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which, together with (3.17), implies

/ / . 4
s ((BaG B\ (t5)] < OW gl e 3.19)
Combining (3.13), (3.16) and (3.19) with (3.11) leads to Theorem 3.2. Q.E.D.

3.2. Asymptotic Expansions for Iterated PGFE Derivatives

This subsection is devoted to the discussion of obtaining asymptotic expansions for the
derivative of the exact solution to the problem (1.1). For this purpose, we first introduce the
iterated PGFE derivative u};:

Wy (t) = F(t,u(t)) + / K(t,s,u(s)ds, tel, (3.20)

where u(t) € S (Ty) is the PGFE solution of the problem (1.1). Obviously, we have Pyu}, = u'.
According to [15], we know that u}, is a better approximation to y’ than u' itself. Therefore,
we consequently want to generate an even better approximation by applying the Richardson
extrapolation to ul,.

Letting e}, := u}, —y' be the error corresponding to the iterated PGFE derivative, we know
from (2.1), (3.4) and Lemma 2.1 that

ei(t) = (Gu — Gy)(t) = p(t)e(t) + (Ke)(t) + O(h*™F?),
which, together with (3.10), leads to

() = p(t)(Ruy) () + (K Ruy') (1) - (3.21)
+p(t) (RrG'e) (1) + (K RaG'e)(t) + O(h2™+?), '

where the linear Volterra integral operator K is defined by
t
(Ko)(t) = [ K(t9)ple)ds.
0

Furthermore, it is easy to see from (2.6) and exchanging the order of integration with respect
to s and 7 that

tn tn
Knel =| [ ([ K menas) Bu-near|
< Ch™[|gllo,00
This, together with Lemma 2.1, implies
[(KRiG'e)(tn)] < Ch™[lello,0 < CH*™ FH[yllim1,00- (3.23)
And then, in light of (3.14) and (3.23) we have at the mesh points of T}, that
€it(tn) = p(tn) (Rry")(tn) + (K Ray')(tn) + O(R*™F1), 1 <n < N. (3.24)
By (3.22) there holds
(KRuy")(tn) = /Otn < " K(tn,S)R(S,T)dS> (Py, — D)y (1)dr, (3.25)

which, together with (2.7), (3.13) and (3.24), leads to

Theorem 3.3. Assume that the conditions of Theorem 3.1 hold. Then the iterated PGFE
derivative error e}, (t) has the following asymptotic expansion at the mesh points of Tj,:

eh(tn) = Bta)h?™ + O(R?™1), 1<n< N, (3.26)

where 3 € C1(I) is invariable when the mesh is refined uniformly.



Extrapolation and A-Posteriori Error Estimators of Petrov-Galerkin Methods - - - 415

Again, we can show that the residual error of the asymptotic expansion for the iterated
PGFE derivative produced by u € S\”(T},) is O(h?) instead of O(h?). In fact, by means of
(3.16), substituting (3.10) into (3.21) gives

eh(®) = p(t) (Bay)(1) + (K Rug')(0) + p(O)(BaG Ray)(t)

+(KRLG'Rpy")(t) + p(t) (RLG")?e)(t) + (K(RrG")?e)(t) + O(h*)
= p(t)(Rny')(t) + (K Rny')(t) + p(t) (RnG'Ray')(t) + (K RuG'Ray')(t) + O(h*).
(3.27)
And then, we further see by (3.19) that there holds at the mesh points of T}:

€it(tn) = p(ta) (Rny')(tn) + (K Rpy")(tn) + (K RaG'Ray')(t,) + O(h'), 1<n < N. (3.28)

Again, it follows from exchanging the order of integration with respect to s and 7 that

KRG ) (0) = | " K(tn,) ([ R = DG R i) s

= | A (tn,s) (P, — I)(G'Rpy') (s)ds,

(3.29)

where .
Aq(t,s) ::/ K(t,7)R(t,s)dr.

Since (3.29) is of the form similar to (3.17), we obtain according to the same arguments as those
for getting (3.19) that

max |(KRAG Ray') ()] < CH o (3:30)

which, together with (3.25), (3.28) and (3.13) for the case of m = 1, leads to

Theorem 3.4. Assume that the conditions of Theorem 3.2 hold. Then the iterated PGFE

derivative error e}, corresponding to the linear PGFE solution u € Sfo) (Th) has the following
asymptotic expansion at the mesh points of T} :

el (tn) = B(tn)h* + O(h*), 1<n <N, (3.31)

where 3 € CY(I) is invariable when the mesh is refined uniformly.

4. Richardson Extrapolation and A-posteriori Estimates

In this section, on the basis of the asymptotic expansions obtained in Section 3, we will
show that much better approximations to the solution of the initial value problem (1.1) and its
derivative can be generated efficiently by applying the Richardson extrapolation to the PGFE
solutions. Also, in this section we will present some a-posteriori error estimators based on the
Richardson extrapolation for both the PGFE solutions and the iterated PGFE derivatives, since
it is very important for a finite element method to have a computable a-posteriori error bound
by which we can access the actual numerical error of this method. This is in fact a natural
application of the superconvergent approximations generated by the Richardson extrapolation.

4.1. Richardson Extrapolation

We now give a brief description of the Richardson extrapolation of the PGFE solutions and
the iterated PGFE derivatives of the problem (1.1). In addition to a PGFE solution u € S (Th)

and an iterated PGFE derivative u/,, we generate another PGFE solution u'/? € S, /2)
!
and another iterated PGFE derivative (uit/ 2) , where the partition

Th/gt 0:t0<t1/2<t1<t3/2<"'<tN,%<tN:T
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is formed such that tj41/5 := (tx + tg41)/2 is the midpoint of oy for 0 < k < N — 1. Then it
follows from Theorems 3.1-3.4 that

u?(t,) —y(tn) = alty) <g> +O(R2™ 1Y (m > 2),
ul/Z(tn) —y(t,) = a(t,) <g> +O(hY),

(UL/Q)I (tn) = y'(tn) = B(tn) <g>2m +O(R*™ 1) (m > 2),

(442) ) ) = t0) (2) + 000

Hence, applying the Richardson extrapolation once yields the following new approximations of
higher accuracy:

2m,,1/2 —u
) (1) r= 2 2O ) 0@ (m > ),
uge)( )= 4u1/2(tn; —u(ty) — y(tn) + O(h4),

(4.1)

2 (g I n) — ui(tn
(,) () = 22 (g 2)2m(t_ >1 W) o s 3,

=y (tn) + O(h4)

!
oy A () () — i)
(U’it,l) (tn) := 3

Note that these higher order approximations based on extrapolation are only applicable at the
mesh points of T}. However, we can show that an interpolation post-processing method can
extend it globally to any point in the whole solution domain with only an almost negligible
extra computational cost.

For ease of exposition, we demonstrate our idea mainly for the case of m = 1. To this end,
we assume that T}, is obtained from T3, with mesh size 3h by subdividing each element of Tsj
into three elements (i.e., each element of T3, is obtained by a combination of each 3-element in
T}h), so that the number N of elements for T}, is a multiple of 3. Then, for any ¢ € C(I), we
define a Lagrange interpolation I3, ¢ of degree 3 associated with the mesh T, according to the
following conditions:

I§h¢|0k—1U0kU0’k+1 €P37 k:3l+17 lZO,l,"',g—l
and
Bhot) =¢(t), i=k—-1Lkk+1,k+2 (1<k<N-2).
Similarly, for any ¢ € C(I) we can also define an interpolation Ié%) np of degree 2m (m > 2)

associated with the mesh T|3,,),. Then, following the procedure of Theorem 3.2 in [4] we have
from (4.1)

Theorem 4.1. Assume that the conditions of Theorem 3.2 hold. Then, the extrapolation
approzximation uge) (t) satisfies
1235u5” = yllo.co < CRYlyllaco-
Furthermore, if f € C*™(I x R) and K € C*>™(D x R), then the extrapolation approzimation
usﬁ) (t), m > 2, satisfies

12 s = ylloco < CR2™yll2m-1,00-
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Theorem 4.2. Assume that f € C*(I x R) and k € C*(D x R), then the extrapolation

!
approzimation (ugf)l) satisfies

!
1 (61) = 9'llo.c0 < CYlylls o

Furthermore, if f € C*™THI x R) and k € C*™tY(D x R). Then, the extrapolation approwi-
!
ul® ) ,m > 2, satisfies

mation ( it.m

5 ! 5
1y (w50 ) = ¥'llo.00 < CH™ gl o
4.2. A-posteriori Error Estimates

Theorem 4.3. Under the conditions of Theorem 3.2 we have

u(ty) — u'/?(t)

3 +O(h%), (4.2)

te) — ut?(te)] =
IISI}CBLSXN y(tr) —u /= (tr) 1151}%XN

where u € S{O) (Ty) and u'/? € S{O) (Th/2) are the linear PGFE solutions of (1.1).

Proof. 1t follows from (4.1) that

w2 (ty) — ulte)

4
o),

y(tr) —u'?(te) =

which leads to
u(ty) — u'/?(tg)

3 + O(h%).

t _ 1/2t —
 ax y(tr) —uw /" (te)  maxy

Q.E.D.

u(ty) — u'/?(ty)
< 3
, and can be used as an a-posteriori

We know from (4.2) that the computable estimate bound max is the

1<k<N

incipal f the PGFE —ul/?
principal part of the PGFE error 1I<I}ga<XN|y(tk) w2 (ty,)

error indicator to obtain the bound of the actual error of a PGFE solution.
Analogously, from (4.1) we can also obtain:

u(ty) — u'/?(t)

s | T oW, m>2,

tr) — ut/2(ty)| =
@cast\y(k) a2 ()] = | max,

under the conditions of Theorem 3.1;
!
u’it (tk) — (u;tﬂ) (tk)

_ 4
= 1ISI}%XN 3 + O(h?)

max
1<k<N

y'(te) — (ugt/2)l (k)

under the conditions of Theorem 3.2; and

!
= (Y ]
1g}€3éXN 22m — 1 + O(h )’ mZz 4,

max
1<k<N

(0 — (%) (0)

under the conditions of Theorem 3.1.



418 S.H. ZHANG, T. LIN, Y.P. LIN AND M. RAO

5. Some Numerical Examples

In this section we present some numerical results which illustrate features of the Richardson
extrpolation applied to the PGFE solutions. All the numerical solutions given here are generated
by the PGFE methods for the nonlinear Volterra equation (1.1) in which

k(t,s,y) = sin(t) + 2s + cos(s)e?,
fty) =1—esm0 12 4 cos(t) + cos(t + 2y) — cos(t + 2sin(t)) — tsin(t)

so that y(t) = sin(t) is the exact solution. In all of our computations, Newton’s method is
used to solve the nonlinear algebraic equations produced by the PGFE methods, and we have
observed quadratic convergence in Newton iterations provided that initial guess and the exact
solutions are close enough.

Example 1. The purpose of this example is to demonstrate the convergence rate of the
numerical solutions generated by using Richardson extrapolation to post-process the PGFE
solutions. As suggested by the analysis in Section 4, the Richardson extrapolation of the linear
PGFE solutions at the mesh points is given by

(e) N 4U1/2(t]’) — U,(tj)
uy - (t5) = 3 )
and this approximation can be extended to the whole solution domain as Ighuge) (t). Table 1
contains errors of these approximations. For the data here, we have

(e) _ o (e)rpy _ A 4.1070
Hul yHooh-— 1rsnjas>§v‘u1 (tj) —y(t;)| ~ 0.0048 h

and
|l g ~0.0525 proseT,
o0

which agree with the estimates given by (4.1) and Theorem 4.1 very well. As a comparison, we
also have listed the errors of the linear PGFE solutions for various mesh size h in the second
column of Table 1. Similarly, the numerical approximation generated by post-processing the
PGFE solution in Séo) (Th) with the Richardson extrapolation is given by

e 16u'/2(t;) — u(t;
() = 2=,

and its extension to the solution domain is given by Ijhuge) (t). Table 2 lists the errors in
14,ul”(t). The data here obey

|mhs? =y~ 00584 B2,

which is within the prediction of Theorem 4.1.
The Richardson extrapolation can also be used to treat the iterated PGFE derivatives.
Again, the approximation after the Richardson extrapolation is given similarly by

SV 4(ug?) (t5) — uly (8
(ugt’)l) (t;) = (wil") (;) it ( J)7 for u € SO(T}).
The errors of this approximation are listed in Table 3 for a series of values of the mesh size h.
The data here obey

~ 0.0101 p*1064

= max
1<GEN

(1) ()~ v'ty)

oco,h
and

!
B, (uih) || =~ 00706 pt10%,

o0
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which are within the prediction of Theorem 4.2. Similar results are also observed for the iterated

PGFE derivatives produced by the PGFE solutions in Séo) (Th).

h = 9l [ut? =] |2t? =
1/12 ] 0.19102152544459 x10—2 | 0.00013622033168x10—°> | 0.00154012645492x 10>
1/24 | 0.04772018024823x10—2 | 0.00000848566617x10—> | 0.00009949256363x 10>
1/48 | 0.01192785441850x10~3 | 0.00000053068927x10~3 | 0.00000631979069x10~3
1/96 | 0.00298182683645x10—2 | 0.00000003316936x10—> | 0.00000039818504x 10>
1/192 | 0.00074544816342x 10~ | 0.00000000207329 x10~3 | 0.00000002498690x 10>
1/384 [ 0.00018636150678x 10> N/A N/A

Table 1. Errors of the PGFE solutions in Sfo) (Th) and those post-processed by the
Richardson extrapolation.
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h llu = ylloon

Jriwes” =]

1/12

0.46279185013376x 10

0.01202347537470x 10

1/24

0.05796509425938 x 10~

0.00037896221838x 10~

1/48

0.00724929977644x 10

0.00001186785384x 10

1/96

0.00090627725719x 10~

0.00000037106832x 10~

1/192

0.00011328824732x10°

0.00000001159730x 10—

1/384

0.00001416114312x10°

N/A

Table 2. Errors of the PGFE solutions in Séo) (Th) and those post-processed by the
Richardson extrapolation.

h u = u(e) I_ ! 13 u(e) I_ !
T |2y =], 5 () v

1/12 | 0.44074885954326x 10~ | 0.00028513850007 10~ | 0.00199203903806x 10~
1/24 | 0.11040458526201=10 ° | 0.00001773577163x10 ° | 0.00012527323845x10 °
1/48 | 0.02761270534613x 10~ | 0.00000111215681x10~> | 0.00000784300895x 10~
1/96 | 0.00690387766256%10 ° | 0.00000006948664x10 > | 0.00000049043869x10
1/192 | 0.00172602407744x10~2 | 0.00000000434286x 10~ | 0.00000003065725x 10~
1/384 | 0.00043150782014 x10 ° N/A N/A

Table 3. Errors of the iterated PGFE derivative given by u € S§O) (Th) and those
post-processed by the Richardson extrapolation.

Example 2. This group of numerical results are presented to show the effectiveness of
the a-posteriori error estimators based on the higher order approximations generated by the
Richardson extrapolation applied to the PGFE solutions or the iterated PGFE derivatives.

Table 4 contains the actual errors of the PGFE solutions in the space S{O) (Th/2) and their
estimates generated by (u'/? — u)/3. Obviously, the difference between the actual error and
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its estimate given by the a-posteriori estimator approaches zero quickly. In fact, the linear
regression shows that the difference listed in the 3rd column of Table 4 goes to zero at a rate
O(h*) as predicted by Theorem 4.3. Similar results for PGFE solutions in the space Séo) (Tw)
are given in Table 5, and we note that, for the quadratic PGFE solutions, the difference between
the actual error and its estimate given by the a-posteriori estimator approaches zero so quickly
that it has reached the machine accuracy for h < 1/48.

Similar results are also obtained for the iterated PGFE derivatives, see Table 6 and Table
7. In this situation, we again see that the a-posteriori error estimators based on the Richardson
extrapolation work very well. In particular, the error estimator for the iterated PGFE derivative
given by the quadratic PGFE solution seems to reach the machine accuracy very quickly as the
mesh size becomes small.

h |ul/? — y||oo’h [(ul/? — u)/3||oo’h difference
1/24 | 4.77201802482341e-005 | 4.7767115065452e-005 | 4.69348172179237e-008
1/48 | 1.19278544185031e-005 | 1.1930775276577e-005 | 2.92085807392614e-009
1/96 | 2.98182683644566e-006 | 2.98200919401914e-006 | 1.82357573486058e-010
1/192 | 7.45448163419482e-007 | 7.45459557675391e-007 | 1.13942559091268¢-011
1/384 | 1.86361506782085¢-007 | 1.86362218879133e-007 | 7.12097047994575e-013

Table 4. Actual errors of the PGFE solutions in the space S{O) (Th/2) and their estimates
given by the a-posteriori estimator based on the Richardson extrapolation.

h |ul/? — y||oo7h [ (ul/? — u)/15||ooyh difference
1/24 | 9.37920169308271e-009 | 9.37929074777226e-009 | 8.90546895493713e-014
1/48 | 5.88760595832127e-010 | 5.88786708277667e-010 | 2.61124455392044e-014
1/96 | 3.67973429504787e-011 | 3.67975501921099e-011 | 2.07241631260347¢e-016
1/192 | 2.29893881709131e-012 | 2.29990841186615e-012 | 9.6959477483933¢e-016
1/384 | 1.40887301824932¢-013 | 1.43914509938744e-013 | 3.02720811381126e-015

Table 5. Actual errors of the PGFE solutions in the space SZEO) (Th/2) and their estimates
given by the a-posteriori estimator based on the Richardson extrapolation.

h H (uzlt/?), -y oh H ((“zlt/?)’ - uém) /3“OO , difference
1/24 0.0001101614448904 0.000110195804884287 3.43599938871646e-008
1/48 | 2.75981521045132e-005 2.76021443858336e-005 3.99228132034674e-009
1/96 6.9030291446337e-006 6.90322540049711e-006 1.96255863412112e-010
1/192 | 1.72595892078409e-006 1.72597291392407e-006 1.3993139980073e-011
1/384 | 4.31505404074883e-007 4.31506224455684e-007 8.20380800347329¢-013

Table 6. Actual errors of the iterated PGFE derivatives produced by u € S%O) (Th/2) and their

estimates given by the a-posteriori estimator based on the Richardson extrapolation.
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h H (u%;)’ -y . H ((uit/g)’ - ugm) /15HOo . difference
1/24 | 1.96517233597149¢-008 1.96593437233143e-008 7.62036359939493e-012
1/48 | 1.23651611172448e-009 1.23670978643039¢-009 1.93674705902457¢-013
1/96 | 7.72794050973857e-011 7.72824471084732¢-011 3.04201108747551e-015
1/192 | 4.83080242474898e-012 4.8332301124295¢-012 2.42768768051389%¢-015
1/384 | 2.97317725994617e-013 3.02343335552753e-013 5.02560955813657e-015

Table 7. Actual errors of the iterated PGFE derivatives produced by u € Séo) (T /2) and their

estimates given by the a-posteriori estimator based on the Richardson extrapolation.
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