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Abstract

By means of the determinantal formulae for inverse and reciprocal differences with
coincident data points, the limiting case of Thiele’s interpolating continued fraction ex-
pansion is studied in this paper and given numerical example shows that the limiting
Thiele’s continued fraction expansion can be determined once for all instead of carrying
out computations for each step to obtain each convergent as done in [3].
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1. Introduction

When we talk about the interpolation by polynomials, it is natural for us to have at heart
the Lagrange interpolation, the Hermite interpolation and the Newton interpolation. Of these
interpolants, the Newton interpolating polynomial is probably most favourite because of its
advantages in carrying out computations and performing limits. As we know, a Newton in-
terpolating polynomial is established on the basis of the divided differences, whose recursive
calculation makes it possible that the Newton interpolant can be obtained by adding new sup-
port points one at a time after having interpolated the previous ones. Furthermore, the relation
between divided differences and derivatives allows the support points in a Newton interpolant
to coincide with one another, which is beyond the conditions required by the Lagrange poly-
nomials. It is interesting to notice that the Newton’s interpolating polynomial possesses its
nonlinear counterpart, i.e., the Thiele’s interpolating continued fraction, which is established
in terms of inverse differences. Like divided differences, inverse differences are defined in a
recursive manner and allow the occurrence of repeated support points. However, implementing
the limit process for inverse differences is much more complicated than for divided differences.
Although both the Thiele’s method and Viscovatov’s method are available for the computation
of the limiting case of inverse differences, they expose the shortcomings that computations have
to be carried out for each step to obtain each convergent.

In this paper, starting from the Newton-Padé approximants, we offer a new kind of deter-
minantal representations for inverse and reciprocal differences which allow the coincidence of
support points. A numerical example is given to support our argument that our method is
more reliable in some cases than the Thiele’s method and Viscovatov’s method.

Suppose f(z) is a function defined on a subset G of the complex plane and X = {z;|i € IN}
is the set of points belonging to G. Let

o f[:c,-,...,xj], fOI'lS']
Cij = { 0, for § > j (1.1)
where f[z;,...,x;] denotes the divided difference of the function f(z) at points z;,...,z;, and
let

wi(z) = (x —xo)(x —x1) - (v — Ti—1) (1.2)
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with wo(xz) = 1, then f(z) can formally be expanded as the following Newton series
f(z) = i Coiwi() (1.3)
It is known to all that one may find two I;Zi)ynomials

Ppn(z) = Z a;w; () (1.4)
i=0

and
such that
f(w)Qmm(x) - Pmm(x) = Z diwi(w)7 (16)
i>m+n+1

which is the very Newton-Padé approximation problem of order (m,n) for f(z) (see [1], [3]
or [9]). It is not difficult to verify that if the rank of the matrix

Com+1 Cimt1 -+ Chmyt
Comt+2 Cimtz -+ Chms2
. . . (1.7)
CO,m+n Cl,m+n e Cn,m+n
is maximal, then P, () and @y, »(x) possess the following determinant representation
Fom(z) Fim(z) - Fym(z)
Com+1 Cimy1 -+ Chmtr
Pun(z)=C Com+2 Cimy2 - Cpme2 (1.8)
CO,m—i—n Cl,m+n e Cn,m+n
wolz) wilz) -+ wyl(z)
CO7m+1 C’1,m+1 Tt Cn,m+1
Qman(z) =C Com+2 Cimyz - Chmy2 (1.9)
CO7m+n Cl,m+n Tt Cn,m+n
where )
oy =] Yiei Cigwr(z), for i <j
Fz:](x) - { 07 ¢ for i >j (110)

and C is some nonzero normalization constant.

2. Thiele’s Continued Fraction

Thiele’s interpolating continued fraction is a continued fraction of the following form (see [7]
and [8])
T — Tp | T — T |

To| + + 2.1
900[ 0] ‘ ()01[:1/'07'7/'1] ‘ @2[:1307',1/'17',1/'2] ( )
where ¢;[zo,z1,...,2;],4 =0,1,2,..., are the inverse differences defined as follows
polz] = flz)
e1lzo, 2] = vo[zll]_gp%[xo] (2.2)
(pk[ilf() T1y. .- .’I,'k] = Tk Th1
e ’ Pl—1[T0, 1,0 Th—2,Tk] =P —1[T0, 1, Th—2,Tk—1]

for every zg,x1,...,2, and z in G.
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Lemma 1. ([2]) denote by R, () the n'" convergent of (2.1), i.e.,
T — To | T —T | T — Tp_1 |
+ P ,
‘ p1]wo, 1] ‘ p2[z0, 21, T2] ‘ PnlTo, 1,0, T0]
then R, (x) is a rational function of type (["TH]/[%]) satisfying
R, (z;) = f(z;), i=0,1,...,n

Ry () = wolzo] +

Theorem 1. Let

— r—x r—T r — Tp—
Ru(z) = ao+ o) 4 Uy oy L
| a1 as 42
_ Ny ()
D, (z)

and denote by L(N,,) the leading coefficient of polynomial N,(z), then
L(N,) = { ag+ az + -+ ay, for even n

1, for odd n
and
_ 1, for even n
L(Dn) = { a; +az3+---+a,, forodd n
Proof. From
_ Ny (z) T— 1Ty Qpai +T— Tp
R = = =
1 (ZU) D1 (.’L') ap + a a
and
_ Ny(x) :U—a:0| :U—:U1|
Ry(z) = =ap + +
2(7) Dy (x) R P | a
_aparaz + ap(x — 1) + az(x — xo)
h ajas +T — 21
one gets
L(N:) =1, L(Dy) =
L(Nz) :a0+a2, L(Dz) =
Now assume
L(Nag) = ao+az+---+ax
L(Da) = 1
L(Napt1) = 1
L(Dspt1) = ay+az+---+azksr
then from the recursion formula
No(z) = apNy_1(z) + (z — xp—1)Ny_a(z)
Dp(z) = apDp_1(x)+ (x —xp_1)Dp_2(z)

and

where 0(p) denotes the highest degree of the polynomial p, it follows

| a,L(Np—1) + L(N,,—2), foreven n
L(N,) = { (Np_2), for odd n
and

L(Dyp—2), for even n
L(D,) = { anL(Dp_1) + L(Dy_s), forodd n

435
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Therefore
L(Napy2) = azpq2L(Nogy1) + L(Nag)
= aptas+- -+ az + a2pg2
L(Dagy2) = L(Dag) =1
L(Nakys) = L(Nog41) =1
L(D3y3) = a2p13L(D2gy2) + L(D2gy1)

= a1 +ag+---+ a4 T A2k43
Theorem 1 is thus proved by induction.

Suppose
T—x T—x T — Tp_
Ra(z) = olzo] + i+ . SH
| prlzo, @1] | palao, 21, 20] | pnlao, 1, ... 2]
Ap ()
_ 2.3
B () (2.3)
and define
Ii(g"), for even n
pn[CUO;wl;---;xn] = LEB:; f dd (24)
ray, forodd n
then we have by Theorem 1
20, @ Tn] = wolwo] + @a[o, x1, T2] + - - + Pp[To, T1, . - ., Tn), for even n
Prl0: 1o End =0 ) [wo, 1] + 3wo, T1, T2, 23] + -+ + Yplwo, 1, ..., 2p), for odd n
(2.5)
and as a result we get
polxo] i wolzo] (2.6)
pP1 [$0,$1] = % [$0,$1]
and
Prlo, 1, ... Tn] = pp_z[To, 21, .., Tnz] + @n[To,T1,. .., Ty] (2.7)
PnlZo, 1, ..., 2y] defined above is usually called reciprocal difference of the function f(z) at
points zg, Z1,. .., &y. Cuyt and Verdonk ([4]) gave the following determinant formula for recip-
rocal differences
p2k[To, T1,. . ., Tak)
1 fo (x—=z) - (z—=zo)" ! folw—x)f ™t folz—zo)*
_ L1 f (x —w2p) -+~ for(@ — zop)*
1 fo (z—z0) - (x—m0)F 1 folx—m0)* ' (z—z0)k
L for (v —xo) -+ (x — wop)"
and
p2k+1[T0, T1, -+, Tagy1]
1 fo (z—m) folo—m0) -+ (z—z0)% (2—m20)Ft!
_ L fort e e ( — Topyr)*t!

1 Jo (x—z0) folx —z0) --- (SU—SUo)k fo(ﬂ?—fl?o)lc

1 fortr fori1 (@ — apy1)k
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Clearly the above formulae cannot be generalized to the case where the points xg, z1, ..., x, are

coincident. In what follows, we give another determinant representation for reciprocal difference

which allows the above mentioned coincidence of points. Let
CO,m Cl,m e Cn m

Com+1 Cimtr -+ Chmtt
D(m,n) = | . : . (2.8)

CO,m—i—n Cl,m—i—n Cn,m—i—n
Theorem 2. If D(k+ 1,k —1)D(k + 1,k) # 0 for any k € IN, then

p2k[To, T, . . Top] = (_1)1«0( D(k, k)

kE+1,k—1) (2:9)

and

WDk +2,k—1)
D(k+1,k)

Proof. From the condition D(k + 1,k — 1)D(k + 1, k) # 0, we know both the matrices

Cok+1 Cir+r - Chrisr
Cokt+2 Cirtz - Cky2

P2k+1]T0, 1,y . oy Topy1] = (—1) (2.10)

Coor  Cror - Cirok

and
Cokt+2 Cigtz - Crr2
Cok+z  Cirres -+ Crrys

Cozk+1 Cipk+1 -+ Crortl
are of maximal rank and therefore there exist the Newton-Padé approximants of order (k, k)
and (k + 1,k) for f(x). In the light of (1.8) and (1.9), by setting m = n = k and C =
1/(-1)*D(k + 1,k — 1), we get

For(z) Figp(x) - Frpr(x)
Cok+1 Crpyr -+ Crrpr
Pop(z) = (~1)F | Cokrz Crrrz =+ Chpgo /D(k +1,k—1) (2.11)
Co 2k Cipr -+ Croa
and
wo(z) wi(w) - wi(w)
Cokt1 Crrt1 Chk+1
Qrr(z) = (=1)F | Coktz Crrrz o+ Chpto /D(k +1,k—1). (2.12)
Coor  Cipr -+ Ciok
By setting m =k + 1,n =4k and C =1/D(k+ 1,k), we get
Forr1() Frppi(@) - Firr(2)
0,k-+2 1,k+2 k k42
Peprp(@)=| Cowrs  Curws o Chss / D(k +1,k) (2.13)
Co2k+1 Cior+1 - Croksr
and
wo(z)  wi(z) - wi(z)
0,k-+2 1,k+2 k k42
Qrern(z) = | Cokrs Crpws o Cues / Dk +1,k). (2.14)

Cozk+1 Cror+1 - Crok+1
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From
O(Prr) =k, 0(Qr.k) =k,
B(Pyrig) =k+1, d(Qrirr) =k,
and
L(Qgx) = L(Pry1k) = 1,
it follows

P (z) = A (), Q. k(7) = Bag(x)
Ppi1,1(x) = Asgy1(2), Qr+1,k(z) = Bagt1 ()

which results in

p2rlTo, 1, .., Lok = L(Az)
’ ’ B L(sz)
_ L(Pw)
L(Qp.r)
Co,k Cik o Chrk
o | Coksr Crksr oo Cripa
= (=D . : . D(k+1,k—1)
Coor  Cipr -+ Cirok
= (-V)*D(k,k)/D(k+ 1,k —1)
and L(B )
_ 2k+1
P2k+1 [CU(),ZL“l, s 7w2k+1] - L(A2k+1)
_ L@Qkt1k)
L(Pyi1)
Cokt+2  Crr+z - Cro1k+2
. Cok+s  Crr+s - Cro1k+s
= (-1 . . . . D(k+1,k)
Cozk+1 Cioe+1 - Cro12k+1

= (-D)*D(k+2,k—1)/D(k+1,k)
as asserted.
Theorem 3. If D(k+ 1,k —1)D(k,k —2)D(k + 1,k)D(k,k — 1) # 0, then for k > 1

B D(k, k) D(k—1,k—1)
©ak[To, T1, - Tag] = (-1)k {D(k+1,k—1) DUk —2) } (2.15)
Vakti[To, 1,0, Topr1] = (-1)k {Dgc(;i’i;)l) D(Dk(-]:,}g’ﬁzf)} (2.16)

Proof. By using Theorem 2 and the relation between reciprocal differences and inverse
differences (2.7), one immediately comes to the conclusion in Theorem 3.

Besides the above expressions there exist another determinant representations for inverse
differences which look more compact.

Theorem 4. If D(k+ 1,k —1)-D(k+1,k) #0 and Qg r—1(z26-1) - Qk,x(T2k) # 0, then

ok[To, w1, - ., Tag)
wo(fﬂzk—l) w1($2k—1) wk($2k—1)
Co,k+1 Cigy1 o Crryr
Dk —1 Co c S
~ (1) (k, ) 0,2k 1,2k .2k (2.17)
Dk+1,k—1) | wo(zor—1) wi(or—1) -+ wrp—1(Z2k—1)

Co,k+1 Cig+1 - Cro1pm1

Co2k-1 Ch 2k—1 o Cro1,2k—-1
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and
<,02k+1[$0, Ly ,$2k+1]

wo(war) wi(w2r) -+ wi(w2n)

Cokt+2  Cirrz - Crite
Y Dk+1,k—1) | Cogkt1 Croks1 - Croksr
D(k+1,k) wo(war) wil(wag) -+ wi(war)

Cok+1 Cigs1 -+ Crrtr

Co 2k Cipr -+ Croak

Proof. Applying recursion formula to (2.3), we have

Ap(z) = oplzo,x1,. -, 2p]An—1(x) + (& — zp_1)Ap_2(x)

B,(z) = pnl[zo,21,...,2n])Bn-1(z) + (x — xp—1)Bp_2(x)

from which we get

An(Tn-1) _ Bp(zn-1)
An 1(xn 1)  Bnoi(zn 1)
provided B,,(z,,—1) # 0 or A,,—1(z,,—1) # 0. Therefore
Bog(wak—1)  Qrr(T2r-1)

(pn[x())xl:"':xn] =

2k | L0y L1y, L2k| = =
Pak[ro, 21, Ta] Bog—1(z2k—1)  Qrk—1(T2-1)
Bogi1(z2k)  Qrt1k(@a2r)
k Loy L1y---y L2k = =
e[, 21 2k+1] Boy(z2r) Q. (z2r)
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(2.18)

Substituting (2.12) and (2.14) into the above expressions, we immediately obtain the results

stated in Theorem 4.

3. The Limiting Case of the Thiele’s Interpolant

Let us now consider the limiting case of the Thiele’s interpolating continued fraction ex-
pansion (2.1), by which we mean the corresponding continued fraction yielded from (2.1) when
all the points in set X = {z;|i € IN} are coincident with certain point, say, #o. Naturally the
limits of inverse differences play key roles in this case. For simplicity, we introduce the following

notations
n+1
e N———
enlzo] = @n[To,0,- .., T0]

lim OnlTo, 1, ..., Tn),
e
i =00

F9 (o)
Ci=

and
Co—m+1 Cr—my2 - CL
Co-m+2 Cr-my3 -+ Crya

oy =] R S
Cr Cry1 - Cryima
then
polzo] = olzo],
pilzo] = ¢ifzol,
pulTo] = pn—2[zo] + ¢nlzo],n > 2
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and (2.1) turns out to be

:c0|+ T — To N :c—x0|
‘ pilzo] | w2lzo] | walzo]
Two methods known as the Thiele’s algorithm and the Viscovatov’s algorithm are available

for the computations of the limits of inverse differences, which we formulate as follows.
Thiele’s algorithm. (see [3] or [5])

[.7,'0] + (34)

polzo] = polwo] = f(xo)
w] = palro] =
P1|To] = P1[To = Af(z0)
o] = ——— 1>2
@1 To - dpl—1[$0]7 =
dz
pilwo] = pi—2[zo] + pu[zo], 12> 2.
Viscovatov’s algorithm. (see [5])
c” = fO)/it, i=0,1,2,...
polwe] = Cp”
pilwo] = 1/C1”
oV = e ix1
ofre] = 720l 1> 2
o = ¢ —pm)cTY, i> 10> 2,

Obviously, when using the Thlele s algorithm or the Viscovatov’s algorithm, one has to carry
out computations step by step with great patience for it is hardly possible to derive a general
expression for o, [zo] from these algorithms. The following theorem presents a general deter-
minantal expression for ¢, [zo], which may be regarded as a make-up for both the Thiele’s
algorithm and Viscovatov’s algorithm.
Theorem 5. If C(k/k — 1)C(k+1/k)C(k/k)C(k+ 1/k+ 1) # 0, then
[C(k/E)P?
Ck/k—-1)C(k+1/k)

_ [C(k +1/F)]?
2kt [wo] = C(k/kK)C(k + 1/k + 1)

Pak[To] = —

and

Proof. Noticing

lim Ci,j = lim f[xia T, J"j]
(L Zo g EEERELy
_ YT w0) _
G-t~
we have
Cm Cmfl T Cmfn
. Cerl Cm T Cm*”Jrl
lim D(m,n) = - : : .
T S o
1= Oﬁy 79}’L—|—TL Cm+n Cm+n71 C’m
Cm—n Cm—TH—l . Cm
aint) | Cm—nt1 Cm—nt2 -+ Cmta
2

= D . : .
Cm Cm+1 Tt Cern
= (_1)@C(m/n +1).
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By Theorem 4, we get

Ck Ce1 - O
Cit1 Ck e Oy
D" 52C0k/k) | Oy Copn - Oy
' k[x ] = (_l)k *(k—1 :
2k [0 1) G- )C(k+1/k) Cr Crr - Oy
Chrt1 Cy -+ O3
Cok—2 Cop—z -+ Cy
(_ )Ic C(k/k) _(_ )k 1 C(k/k)
Clk+ 1/R) Clh/k—1)
B [C(k/k)?
; Clk+ 1/RCkk—1)
an
Cr+1 Ci - O
Cry2 Crpy1 - C3
o) : : o
e DT O+ 1/k) | O Copa - G
‘P2k+1[$0] = ( 1) (_1)k(k2+1)0(k+1/k+1) Cy Cv1 - O
Crt1 Crp - Oy
Cok—1 Cop—z -+ Cy

Ck+1/k) Ck+1/k)
Clk+1/k+1)  C(k/k)
[C(k+1/F)
Ck/k)C(k+1/k+1)
The proof of Theorem 5 is completed.
Remark. One may also prove Theorem 5 by means of Theorem 3. As a matter of fact,
from (2.15) and (2.16) it follows

oak[re] = (—1)*

(-1 Ok /k + 1) G Ok - 1/k) l
-0k +1/k)  (~1)FE oWk - 1)
Clk/k+1) C(k—1/k)

)
Clk+1/k)  C(k/k—1)
Clk/k+1)C(k/k —1) — C(k — 1/k)C(k + 1/k)
Clk + 1/k)C(k/k — 1)

and
k(k—1) (k—2)(k—1)
omnlen] = (-1 (_Ek:) Clk+2/k) (1) k(k_g(k +1/k— 1)]
(-1)" = C(k+1/k+1) (1)~ = C(k/k)

_ C(k+2/k) Clk+1/k—1)
T Clk+1/k+1) C(k/k)

Ck+2/k)C(k/k) — C(k+ 1/k — 1)C(k + 1/k + 1)
N Ck/k)C(k+1/k+1) '

By sylvester’s determinant identity (see [1] or [9])
C(L—-1/M)C(L+1/M)—-C(L/M —1)C(L/M + 1) = [C(L/M)]?,
e Clk/k+1)C(k/k—1)—C(k—-1/k)C(k+1/k) —[C(k/k)]?,
Ck+2/k)C(k/k) —Ck+1/k—-1)C(k+1/k+1) = [C(k+1/k)]?
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and herewith we obtain
R (ALIL) &
PR = Tk + 1/R)C(kE — 1)

and
O+ R
Pakr1lzo] = Ck/k)C(k + 1/k + 1)

4. Numerical Example

Let us take f(z) = e” as an example to show the construction of limiting Thiele’s interpo-
lating continued fraction expansion at zo = 0. In this case, f(z) may formally be expanded

f@) =wo[0]+m+ W+

In order to compute ¢;[0], i =0,1,2,..., we need the following lemma.

T ) - ()
% (p-%kl) (p 1) (p;.gl)

+n +n +n
1 ( P ) ( Py ) ( rt )
Proof. Subtract the i'* row from the (i + 1)** row for i =n,n —1,...,2,1 and keep using

the combinatorial identity
(1) =(w)=(m)

5
3

one at once gets (4.1).

Now
1 1 1
(L71\14+1)! (L7A1/1+2)! Ll!
C(L/M) _ (L—A'4+2)! (Lfl\'/I+3)! W
1 1 . 1
I (Z+1)! (L+M—1)!
L L
(m=1) (%) )
L+1 L+1
B 120 (M —1)! (M—l) ( 1 ) 1
 LNL4+ 1) (L+ M —1)!
L+M-1 L+M-1
(F3Mrt) e ) 1
It follows from Lemma 2
MM 1) 120 (M - 1)!

C(L/M) = (1) L(L+1) - (L+M-1)!
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By Theorem 5 and (4.2), we derive for £ > 1

EI(k+1)!--(2k—1)!
pu0] = (1) 2L (k—2)! 1L (k—1)!
EE+1) - (2k—2)! ~ (k+1)[(k+2)I---(2k)!

[ 112! (k—1)! ]2

E—1! (2k)!
= (=1 k(i._
( )(2k—1)! k!
= (=1)*2
and
w2t (k-1 17
B+ 1) 1(k+2)1(2k)!
()02k+1[0] = (_1)k 1121 (k—1)! ] 1120 k!
RIE+ D) (2h—1)! (R (h+2)--(2k+1)!
o k(2k+1)!‘ k!
= D k! (2k)!
= (-DF2k+1)
with
pol0] = f(0)=1
©1[0] = lim v =0 = 1 =1

a0 f(x) — f(0)  f'(0)
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and consequently we obtain the limiting Thiele’s interpolating continued fraction expansion for

e” as follows

1 P I 1 I
= S SRS

T

Rttt R [CEeD
| |

Its first four convergents are

1+’ﬂ:1+az
2
1+’J ’J e
6 + 4z + x>
e H ﬁ
—2:U
14 12 + 6z + z2
H ’_/ 12 — 6:U+:U2

which are respectively the entries r1 9,711,721 and 2,2 in the Padé table of the function e* (we

refer to [1] or [9])

If one calculates ¢y [zo] by means of the Thiele’s method, then the computing process pro-

ceeds as follows

900[37] =€, po[ﬂ?] = ea:) 900[0] = ]-7
pifz] =e™", pifz] =77, @i[0] =1,

poa] = T —2e*, pa[x] = polz] + pa[z] = —€*, P2[0] = —

p3lz] = Tl =3e™ ", p3lz] = p1[z] + p3[z] = =277, @3[0] = =3,
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4
palz] = 5 = 2e”, pafz] = p2fz] + pa[r] = €*, @4[0] = 2,
p3(z]
dz
5 —T —T
psla] = Toale] 5e™", ps[r] = pslz] + pslx] = 37", @4[0] = 5.

T

If one calculates ¢, [z9] by means of the Viscovatov’s method, then the computing process

proceeds as follows

G'=1¢”=1 =12 ¢”=16 V=12 C=1/120
ol =12 el =Ty ol = aym ol = 1z
CY =1/6 0(2) =1/12 0(2) 1/40
P =112 Y =1/30
¢ =1/60
#ol0] =1, P[0 =1, pal0] = OV jOfM = 2,

p3l0] = OV /0 = =3, @0 = Y /C) =2, gsl0] = CY jotY

The above example shows that the method provided in our paper can serve to solve the

limiting Thiele’s interpolating continued fraction expansion problem once for all and seems more
effective in some cases than the so called Thiele’s method and Viscovatov’s method (see [3], [5]
and [6]).
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