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Abstract

In this paper we investigate three various algorithms for computation of generalized in-
verses which are contained in the limit expressions lim V (DT + 2I)"'U and
z2—0

liH})V (DT + zI)fl z°. These algorithms are extensions of the algorithms developed by
z—
various authors in [2], [3-4], [7-9], [16-18].
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1. Introduction and Preliminaries

The set of all m x n complex matrices of rank r is denoted by C**". By I we denote an
appropriate identity matrix. Also, Tr(A) denotes the trace of a square matrix A. By R(A) and
N (A) are denoted the range and the null space of A, respectively. Finally, adj(A) and det(A)
denote the adjoint of the matrix A and the determinant of A, respectively.

For any matrix A € C™*™ consider the following equations in X:

(1) AXA=A, (2) XAX=X, (3) (AX)*=AX, (4) (XA)'=xA4

and if m = n, also
(5) AX =XA4, (1%) AMlx = Ak

For a sequence S of {1,2,3,4,5} the set of matrices obeying the equations represented in S is
denoted by A{S}. A matrix from A{S} is called an S-inverse of A and denoted by A(S), If X
satisfies (1) and (2), it is said to be a reflexive g-inverse of A, whereas X = A is said to be the
Moore-Penrose inverse of A if it satisfies (1)-(4). The group inverse A# is the unique {1,2,5}
inverse of A, and exists if and only if ind(4) = min{k : rank(A**!)=rank(A4*)}=1. A matrix
G = AP is said to be the Drazin inverse of A if (1¥) (for some positive integer k), (2) and (5)
are satisfied.

Let there be given positive definite matrices M and N of the order m and n, respectively. For
any m xn matrix A, the weighted Moore-Penrose inverse of A is the unique solution X = Ah N
of the matrix equations (1), (2) and the following equations in X:

(3M) (MAX)* = MAX (4N) (NXA)"=NXA.
In this paper we investigate three methods for implementation of the following limit expres-
sions, related to a given matrix A of the order m x n:
L= lim V(DT + 2I)"'U, Ly = lim V(DT + 21)"'2°, (1.1)
z—0 z—0

where D, T, U and V are appropriate variable complex matrices of the order ¢ X p, p X ¢, g x m
and n X g, respectively, [ > 1 and e is an arbitrary integer. These limit expressions contain all
so far known limit representations of generalized inverses investigated in [1], [5], [6], [8], [10-15],
[18-20]. Moreover, in the case D = U, V = I we obtain the limit expression investigated in [16].

* Received August 20, 1998; Final revised September 6, 2000.
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The paper is organized as follows. In the second section we establish and investigate a general
imbedding method for computing the generalized inverses included in the limit expressions (1.1).
This method deals with a system of first-order ordinary differential equations associated to the
matrices F'(z) = (adj(DT + 21))’, H!(z) = F!(2)z! and the scalar ¢'(z) = (det(DT + 2I)). In
certain particular cases we obtain the results originated in [9], [17] and [18].

In the third section is investigated implementation of the limit representations (1.1) by
means of several sets of orthogonal vectors. This implementation is an extension of the method
introduced in [9] for implementation of the known limit representation of the Moore-Penrose
inverse.

In the last section, using a generalization of the method from [8] and [16], we introduce
a more condensed form of the Leverrier-Faddeev finite algorithm for computation of various
generalized inverses. Introduced algorithm contains known generalizations of the Leverrier-
Faddeev algorithm, available in [2], [4], [7-9] and [16-17]. A part of this method which concerns
the limit L in the single case V. = I, D = T reduces to the known generalization of the
Leverrier-Faddeev algorithm, introduced in [16].

2. A Generalized Imbedding Method

In this section we develop a generalization of the imbedding methods, introduced in [9],
[17] and [18]. This generalization of the imbedding method can be used in implementation of
the limit expressions (1.1). This method is based on the integration of the first-order ordinary
differential equations associated to the matrix powers F' = F!(z) = adj(DT + 1)), H' = H'(2) =
F'(2)2! and the scalar g' =g'(z) = (det(DT +21))" .

Theorem 2.1. Consider arbitrary matrices D € C1*P T € CP*1, U € CI*™ and V €
C"*%, an integer | > 1 and an arbitrary integer e. For the matriz B(z) = DT + 21, let the
matrices F(z), H(z) and the scalar g(z) are defined by

F=F(z)=adj(B(2))=(Bi;), H=H(z)=F(2)z,

(2.1)
g=g(z)=det(B(z)).
Then F'(z), H'(z) and g'(z) satisfy the following ordinary differential equations:
AFY) g P THE) - B
=I[F ,
dz g
d l
Efz) — lgl—l TY(F), (22)
dHY) , ,¢"—1zF'B"! — 2" ' Tx(F)
=z F*.
dz g

Assume that the matrices F'(z), H'(z) and the scalar g'(z) satisfy the following initial
conditions:
F'(z0)=(adj(DT + 20I))", H'(z0)=F'(20)2), ¢'(20)=(det(DT + zI))’
where
20 >0, |zo|§m€ig|zi|, S={zi|z>0 is the eigenvalue of — DT'}. (2.3)
Zi

In this case is
L=1lim V(DT + 2I)"'U
z—0
Fi(zg) 41 f prf T =BT
=V lim G .
g'(z0) +1 [ g*=' Tr(F)dz

Z0




Algorithms for Implementation of General Limit Representations of Generalized Inverses 563

Also, L1 = lin}) V(DT + 21)~'2¢ exist if and only if e > 0. In this case is
zZ—>

r z l_l FlBl—l_l l—lT F
H(z0)+ [ 1L 2 2 HE) pug,

Viim o — el

= g'(z0)+1 [ gt Tx(F)dz

D
L=< 0, e>l orl>e>0
z lflTr F _Bllel
Fl(zo)+lfFlg ( )l dz
Vlin}) 2 < g , I>e=0.
- 9'(20)+1 [ g1 Tx(F)dz

\ zZ0

Proof. Using the results from [14], we conclude that the expressions V(DT + 2I)~'U and
V(DT + 2I)~'2¢ always exist for any positive integer [ in a deleted neighborhood of z = 0.
According to the used notations, we get

== [55] - [] &

Premultiplyng both sides in the last equation by the matrix B! and postmultiplyng both
sides by ¢!, we get

I¢' = B'FY, (2.5)
On the other hand, postmultiplyng both sides of (2.3) by Blg! we obtain
Ig' = F'B'. (2.6)

Differentiation of both sides in (2.5) with respect to the parameter z and multiplication of the
obtained equation by F' from the left produces the following:

FUBY.F! + FUBU(FY), = FI(g').. (2.7)
Using (2.6) in the second term of (2.7) we obtain
FU(BYLF + g (F), = F(d)..
Hence
d(F") _ F'(g"). — F'(B'). F'

(F), === - . (2.8)

Differentiating g' with respect to z we obtain

(). =1g"""g.. (2.9)
It is clear that ( )
d(DT + =1

B = =1 2.10

=S (2.10)

which means

Now, we obtain

g;: = 8g(Z) dbij(z) — i Bij(sij:iBii: Tr(F) (2-11)

i,j=1

(9")% = lg' " Te(F). (2.12)
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By substituting (2.12) into the right hand side of (2.8) and using (2.10), we have

_ Fllglfl TI'(F) — Fypl-1ft _ lFl glfl TI“(F) — BI-1Rt

- 1 - 1 :
g g

(7).

We now derive a differential equation which characterizes the matrix H'(z). Using (2.5),
1
(2.6) and F! = ng, we obtain
Iy = ~pim (2.5")
2t ’ '
1
Iy = —H'B". 2.6’
9= (2.6")
Differentiating the equation (2.5’) with respect to the variable z and multiplying obtained
equation by H! from the left, we obtain
l 1 1
H'(g'). = -z H'B'H' + S H'(B').H' + ZH'B'(H")..

Using (2.10), (2.12) and (2.6°), one can verify
1 1
gl(Hl)lz — ;ngl _ nglBl_lHl _ lgl—l TI'(F)Hl,

which implies

Zlflngl _ lHlBllel _ lzlglfl Tr(F)Hl
Zlgl

_ Zl—lgl _ lZlFlBl—l _ lZlgl—l TI‘(F) Fl
g '

(H'). =

(2.13)

For a value of z = zyp > 0 suitably greater than the zero (according to the condition (2.3)),
we can determine the determinant and the adjoint of the matrix B(zp) accurately. This provides
initial conditions

F'(20) = (adj(DT + 1)), H'(z0)=F'(20)2h, g'(0)=(det(DT + zo1))’

at z = z for the differential equations in (2.2). Using these initial conditions, (2.2) and (2.4),
we obtain

l
L = lim V(DT + 20)~'U = V lim (F(z)> U
z—0 z—0 g(z)

Fl(zo)+ [ d(;:)dz
=V lim - U
FAad 1
9'(z0)+ [ 4 dz

Z0

z l—lT F) — Bl—IFl
Fl(z) +1 [ F'Z x ;l
z0

g'(z0) +1 [ g'=' Tr(F)dz

20

dz

=V lim

z—0

U.

Moreover, it is clear that L, = lin% V(DT + 2I)7'2¢ exists if and only if e > 0. In the case
z—
e>1, we get

!
Li=lim V ((DT + zI)*lz)l 27t =V lim (H(z)) PA
z—0 z—0 g(Z)
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For e > | we get L; = 0. Taking e = [ and using (2.2), one can verify the following:

[
Ly =V lim (H(Z)> — V lim
z—0 g(z) z—0

H'(z) + I d(;il)dz

g'(0) + [ Hdz

—1zF'B""1—12¢g!" "1 Tx(F)
]

z gl
H'(z) + [ 2171 Fldz

= g
z
9'(z0) +1 [ g Tr(F)dz

Z0

=V lim

z—0

In the case I > e, in view of (2.2) and (2.4), we obtain the following:

l
Ly =V lim <F(z)> 2
(0, e>0

\
(0, e>0
z -1 1-1 gl
Fl(z0)+1 [ F'Y Tr(F)l A
V lim 0 = g
0 g'(z0)+1 [ gt Tr(F)dz
\ 20
Remark 2.1. The imbedding method defined in Theorem 2.1 for implementation of the
limit value L represents a generalization of various modifications of the imbedding method,
used for computing various generalized inverses, which are considered in [9], [17] and [18].
First generalization is application of an arbitrary integer [ > 1 in Theorem 2.1. The second
generalization is possibility to use arbitrary, and possible different, matrices D, T', U and V,
instead of a single matrix D. Even in the case | = 1, D = U, V =1, T = A, defined
generalized imbedding method for the limit representation L contains the results from [9], [17]
and [18]. In [9] is investigated only the case D = A* and implementation of the Moore-Penrose
inverse. In [17] are considered the cases D = A*, D = N *A*M, D = A* k = ind(A) and
an imbedding method for the Moore-Penrose, weighted Moore-Penrose inverse and the Drazin
inverse, respectively. In the case =1, T=A, D=U =G, where R(G) = R, N(G) = S, we
obtain the imbedding method for computing the generalized inverse AS—?S, introduced in [18].
Moreover, a generalization of the imbedding method introduced in Theorem 2.1 contains very
wide class of generalized inverses, contained in the limit expressions L and L;.

dz

U, e=0.

3. Limit Representation and Orthogonal Systems

For the sake of completeness we restate known results from [9].
Proposition 3.1. [9] Let A be an arbitrary m X n complex matriz of rank r. Then A can
be written in the form

r
A:Zaiaiﬂg‘, ay >ax>-->a, >0 (3.1)
i=1
where ay,...,a, form an orthogonal set of vectors in C"™, and B1,...,0, form an orthogonal

system in C".
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The Moore-Penrose inverse of A is equal to [9]
At = Z a;la@ﬂf.
i=1

Theorem 3.1. Let D, T, U and V are arbitrary matrices of the order q X p, p X q,
g X m and n x q, respectively, whose ranks are rp, rr, ry and ry, respectively. Assume
that aa, ..., Qmax{rp,rr} form an orthogonal set of vectors in CP, B1,. .., Buax{rp rp} form an
orthogonal system in C?. Also, assume that v1,...,%:, is an orthogonal system in C™ and
01,...,0r, is an orthogonal system in C*. Consider a real number z which satisfies

z>0, |z|§mir§|zi|, S={zi|2i>0 is the eigenvalue of — DT}. (3.2)
zi€

Let the matrices D, T, U and V are expressed in this way:

TD

D=3 difiaj, di2...2dy >0,
i=1
rr

T:Ztiaiﬁ;: t1>2... 2%, >0,
i=1
TU

U:Zulﬂiﬁ, Up > ... > Uy, >0,
i=1

rv
V=> wdiff, v>...>uv, >0.
i=1

If r = min{rp,rr}, then for an arbitrary integer | > 1, the limit expression L = liII(l) V(DT +
z—
2I) U exists in the case
min{ry,ry} <r+1. (3.4)

In this case is
min{r,rU,rv}

I (e

(3.5)
dit}

i=1

Also, Ly = liII(l) V(DT + 2I)"'2¢ exists in the case ry <1+ 1 or in the case e > 0. In these
z—

cases 18

min{ry,q} 5 l )
vi0; B85, e=I, ry >r+
Ly = iz;ﬂ il "= (3.6)
0, e>lorl>e>0, ry <r+1.

Proof. According to representations (3.1) and (3.3), the matrix DT can be represented in
the form

DT = Zditiﬁzﬂf- (3.7)
i1

The vectors 1, ... 3, form an orthogonal system in C?. If r < ¢, there is possible to add ¢ — r
vectors Br41,...,0B3q, such that B;,...03, are orthogonal and span C?. Then, it is not difficult
to verify
q
1= 4. (3.8)

i=1
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From (3.7) and (3.8) we have

r g
DT + 21 = Z diti3i3; + = Z BiBi

—Zdt +2)B:8; + 2 Z B:6;

i=r+1

According to the condition (3.2), the matrix DT + 21 is nonsmgular and we get

r

(DT + 2I)~! = dt +Z+ Z /3’ : (3.9)
i=r+1
Also, for an arbitrary integer [ > 1 we obtaln

(DT +21)~! = i( bibi Zq: (3.10)

dit; + z)!

as it can be proved by induction.
Now, we obtain

r g q 3% ru
V(DT +21)” Zv,& B; Z (ﬁjiﬁ] + Z ﬁ;lﬁ] Z upBrg
j=1 k=1

djtj +2)t 4=,

B N A ﬁwk )PP Py
- (djtj + 2)

i=175=1 k=1 i=1j=rH k=1

Considering the second term in the last equation, we conclude that L = liII(l) V(DT + 2I)~'U
z—
exists in the case min{ry,ry} < r + 1. In this case is
min{r,ry,rv} i min{r,ry,rv } St
. WiVi07; U007
L=1 — = —_—t.
e, ; (d;t; + 2)! ; (dit;)!
We now investigate the limit L;. In the case e > [, in view of (3.10), one can verify the
following;:

r q
(DT + 2I) 2! = Z( Bib; 2+ Z BiBF — Z B:B;, as z — 0.

dt +z i=r+1 i=r+1
This implies
L, = hm Zv,& B; Z BiB;
j=r+1
0, e>lore=1IlLry <r+1

= { min{ry,q}
>ooowdBr, ry >r+le=1.
i=r+1

In the case I > e > 0 we get
& BB BB
— 1 8.3 I3 73
Ly = lim Z vidif3; Z @i, 12 Z el Kl
i=1 j=1 1

j=r
N uiliBBiB;
= ;I_IE)Z Z 2= ej ’

i=1 j=r+1

Consequently, L; exists in the case ry < r 4+ 1, in which case is L; = 0.
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Remark 3.1. Consider a given matrix C™*", In the case [ = 1,if V = I, D=U = AT,
T=A, we get known representation of the Moore-Penrose inverse from [9].

Moreover, in Theorem 3.1 are defined representations for various classes of generalized in-
verses which possess the limit representations L and L;.

4. A Generalization of the Leverrier-Faddeev Algorithm

In this section we introduce a finite algorithm which is based on the limit expressions (1.1).
This algorithm is a generalization of all known modifications of the well-known algorithm,
attributed as Leverrier-Faddeev algorithm (also called Souriau-Frame algorithm).

Theorem 4.1. Let there be given arbitrary matrices D, T, U and V of the order q X p,
pXq,qxm andn X q, respectively. Let

F(z) =adj(DT +2I) = F129 ' +---F, 12+ F,
g(2) = det(DT + 21) = goz? + g127 + + - + 9q

where F1 = L Fy,---, Fy are fivzed g X g matrices and go = 1,g1,...,94 are scalars. Then the
following statement is valid:

(4.1)

Fl
L=1m V(DT +20)"'U = VU, (4.2)
z—0 g,

where r is the largest index satisfying g, # 0.
Also, the limit Ly = lim,_,o V(DT + 2I)~'2¢ exists if and only if e > 0, and

l
V(I—EDT> L e=1

9gr
Ly =< 0, e>lorl>e>0 (4.3)
1
F
\%4 <—T> , [>e=0.
gr
The quantities F1,q1,- .., Fy, g. are determined by the following recursive relations:

Fj+1:ng—DTFj, j:].,...,’l"—].,

1 . (4.4)
gj+1 :mTr(DTFj+1), ]:1,...,7“—].
and by the following initial conditions:
F =1 g = Te(DT) (4.5)
Proof. Note that gy =1, so at least one member of the sequence gy, g1, ..., g, is different
from zero. If r is the largest integer which satisfies g, # 0, from (4.1) we get
F l
L = lim V(DT + 2I)~'U = lim ( (Z)> U
z—0 z—0 g(z)
) Fiz07Y .. F,_ 207+ f | !
=lim V
=0 \goz? + g1z +- - +gp 1207 4 g0 (4.6)

Fizr=l 4 ... F._ Fo\!
:limV< A A S Eh i ) U
z—0 Zr+g12r71+"'+gr,12+gr
Fl
=V U.
9r
The equations (4.4)—(4.6) can be proved generalizing the principles from [9] and [17], as

follows. Using

(DT + 2I)(Fy29 Y + - Fy 12+ F)) = I(goz? + g129 1 + - -+ g,),
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and comparing like powers of z on both sides of this equation, we see that the first equation in
(4.4) holds. In order to obtain the second equation in (4.4), we set

B =DT + 21, B =(By).
From (2.12) in the case [ = 1, we have

dg
— = Tr(F).
dz x(F)

We can write this equality as
T+ (= 1)g127 2+ o+ g1 =20 Te(Fy) + 2972 Te(Fy) + -+ + Tr(F).
Equating coefficient of like powers of z we see that
(¢—3)g; = Te(Fjr1) j=0,...,r 1.
Taking the trace of both sides in the first identity in (4.4), we obtain
Tr(Fj41) = qg; — Tr(DTF))

From the last two equations we get

q9; — Tr(DTF;) = qg; — jgj, §=0,...,m7,

which implies the second equation in (4.4).
In the case e > [, the limit expression L; can be transformed as follows:

Ly =lim V(DT + 2I)"'2¢ =lim V ((DT + 2I)" (DT + 21 — DT))Z PA
z—0 z—0
Therefore, in this case is

{limV(I—(DT+zI)‘1DT)l, e=1
Ll = z—0

07 €>l
F l
V(I——’“DT) L e=1
= gr
0, e>l.

In the case I > e, in a similar way as in (4.6), the limit L; can be expressed as follows:

!
Li=1lmV <E> z¢.

z2—0 gr

Consequently, the limit L; exists in the case e > 0, and it is equal to

l
Fy
le V(;), e=0

0, e>0.

Remark 4.1. Finite algorithm defined in Theorem 4.1, which is related to the limit rep-
resentation L, contains various modifications the Leverrier-Faddeev algorithm for computation
of various generalized inverses, which are considered in [2], [4], [7-9], [16], [17].

Inthecase V=1, D =U = A*, T = A, | =1, from (4.4) and (4.5) we obtain well-known
finite algorithm for computation of the Moore-Penrose inverse, introduced in [4]

For V=I,D=U=A* k=ind(A), T=A and =1, we obtain a modification of the Leverrier-
Faddeev algorithm for computation of the Drazin inverse AP originated in [7]. Similarly, using
substitutions V=1, DT =A, U=A* [=k + 1, where k > ind(A), we obtain a modification of
the Leverrier-Faddeev algorithm for computation of the Drazin inverse, introduced in [8].

Also, if D satisfies D = U, R(D) = Rand N(D) = S, inthecase I =1,V =1, T = A,
from (4.4) and (4.5) we obtain an elegant proof of well-known finite algorithm, introduced in
[2], for computation of generalized inverses Ag,)s-
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In the case V =1, U = D we obtain a generalization of the Leverrier-Faddeev algorithm,

introduced in [16].

Moreover, from Theorem 4.1 it is not difficult to define additional set of finite algorithms

for computing various classes of generalized inverses, contained in the limit representations L
and Ll.
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