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Abstract

For the large sparse system of linear equations with symmetric positive definite block
coefficient matrix resulted from suitable finite element discretization of the second-order
self-adjoint elliptic boundary value problem, by making use of the algebraic multilevel
iteration technique and the blocked preconditioning strategy, we construct preconditioning
matrices having parallel computing function for the coefficient matrix and set up a class
of parallel hybrid algebraic multilevel iteration methods for solving this kind of system of
linear equations. Theoretical analyses show that, besides much suitable for implementing
on the high-speed parallel multiprocessor systems, these new methods are optimal-order
methods. That is to say, their convergence rates are independent of both the sizes and the
levels of the constructed matrix sequence, and their computational workloads are bounded
by linear functions in the order number of the considered system of linear equations,
respectively.

Key words: Elliptic boundary value problem, System of linear equations, Symmetric posi-
tive definite matrix, Multilevel iteration, Parallel method.

1. Introduction

Consider the large sparse system of linear equations

Az =b, (1.1)

where, for a fixed positive integer a, A € L(R"™) is a symmetric positive definite (SPD) matrix,
having the blocked form

An 0 A

A= : - : , A € L(RY,R™), i,j=1,2,---,a; (1.2)
Aal e Aaa

z,b € R™ are the unknown and the known vectors, respectively, having the corresponding

blocked forms

T = (x{axga"'axg)Ta Ty ERnia .
T 1T T\NT n; 7/:].,2,"',(1; (]‘3)
b:(blabza"'aba) ) b; € R™,
ni(n; < n;i = 1,2,---,a) are a given positive integers, satisfying Z n; = n. This system

of linear equations often arises in suitable finite element dlscretlzatlons of many second-order
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self-adjoint elliptic boundary value problems. For details, we refer to [3-6]. Therefore, to study
efficient numerical methods for getting the approximate solution of (1.1) has both theoretical
and applicable meanings.

There has been a vast amount of research literature on iterative methods for solving the sys-
tem of linear equatons (1.1). Among these methods, the recently developed algebraic multilevel
iteration (AMLI) methods (see [3-5, 7, 9-10, 15-17]) are considerably applicable and efficient,
because they are optimal-order methods in the sense that their convergence rates are indepen-
dent of both the sizes and the level numbers of the grids, and their computational workloads
are bounded by linear functions about the stepsizes of the finest grids.

To suit the requirement of the parallel high-speed multiprocessor systems, the authors of [6,
8, 18] presented several parallel algebraic multilevel iteration methods for solving the system of
linear equations (1.1), which are, substantially, the parallelized variants of the existing AMLI
methods originally presented by Axelsson and Vassilevski [3-5] and further studied by Vassilevski
[17] and Bai [7], respectively. These parallel algebraic multilevel iteration methods not only
inherit the intrinsic advantages of the AMLI methods, but also have nice parallelism. Therefore,
they are very suitable for solving the system of linear equations (1.1) on the parallel computing
environments.

Through reasonable combinations of the AMLI technique and the block strategy, in this pa-
per we establish a class of new parallel hybrid AMLI methods based upon the abovementioned
existing results. Compared with the parallel AMLI methods in [6, 8, 18], these novel ones
have less computational complexities. Hence, they can achieve higher parallel computational
efficiency. In a careful way, we estimate the relative condition numbers of the new parallel
preconditioners and calculate the computational workloads of the resulted parallel hybrid al-
gebraic multilevel preconditioning methods. We demonstrate that the new parallel algebraic
multilevel iteration methods are optimal-order methods for both two-dimensional (2-D) and
three-dimensional (3-D) problem domains. That is to say, their computational workloads are
proportional to the dimension of the linear system (1.1), and their relative condition numbers of
the preconditioners are not only independent of the regularity of the solution, but also bounded
uniformly with respect to possible jumps of the coefficients of the second-order self-adjoint el-
liptic boundary value problem as long as these jumps occur only across edges (faces in 3-D) of
elements from the coarsest triangulation. At last, we also formulate adaptive procedures for the
new parallel hybrid algebraic multilevel iteration methods in order to construct the involved
polynomials after each group of fixed recursion steps of the preconditioners. Therefore, these
polynomials can vary from one group of the fixed recursion steps to the next.

2. Constructions of the New Methods

Denote A = {1,2,---,a}. For a fixed positive integer [, starting from the blocked matrix
A € L(R™) in (1.2), we construct a matrix sequence {A®)}L _ in accordance with the following
rule:

A(k) A(k)
0 (k) . - (k) ntF oM
AD =4, AW = S , A" € L(R"™ ,R™ ),
ALY AL

where

(k) (k) (k) (k)
k) _ Cc E:. (k) _ C:; E:: . . ..
Az‘i - (E.(l'lz)T A(.(zll)> ) Aij = ( ”.k) A(’;J—1) ) i#j, 0,J€A,
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and {ngk)}ﬁgzo (i=1,2,---,a) are a positive integer sequences satisfying

=1 o

ni:nl(-l)>nl(- ->nl(-0), 1=1,2,--,«

Evidently, A(k) = A k)( # 4,4, € A), and A® and Agf)(z € A) are SPD. For each
ke {l1,2,---,1} and i € A, denote the Schur decomposition of Agf) as

am (G0 N1 o EY
N AT S &

(23

with S;; (k) = ( 2 E(k) C-(-k)i1 E(k) the Schur complement of Al(-f). Let Bgl-k) be SPD matrices,

(23
i > respectively, and p( )( t) be a polynomial of order v;, which

satisfies 0 < p\) (t) < 1 (0 < t < 1) and p{ (0) = 1. If we define

which appr0x1mate the matrices C; (

QY (1) = (1-pl(0)/1, (2.1)
then Q,(f;,)fl(t) is a polynomial of order (v; — 1) satisfying
Q>0 0<t<), QU0)=—Spm| (2.2)
t=0

With the above preparations, the new parallel preconditioners can be readily constructed
through integrating the sub—preconditioners with respect to the block diagonal matrices of the
matrix sequence {A®)}

First of all, for each ¢ € A we introduce an auxiliary matrix sequence {R;; (k) fc —o»> based on
{B;; (+) L_, and {A“ )} k o> in accordance with either of the following two methods:
Method (I). Rii = Ag?) nd {R;; (k) L_, is recursively defined by

k k
R — Bgi) Egi) k=12 ... 1
P R

Method (II). R(O) =AY and {R }fczl is recursively defined by

i

(k) (k)
REZC)_<B(lkl)T "’E(vlii_l)>7 k:1727"'717
E R

i i
with
Rk _ Agf_1)7 if k = sko,
i = (k—1) .
R, otherwise,

k=1,2,---1; s=1,2,---,1(ko),

where (ko) = 1/ko — 1.
Then, by utilizing these two kinds of approximate matrix sequences, we define the new
parallel hybrid algebraic multilevel preconditioners {M (k) k 0

M® = diag(MWP, pP . M®)y, k=0,1,2,---,1, (2.3)

with respect to the matrices {4} as follows:
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B® 0 7 g gk
MO 4O 0 _ ( b ) (1B e
J k k—1 )
i i i El(l ) Ml'(i ) 0 I (24)
7::1727"'7(1; kzoa]-: '7l7
where for the fixed positive integer ko,
N(k)—l) j/\ii(ik_l), lf k = Sk() + ].,
M;; = (k—1)
M, , otherwise, (2.5)
7::1,2,"',06; k:17277l5 821727"'7l(k0)7
while
S(k i E—=1)"1 S(k)\1— . .
k=D _ { S =l (i~ S version. (i) (2.6)
\ = ' 71 .
’ REV - pl) (D RETV) version (ii)
with
ok k—1 BT (k)™ (K
Si(i) = Rgi - Ei(i) Bz(i) Ei(i) (2.7)

being either the Schur complement of the matrix Rglk ) according to Method (I) or the approxi-
mated Schur complement of the matrix Rglk ) according to Method (II).

These well-defined preconditioners immediately result in the following new parallel hybrid
AMLI methods for solving the system of linear equations (1.1):

Parallel Hybrid AMLI Methods.

Given an initial vector () € R™.

FOR p=0,1,2,--- until {z(P} convergence DO

CoBegin proc(1), proc(2), - -, proc(a).

proc(i), i =1,2,--- a:
Begin

T.l(l)) = b — Z Aiﬂ?;p) ;
j=1

A = g )
x§p+1) _ xgp) +wA$§p)
End
CoEnd.
Here, w € (0,+00) is a relazation factor, and proc(i)(i = 1,2,---,a) are the a processors that
make up of the referred multiprocessor system.
Evidently, the parallel hybrid AMLI methods are considerably suitable for executing on the
high-speed parallel multiprocessor systems. Moreover, with the simple notation M = M®),
they can be briefly rewrite as

2(P+1) :a:(p)+wM*1(b—A:U(p)), p=0,1,2,---.
Clearly, the convergence behaviours of these methods are closely related to the largest and
the smallest eigenvalues of the matrix M1 A.
3. Preliminary Analyses

The following assumptions are essential for estimating the relative condition numbers of the
matrices {A®}! _ with respect to their corresponding preconditioners {M(*¥)}! _ defined in
the last section.
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Assumption (A;). For k€ {0,1,---,1l —ko} and i € A, it holds that

(ko) (k)
b Ay <milko)yl ATy yi= @l uh)T € R,y € R
The functions n; = n;(ko) are monotone increasing functions of ko independent of k. More
precisely, either of the following asymptotic behaviors holds: Case (a) n;(ko) = Ciko; Case (b)
ni (ko) = C’i,ufo The constants p; > 2 are upper bounds of the ratios of the dimensional numbers
(k) (k+1) piktt)

n;  andn; of two consecutive levels, that is, p; > 1212( w—- The constants C; are in-
1 n;

dependent of possible jumps of the coefficients of the bzlmear form of the variational formulation
corresponding to the original second-order self-adjoint elliptic boundary value problem as long
as they are discontinuous only across edges (faces) of elements from the initial triangulation.

Assumption (Az). For k€ {0,1,---,1 —ko} andi € A, B(k are SPD matrices satisfying

) (k 1)

Z?Ci(l.k)zi < ziTBi(ik)zi <(1+ ﬂi(k))zg’C’i(f)z,-, z; € RnUc ,

where ﬂl(k) are nonnegative constants allowing the asymptotic behaviours ﬂgk) < ﬂ,-qﬁfk for some
Bi >0 and ¢; € (0,1).

Assumption (As). For i € A, p,(,)( t) are monotone decreasing polynomials of degrees v;,
respectively, such that p(l)( 0) =1 and p(l)( t) € (0,1] for all t € (0,1].

Assumption (A4). For k € {0,1,-- U} and i,j € A with i # j, there exist constants

vij > 0 satisfying vij = ;i and y; = Z vij €10,1), such that
ﬁél
1 1 ()
5T AS 2| < 7 (2T AP 20) 2 (T AW 2))3, 2 € R

These assumptions immediately result in the following lemmas.
Lemma 1. (see [8]) Let Assumption (A1) be satisfied. Then it holds that

_ (k) (k=1) =D
yT B 2| < vyl CPyi) P FAY V22, yie R M 2 e R

i i

forie Aand k € {1,2,---,1}, where v;; = /1 —1/n;(1) < 1 holds uniformly ink =1,2,---,1.
Lemma 2. (see [8]) Let Assumption (Al) be satisfied. Then it holds that
(k)
) vl Cys < mpwl AP w;, = (!, =)' € R™
(2) 2B O B < A )

3) (1 - 75 (jf}) 4z <75 < LAY,

for y; € R™ ,zieRnEk_l) andi € A, ke {1,2,---,1}.
Lemma 3. Let Assumptions (A1) — (Az) be satisfied. Then for k€ {1,2,---,1},i € A and
yi € B it holds that

yT Sy, <yT8Wy, < (T sHy, + 8% yTAEV g /(1 + 1),

where §ff) = Agffl) — El-(ik)TB-(-k)_lE-(-k).

(22 "
Proof. It is a direct conclusion of Assumption (A4s).

Lemma 4. Let Assumptions (A1) — (A2) be satisfied. Then for k € {1,2,---,ko} and
s €40,1,---,1(ko)}, it holds that

(sk0+k)TR(sIcg+k) (sko+k)

i ii i (5+1) P — -
Y; it




656 7.7. BAI

(sko+k) c Rn(5k0+k)

where y; , 1:(0) =1, and

( s

J
(s+1) g " pi(ko)mi(ko)® Y- qf"m(ko)] nt(?ﬂ(ko)’ Method (1)
n; (ko) = §=0
qif(s+1)ko¢i( ko) = Z(Isfll(ko) Method (II)

bi ( = ﬂznz Z qz 7h

\

Moreover, n( )(k Yi=1,2,--,a;5s =1,2,---,1/ko) are increasing functions about both ko
and s for both Method (I) and Method (II), and they can be bounded uniformly with respect to
s=1,2,--- l/ko from above by 7;(ko)(i = 1,2,---,a), respectively, with

(ko) := —Silko) Method (I
7 (ko) = { viltko) = T ey ethod (1)
i (ko), Method (II)

provided ¢¥n;(ko) < 1(i = 1,2,---,a) hold for Method (I).
(k—1)

Proof. For z E Aand k € {1,2,---,1}, take v(k) = (v(k) , gg) I e R ), (k) € R™
and ’U(k Y= 1112 Since for {R;; (k) L _o defined by Method (I),

(k) ( A(k) )_v(k)T(B(k Cz(zk) k) 4o (k 1)T(R(k 1) A(kfl))vz(kfl), (3.1)

il i1

while for {R(’“ L, defined by Method (II),

ol (B — Al )P = o (B - cP)oll) + o RETY — AT, (3.2)

(23

by Assumption (A,) we can inductively get

o R AP ® S0 =12, k=011 (3.3)

(X3 (X3

for the matrix sequences {Rgf) b_o(i = 1,2,--- a) defined by either Method (I) or Method
(IT). Hence, we have demonstrated the left-hand sides of the inequalities in Lemma 4.

Now, for i € A and k € {sko + 1,sko +2,---,(s + 1)ko}, by recursively using (3.1)-(3.2) we
can derive the estimates:

k
k—j m)T m m
o9 + Z ”1(1) (Bz(i )_Cz(z )) ( ):

k)T k k k k—j)t k—j k—j
’Ul( ) (REl) —_ Agl))vl( ) < ’U( ]) (Ril ]) _Al('i ])) 3
m=k—j+1

i
je{1,2,---,k—sko}; s=0,1,---,1l(ko)-

In particular, for i € A, k € {1,2,---,ko} and s € {0,1,---,1(ko)}, it holds that

UZ(SIC0+’C)T (REZS’C0+1€) _ Agfk0+k))U§Sk0+k) Svgsko)T (Rz(fko) _ A(Sko))v(sko)

skotk (3.4)
S T BE - e,
m=sko+1
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By Assumption (As), Lemma 2(1) and Assumption (A;), we have

T ) Ay () (m)

Z ’Uz’{n (Bn'm _Ciim )”z{n < Z ,3 u z{n
m=sko+1 m=sko+1
sko+k

m mT m m
> A AT

m*skoﬁ-l

IN

_ Z ﬂ sk0+m ; (slcngm) A sk0+m) Z(skoer)

< Z ﬂi(sko+m)m(1)m(k _m)vgsk0+k)TA(sk0+k) (sko+k)

(23

(X3

k
S Z ﬂlqif(sk[)ﬁ*m) ( ) (k m) (S’C0+k) A(Sk0+k) (Sk0+k)

k—1
=2 Bigl™ R (1)1 ()R TRT ARt ko tR)

(13

Substituting this estimate into (3.4) we obtain

U(sko+k)T(R(sko+k) _A(sko+lc)) (sko+k)

A W% i

< Ul(sko)T(ngo) A(sko)) (sko) +ﬂﬂh —sko—k Z qz 7h sk0+k)TA(sk0+k) (slcngk),

l

(3.5)
forallie A, ke {1,2,---,ko} and s € {0,1,---,1l(ko)}.
Based on (3.5) we can assert

i1 i ’ (36)

vZ(skoJrk)T(R(skoJrk) _ Ag:k0+k)) (sko+k) < n(s+1)(ko)vz(sk0+k)TA(sk0+k) (sko+k)
i:1727"'7a; k:1727"'7k0; 8_0717"'71(k0)7

where

o) = 4 pilky),
7D (k) = { i Ei ’“ ¢i(ko) +1i(ko)T,") ko), Method () 3.7)
i 0 i (ko), Method (II)
=12 a s=1,2--- 1(ko)-
In fact, it follows from Method (II) that

vZ(sk0+Ic)T (RZ(:kOM) _ Ag;ngrk))Ugsngrk)
S vl(fko)T( (S’Cg) _ Cl(lsko)) (S’Cg) + (Skofl)T(é(”Skgfl) _ A(Skgfl))vlgskofl)

it i

+ ﬂ 7,’ —sko—k Z q 7] Sko-‘rk) A(Sk0+k) (Sk0+k)
i3 i i .

(23
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With the applications of Assumption (A;) and Lemma 2(1) again, we have

U(Sko)T(B(Sko) _C(Sko)) (Sko </Bl'fh( ) l sko— quknl(k) (Sk0+k)TA(S’C0+k) (S’C0+k)

il % % Ui

Therefore,

UESkO+k)T(R§ka+k) _Agfko—‘rk))'UESkO—‘rk) < ﬂ l sko—k Z ql 7h Sko-‘rk) A(sko+k) (sk0+k)

< qz (S+1 kod)l( ) (Sk0+k) A(Sk0+k)1]58k0+k)
holds, and this shows the validity of (3.6) for Method (II).
Furthermore, by applying induction and Assumption (4;), from (3.5) we know that

U(slcngk)T(R(sIcngk) _A(sk0+k))v(sk0+k)

i i i

Sﬁ('S)(k) (sko)™ A(sko) (sko) +q@ (s+1)ko¢( ko) (sko+k)TA§fko+k)U(sko+k)

i i

S [ﬁgs)( O)Th(k) _'_qz S+1 ko(bz( 0)]Uz(sk0+k) A(Sk0+k) (Sk0+]€)

(23
T o Aok,
Therefore, (3.6) is also true for Method (I). Now, operating (3.7) regressively, corresponding to
Method (I), we can obtain

s+1
T (ko) < mi(ko) TS (ko) + D mi(ko)* =™ gl ™ (ko)

m=2

s+1
= 13 (ko)*Tiy" (ko) + i (ko)™ > [mi (ko)™ at™ V™1 717" (ko)

m=2
s

= g R diko)miko)* D ImiCko)al*) ™ = nf1),, (ko).
m=0

This, together with (3.6)-(3.7), readily imply the validity of the first conclusion of Lemma 4.

The remainder of Lemma 4 can be demonstrated by direct and simple calculations.

Remark 3.1. Fori € A and k € {1,2,---,1}, the constraints @-(k) < ﬁiqfk in Assumption
(A2) hold provided the matrices B( ) are constructed in the following way. We let the SPD
matrix G”) be the incomplete triangular factorization of the matrix Ci(l-k) such that GEf ) is a
convergent splitting of C’l-(f). That is to say, the spectral radius of the matrix I — Gl(-f)_lc'i(f)
is less than one, independently of k. (i.e., p(I — G(.’»c)_lc.(»k)) < ¢; < 1) Moreover, we let

2 2
the nonzero elements in each row of the matrix Ggf ) have the same order (O(1)) as those of

the matrix CF, with their number being fixed. Define @Ef) =1- G(.k)_lclgik) and Bgc) =

1 ? (23

cr - (fo)) 3711 with ng) =m;(l —k+1) (m; > 1is an integer). Then it is easily seen

(23

(®)_, (k1) .
that for v; € R~ 7 viTCi(k)v, < UTB(k) < %UQ)UE’C;’“)W holds. So, Assumption
1—qi o
5(k) ,
(4s) s valid with B9 = G — B @amyek [ @m0 <1 then 0 < i
2) is valid with ; S = e (™) g < en 3 ,qu is
1—q;

satisfied with 8; = ¢;/(1 — ¢;) and ¢; = ;™.



A Class of New Parallel Hybrid Algebraic Multilevel Iterations 659

Remark 3.2. Asymptotically, fori =1,2,- -, a, it holds that max{¢;(ko), ¥i(ko)} = O(1),
provided ¢; < 1 hold for Case (a), or ¢; < u; ' hold for Case (b), in Assumption (4,).

Remark 3.3. In the sequel, we will use the quantites 77@(,13)(]“0) nl(Is )(ko), ngs) (ko), 1;(ko),
¢i(ko) and ¢; (ko) defined in Lemma 4 and

oi(ko) = (1 + ¢i(ko))ni(ko), 7i(ko) = (1 + ¢i(ko))*ni(ko),

pi(ko) = (L +i(ko))mi(ko),  P;(ko) = (1 + (ko)) mi(ko),

wi(ko) = max{7;(ko), pi(ko) },
without further explanations. From Assumption (A;) and Remark 3.2, it is evident that the
following asymptotic behavior holds:

Bilko) = { O(ko), for Case (a) and ¢; < 1,
o O(uko), for Case (b) and ¢; < p;*
Lemma 5. Let Assumptions (A1) and (As2) be satisfied. For i € A, let M N(k) for some
fized integer k(sko < k < (s + 1)ko,s = 0,1,---,1(ko)) be SPD approzimations to R( ) such

that )\(Rgf)ill\’\l/i(ik)) € 1,1+ ggk,s)] hold for some ggk,s) > 0. Define Mi(ik) = Mi(ik) and for
p=k+1,k+2,---,k+ ko, set

yo (B0 1 BY EY
@ =\ ™" e o I '

(23 (23

Then, fori=1,2, -, q, )\(R({H_ko) 1Z\J-UH_ICO)) €[1,1+ 55’6’3)] hold with

(13 (23

(h,s) (1) g o
6; (L4 my g4 (ko))mi(ko) + i 2 ni(j),  Method (I)

54k — (ks (11
: $><+m$wmm%wwn§mm
J
+niidy (ko) (L + i) (ko)mi(k = sko),  Method (I1).
Here and in the subsequent discussion, we use A(e) to denote any eigenvalue of the corresponding
matriz. o
Proof. For m = k, k: + 1,---,pandi=1,2,---,q, let v(m) (vl(1 m)* , f;n) )T € % and

ol = om Y € R By (3 3) and the definition of Method (II) we know that v(m) (RI™ —

(X3
R{™) Em) > 0. Since B§;”) are all SPD matrices, we have vgn) E" m)* B§{”>_1E§?>v§;”> > 0.
Additionally, by direct calculations we can obtain

o (P — PP 0 g g g0) )

i it i2 i i i Via
+{v?”<M¥1%4#1m&1% Method () (3:8)
p@ D (P — RPDY, =D Nethod (ID).

Therefore,

o (ff) — Rl > ot (ff ™Y — Rl

(3
hold for both Method (I) and Method (II). By recursively operating this relations and consid-
ering v(k) (M (k) R(k)) (k) > 0, we have the inequalities v(p) (Mi(ip) - Rgf))vgp) > 0. That is
to say,
-1
ARP MPY>1,  p=kk+1, k+ky i=12" -0 (3.9)

(13 (23
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From (3.8) we have

Uz(p)T(Mi(lp) R(p)) () _ (p 1)T(M(p 1) R(p 1))U(p D4y (p) E(p) B(p) "), P

i Y2

0, Method (I) (3.10)
T e (R Z BP0 Method (1)

(33
forp=k,k+1,--- k+koandi=1,2, - « Furthermore, according to Assumption (As) and
Lemma 2(2), for i € A,

vfé’) E@®" B(p) 1E(p)v(p) <U(p)TE(p) C(p "), @)

i i T2 i i Vi2

< 720! P~ D" A(p l)vl(p 1

holds. By the definition of Method (II), we have vl(p_l) (Rgf_l) - Rgf_l))vgp_l) =0 for p #
(s + 1)ko + 1. In light of Lemma 4 and (3.3) we get

p(HDR) (Rl(s+Dk0) _ Fl(sDk)y (s41)ke) _  ((s+1)ko) T (pl(s+1ka) _ g((sDko)y, (s+1)ko)

i 7

Sﬂgsﬂ)(k) l((s+1)ko) A((s+1)ko) ((s+1)ko)
Sﬂgsﬂ)(k) z((SH)kO) R((s+1)ko) ((s+1)ko)
Hence, for i € A, the estimates
r k)T k k) r
vl(p) (Mi(lp) —Rz(f)) z( p) UE ) (Mi(i) ( A2 Zv (9) A(J
0, Method (T)
D )l DR R D00 god (11

(3.11)
can be obtained through regressively using (3.10). In addition, by Assumption (A4;) and (3.3)
we know that

k+ko—1 ) tko— )
Z Uz(]) Z k; + ko ) Z(Ichko) A£f+k0)vz(k+k0)
i=k =
hikot (3.12)
T
< ni(k + ko — j)vl(kJrko) Rl(l(c+ko)vlgk+k0)
j=k

and

,Ul((s+1)k0)TR§§s+1)k0)v§(s+1)k0) S (1+n(s+1)(k0)) l((s+1)k0) A((s+1)kg) ((s+1)ko)

[ Ui

(s+1) _ (ktko)™ (ko) (ktko) (3.13
< (L4 (ko) )ik — sho)olFTHo)" 4(kHko), (3.13)

[3

< (L4 (ko) sk — sho)v! (k0" k) 540

(3 (X3 (3

are valid for ¢ = 1,2, -+, «, where we have used Lemma 4, Assumption (A4;) and (3.3) in each
of the three inequalities in (3.13), successively. Now, substituting (3.12)-(3.13) into (3.11) and
setting p = k + ko, we immediately obtain
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vlgk+k0)T(Mg]c+ko) _R((c+k0)) (k+ko) < 5 (1«+k0) R(k+ko) (k+k0) i=1,2,-

(23 (13 (23 l

This is just the conclusion of Lemma 5. Here, the estimates
T

T B < (1l

<1+ “*”(ico))nz(

< (U (ko) ma(ko)of ) R )

W% i

0 (g ol 4B (0

ko)v! k+ko)TA(k+ko),U(k+ko)

(23

resulted from Lemma 4, Assumption (A4;) and (3.3), have been considered.
Lemma 6. (see [6, 18]) Let Assumptions (A1), (A2) and (A4) be satisfied. Then

1 TpLk) NG
min _y ygmax r . kE=0,1,---,1,
1<i<a 14+9; = yTAKy —1<i<a 1 —;
where
Tk,
AW = sup ZDE 94 k=0,1,--,1
0 2T AW 5,
2 €ER"i i ‘i
z; 70

4. Main Results

We first give a general estimate about the relative condition numbers of Mi(f’co)

to Al(.fk") fori=1,2,---,cand s =1,2,--- (ko).
Theorem 1. Let Assumptions (A1) — (As) be satisfied, and define

17’Y2 . .
k 7
2@ —q A = : z(ls o)Uz ) QR version (i)
P e N N
vit0 vy 4; NOR version (ii)

7::1727"'7(1; 821727"'7l(k0)'
Then

AT < (14 T (ko)) (1 4+ 61F), i=1,2, 0 s =0,1,---, (ko) — 1,
where

; E])( (S))
Ty L+ i (o)l (ko) + 7 z mi(j),  Method (1)

1—p{(
sko,s SJ)( ()) II
o) = %[1+Ufs+)1(k0)]m(ko)
D e 1 + 0D (k Method (II
+77 Zm( ) 4 i gi1 (Ro)[1 +m; oy (o), ethod (II).

\
Proof. For i € A and s € {1,2,---,1(ko)}, let XEO) = XEO) =1and

k k
3 _ sup - iTMz‘(is O)Ui ) sup Yi Mz(zs "y Vi
v; #0 ’UiTREka)’Ui ’ ¢ v; 20 'UTR(SkO)

..,a_

661

with respect

(4.2)

(4.3)
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From the definitions of the matrices {gff) L_, we know that u?ggfk°+l)ui < uzTREiSko)ui hold
(sko)

for u; € R™ . Additionally, by making use of Assumption (A4>) and Lemma 2(3) we get

(1= 2)ul Ay < T SGH Dy <ul 8wy, ug e R
Now, if we denote
(s) ggiskﬁl), version (i)
Sii = (S’Co) . .. (44)
Ry, version (ii),
then it clearly holds that
T po(sko) T o(s) (1 =72 ul AL u;, version (i)
u; R i > up Sy ug > (sko) “ (4.5)
ul R} ug, version (ii)
and
MR = ST = pl) ()™ S5 (4.6)
Write
s s)1/2 sko)~ T a(s)'/?
Ti(i) = Si(i) Mi(i ) Si(i) ) (4.7)
we can further assert that
ko)™t k
ARG M) € 1, +00) (4.8)
and
MTY) € [af) 1], (4.9)

As a matter of fact, remembering (3.3) and by direct calculations, we can obtain the in-
equalities

W7 (P — Y@ > DT (D) ), b DT g g7 o), (-1

i i i U
(4.10)
for ul(-p) = (ul(-f)T,ug)T)T e R , ug) = ul(p_l) e Rv7 ,i € ANand p e {1,2,---,l}, from
(2.4) and the definitions of Method (I) and Method (II). Based on these inequalities, (4.8) and
(4.9) can be demonstrated by induction.

When s =1, by (2.5) and Assumption (As) we get

) )

u(ko)T(Mi(iko) _ R(ko))u(kO) > u(kﬂfl)T(M(kﬂfl) _ R(koil))ugkoil) >0 > 0

i i MU 2 Uy i i 22U
i.e., (4.8) holds. On the other hand, from (4.5) we have

T(1), To), uTR(ko)

wrTY u S I T} ; T Ug
gttt <y AN < S < G
wi#0  U; Ug w20 uy My u; wi 0 uy My u;

and
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(1 ) of ul AF0)y; ()
i i 2 H H

— — Lt version (i

. ; TP, ; lTS W 0 uT MO u

inf T > inf k = (ko)

w0 ulu; w70 TM( 0) e ulalkoly,

inf 22— version (ii
wi0 ul My u;” (i)

_ ) a- 7%‘)//\@(-1), version (i)
1/ )\gl)a version (ii)
(1)

=q

(4.12)

Therefore, (4.9) is valid for s = 1, too. In accordance with (2.5)-(2.7), (4.4) and (4.6) we see
from (4.10) that

u(k0+1)T(Mi(i’C0+1) _R(’C0+1)) (ko+1) >u (kO) (M (kO) _ g4 )) EkO)

i i it

o S~ ) - 15 20

(23 (23 (23

hold. Now, suppose that (4.8)-(4.9) hold for some s € {1,2,---,1(ko)}, we can recursively get

U§8k0+1)T(Mi(iSk0+1) _ R55k0+1))u§8k0+1) Z 0, i= 1, 2, .
by using (4.10). Hence
uE(SH)kO)T(Mi(i(SH)kO) _ Rgsﬂ)ko))ug(sﬂ)k‘)) >0, i=1,2, -«

That is to say, (4.8) holds for s + 1. Moreover, applying (4.5) again we can confirm the validity
of (4.9) for s + 1 through analogous derivations to (4.11)-(4.12). By induction, (4.8)-(4.9) have
been demonstrated.

By direct computations, we have

- ug’5§§)[1 ()(M(Sko) S( ))]—1%

(s) _ 2 it
Ai i W RCR g,
T (S) 1y ol (S)
¢ oup P BOTON Yo oIS
v; 20 v; U vi £0 ’UTR(S o)
1 1
< sup

tefal® 1) 1 —psfl)( ) 1- psfll)( (s))

Here, we have used the inequalities in (4.5) and Assumption (As). According to Lemma 5, we

have XESH) <1+ 52(81%75). Considering Lemma 4, we finally get

AT < (D ()XY < (14 () (140050) i = 1,2, g s = 0,1, -+, 1(Fg) — 1.

(3

Up to now, the proof of this theorem is completed.
For:=1,2,---,a, we introduce the notations:
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Ei(ko) = 1+ 7% Zm (1+ i (ko))ms (ko)

Gi(ko) =1+ Zm + (14 ¢i(ko)) (di(ko) — mi(ko)),

Ei(ko) = (1 + Q/Jz'(ko))&(ko),
{ Ci(ko) = (1 + ¢ilko))Ci(ko)-

These quantities will be used through the remainder of this paper.
Theorem 2. Let Assumptions (A;) — (A3) be satisfied, and assume q'n;(ko) < 1(i =
1,2,---,a) hold for Method (I). If we define

AN =10 A = @ m e+ 57),

1—~2)/AY jon, (i
&l(-s) _ ( (3“)/)\z ) version (i) (4.13)
/A version (ii)
i:1727"'7a; 820717"'71(k0)_1
with
( aEO) — ago),
Pl (a1") 5 & .
oy Pilko) + i Z: ni(7), Method (I)
§(sko8) — ' o (4.14)
D
) 78 5 n0) + ko)1 + ko), Method (1)
\i:1727"'7 a; 5_07]-7 7l(k0)_]—7
then, fori=1,2,---,a, {)\ } :ko) are the majorizing sequences of {)\Es)}i(:kg), respectively.
(a) For version (z) it holds that
aQW_ (&l
(0@ othod (1)
(s+1) 7i(ko)+€; (ko)™ Q vi—1(837)
a; = .
(1—72)a” QY (af*) (4.15)
i M 11
m(ko)-i-C (ko) ES)Q,(/Zi)fl(é‘ES)), ethod ( )
i=1,2--;a; s=0,1,2,--- (ko) — 2.
Therefore, when
{ pilko) < (L=92)QL1(0), af®mko) <1, Method (I) (4.16)
7iko) < (1= 72)Q,, 0), Method (1),
each of the sequences {&l(» )}g‘;o defined by (4.15) satisfies
al” >ar,  s=0,1,2,---, (4.17)
where af € (0,1) is the smallest positive root corresponding to the following equations:
{ (1= 2@ (1) — €k )tQ 1 (8) = pi(ho) =0, Method (I) @18
(1= 72)Q41 (1) = Ci(h)tQy;_y (1)) = Ti(ko) =0, Method (I1);
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(b) For version (i) it holds that

aPQU_, (@)

i : Method (I
o4y ) Pkt kel QI @) ethod (1)
a; = NOPNGINE)
&; Quiil(ai ) (419)
Ei(ko)-i-zi(ko)ﬁgs)Q,(,?,l(ﬁgs))’ Method (II)
i=1,2,,0; s=0,1,2-, (ko) — 2.
Therefore, when
{px%)<Qm4() g;°ni(ko) <1, Method (1) (4.20)
E,‘(ko) < Qui—l( ), Method (I[),
each of the sequences {ags)}ggo defined by (4.19) satisfies
al” >ar,  s=0,1,2,---, (4.21)
where af € (0,1) is the smallest positive root corresponding to the following equations:
Qi (0) = E(ko)tQy 1 (1) = Pilko) =0, Method (1) (.22
QU (1) = Cilko)tQy)_, (8) = Filko) =0, Method (11)

Proof. We first inductively demonstrate that {)\ } (ko)( =1,2,---,a) are the majorizing
sequences of {)\ }l(ko)( 1,2,---,a), respectively, namely,

A <X =120 s =01, (ko). (4.23)

Obviously, (4.23) is trivial for s = 0. Suppose that (4. 23) is true for all ¢ € A and s €

{0,1,---,k}. Then it is easy to see that a(k) (k) (t =1,2,---,a) hold. By the monotone
(1)

decreasing properties of the polynomials py; (¢ )(z =1,2,---,a) in [0, 1], we immediately know
that p(l)(A(k)) > p’(})( (k))(z =1,2,---,a). Therefore, 55“0’]6) < ;S\Ekko,k) (i=1,2,---,a), and
this directly implies )\l(-k'H) < )\Ek'H)( =1,2,---,a). That is to say, (4.23) is also valid for all
i € A and s = k + 1. By induction we have completed the confirmation of (4.23).

Based on (4.13)-(4.14), we easily know that {&Es)}i(:kg)_l(i =1,2,---, ) satisfy the recur-
rence relations (4.15) and (4.19), respectively.

In the following, we will use version (i) of Method (I) as an example to show the remainder
of the proof. The other cases can be demonstrated in a quite similarly way to this one. To this
end, we only need to determine that for each i € A, the smallest positive root a corresponding
to the first equation of (4.18) makes (4.17) uniformly hold under condition (4.16). We use the
induction to complete the determination.

As a matter of fact, for i = 1,2, -, «, if we assume that the inequalities a§S> > af have
been obtained for some s , then, in order to get a(SH) > af, by the first relation of (4.15) we
only need to demonstrate

Pilko) + &i(ko)at Q) (af)

1o 2 : (424
Qv (a))
Define a scalar function
5. (k _
7t = 2L g gy (4.25)
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Then by noticing f;(1) > 1, we know that (4.24) holds only if

1= > lim fi(#). (4.26)

Since tll_I}[l) fi(t) = ﬁi(ko)/Q,(,?_l(O), by substituting these identities into (4.26), we immediately
get that there exists a € (0, 1) such that (4.17) holds provided the first inequality in (4.16)
is satisfied. Evidently, o can be taken to be the smallest positive real numbers which make
(4.24) become to equalities, respectively. This shows that a} are the smallest positive roots of
the first equations of (4.18), respectively.

Up to now, we have fulfilled the verification of Theorem 2.

Theorem 2 directly implies the following conclusion.

Theorem 3. Let Assumptions (A1) — (As) be satisfied. Then

(a) for version (i) it holds that

*
i

- 1—~2
/\(Az(;k()) lMi(iSkO)) € |:1, '7n:| 7 i=1,2---,05 s=0,1,--- ;l(ko),

provided (4.16) is satisfied, where af € (0,1) are the smallest positive roots of the equations in

(4.18);
(b) for version (ii) it holds that

- 1
)\(Agfko) lMi(iSkO)) € |:]-7_*:| ) i:1727"'7a; 520717"'7l(k0)7

@;
provided (4.20) is satisfied, where o} € (0,1) are the smallest positive roots of the equations in
(4.22).

Theorem 3 and Lemma 6 directly give the estimates about the condition numbers of the
matrices A(®%)(s = 0,1,---,1(ko)) with respect to the preconditioning matrices M (5¥0)(s =
0,1,---,1(ko)), respectively, which are independent of the level number k. Here M (%) (s =
0,1,---,1(ko)) are defined by (2.3).

Theorem 4. Let Assumptions (A1) — (A4) be satisfied. Then

(a) for version (i),

2
(sko) ™" p(sko) L B atel7i 0.1
A4 M ) € |:11§ni1£a Tt 1r£1ia§xa A=)ar ]’ s=0,1,---,1(ko)
hold, provided (4.16) is satisfied, where af € (0,1) are the smallest positive roots of the equations
in (4.18);

(b) for version (ii)

)\(A(Sko)_lM(SkO)) € [ min L L

1<i<a 1+7i7 1I£iagxa (1—’)/i)062(:|7 S 07 ’ ) ( 0)

hold, provided (4.20) is satisfied, where af € (0,1) are the smallest positive roots of the equations
in (4.22).

For the convenience of actual computation, we now apply the above theoretical results to
two classes of concrete polynomials to obtain some special but very practical conclusions. These
polynomials are the properly scaled and shifted Chebyshev polynomials

]-+TI/ <1+10(i2t>
pi)(t) = L ae(01), i=1,2--,a (4.27)
1+1T, <}f3j>
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and the polynomials

pl(/zz)(t) = (1_t)yi7 i = 1,2,"',&, (428)
where T, is the v;-th order Chebyshev polynomial.

Evidently, the polynomials given by (4.27) have the smallest local minimums in the intervals
[, 1](i = 1,2,- -, ), respectively, and

i 2 . 1 — 1)
p’(/li)(ai):—7 pl(}i)(l):L7 i=1,2,--,a.
1+Tui<}+‘;§> 1+Tui<}+gi>

Note that the polynomials in (4.27)-(4.28) automatically satisfy Assumption (A3). By making
use of Theorem 4 we can obtain the following results.
Theorem 5. Let Assumptions (A1), (A2) and (A4) be satisfied, and the polynomials

pf,?(t)(O <t<1)(i=1,2,---,a) be given by (4.27). Denote

2
max i version (i)
. 1 < 1<i<a I-m)ai?
- e el T
1<i<a ; 1 . ..
<i< Vi max g oa version (ii).

(a) For version (i), if fori=1,2,--,a,

51'2(20) (V[i(i1+)>/2a_i)w+(lf\/a_i)vi]2 <1— %’2“ qfom(ko) <1, Method (1)
(2]"/-?.-1)‘13(1—%')""71
j=0
Tilko) _[(A+v@)"i+(1—v/07)"i]? ) (4.29)
i i) <1-7 Method (II),

(o5i1) e (1—as)vi=t
j=0

then

)\(A(Sko)_lM(SkO)) € [A, X]’ s = 0, ]_, L 7l(k0) (430)

hold, where a; € (0,1) is the smallest positive root of the following equation:

2
. . 1—v7 —€, (ko)t
(1+ \/Z)Vl +(1- \/Z)Vl _ pi(ko) s Method (1) (4.31)
RV N LGt Method (1) '
2 (zjil)tj ai(ko) ’
Moreover, when
{ v; > 2p(ko)/(L=77),  a;°mi(ko) <1, Method (1)
vy > 25:(ko)/(1 —77), Method (11),

the smallest solution «; € (0,1) of the equation (4.81) can guarantee the validity of (4-29), and
therefore, (4.30) holds.
(b) For version (ii), if fori=1,2,---, q,
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zifho) I o) " UV T <y glopi(ke) <1, Method (I)

2v;  (vg—1)/2 ]
(a5i)al 1—ap)vi=t

Ti(ko) [J(if)“r(l Va@i)il? (4.32)
gi ;) —Ja;)"i
2w i1/ 4 <1, Method (II),
> (2;11)0‘2(1*042')”71
j=0
then
)\(A(sko)_lM(sko)) e AL 5s=0,1,--,1(ko) (4.33)

hold, where a; € (0,1) is the smallest positive root of the following equation:

2
1€, (ko)t
Qv+ (=D | [ gt Method (1) (434)
i 272 : i =L Method (11, '
2 X (2}11)” 7ilko) cthod (I1)
Moreover, when
{ vi>2p;(ko), ¢ mi(ko) <1, Method (1)
Vi2 > QEi(ko), Method (I[),

the smallest solution «; € (0,1) of the equation (4.34) can guarantee the validity of (4.32), and
therefore, (4.33) holds.

Theorem 6. Let Assumptions (A;), (A2) and (A4) be satisfied, and the polynomials
p,(,i.) t)(0<t<1)(i=1,2,---,a) be given by (4.28). Denote A and X as in Theorem 5.

(a) For version (i), if fori=1,2,---,a,

{ vi > ﬁi(ko)/(l - ’YiQi): Qfoﬂi(ko) <1, Method (I)
vi > (ko) /(1 —2), Method (II),

then A(AGk) ™" M(sko)y € [N, N|(s = 0,1,---,1(ko)) hold, where a; € (0,1) is the smallest
positive root of the following equation:

Vs pi(ko)
SO (1) <Vi>t1'1 TRy Method ()
' B 73 (ko)
= J P, Method (D).
(b) For version (ii), if fori =1,2, -+ q,
{ vi > pi(ko)s  aromi(ko) < 1, Method (I)
v; > 7i(ko), Method (IT),

then A(AGk) ™" M(sko)y € [\, N|(s = 0,1,--,1(ko)) hold, where o; € (0,1) is the smallest
positive root of the following equation:

Z(—l)j <VZ> -1 1:52'(160)15’ Method (_[)
! ik Method (11).

J=1 1-C;(ko)t’
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5. Computational Complexities

In order to obtain quantitative estimates of the amount of the computational works W;(i =
1,2,---,a) of the new parallel hybrid AMLI methods for each processor of the multiprocessor
system at every iteration step, without loss of generality, we assume that the refinements are

uniform. Then the numbers of nodes ngk) (1=1,2,---,«a) at the k-th level grow in geometrical

fashions, i.e., ngk) = ngl)u?(kfl)(i =1,2---,a; k=1,2,---,1), where d are positive inte-
gers related to the dimension of the original second-order self-adjoint elliptic boundary value

problem. In addition, for i ,j € A, ke {0,1,---,1}, we assume that the operations of com-

puting Azf)yj(lc (y; (k) ¢ R ) are ¢1(n; (k) 4 n(k)), respectively, where ¢; is a positive constant
independent of i,j and k. Denote n(*) = Z nl(-k) (k =0,1,---,1). Because for each i € A

i=1
(k)

and k € {0,1,---,1} the approximation matrix B;;” can be obtained by incomplete triangular

factorization of C’l(zk , it is reasonable to assume that the amount of operations for solving the
(k) (k) (k—1)
i 1y )

system of linear equations of coefficient matrix B;;”’ is c2(n; , here ¢y is a positive

constant independent of both ¢ and &, too. Again, denote by W(O) the amount of computational

work of processor ¢ for solving the system of linear equations with coefficient matrix A(O)

)

level 0 and, generally, by Wi( the amount of computational works of processor i for solving the

system of linear equations of coefficient matrix M i(ik) on level k. Then for (s—1)ko+1 < k < sko
we have W < ¢o(ud — )n{* ™Y + w ¥~ Hence,

L L L e A L

hold for i € A and j € {(s — 1)ko + 1,(s — D)ko + 2,---,sko}. It is evident that from these
inequalities we can directly obtain

Wi(sko) S Eingsko) + Wi((871)k0+1), él — 02(1 u;(ko l)d)
i:1727"'7a; 521727"'7l(k0)‘

Because

W=Dkt < 1y — 1) Dk0) gy (6= Dke) < g (sko) | (s=Dko)

(3

holds, where & = ca(v; — 1)(ud — 1)p; %, we know that, for i = 1,2, -, a,
wlsthko) <) W( sko) 4 & ((s+1)ko)

(3

where

¢ =+ = cofl+ pg (v —2) (f —2) = 1]}

By recursively using the above relations, we have



670 7.7. BAI

w0k _ o ZVJ (=i ko) o1y (©)

Z d Dko—1 (I 0
s y’ (s—j+1)ko n§)+l/f+1W,-()

S

= éi”z('l)ll?(ﬁl)ko*l Z(Vz,u;kod) ’/fHWi(O)

j=0
s (0)
s . _ w; _
S ng( +1)k0) |:Ci (Vlll’z kOd) + ( ) (le’z kOd)S+1
3=0 3

If V,ufkod < 1, then

s w® .

w0k (62 + O >n§( F1)ko)
n;

Therefore,

Dy Z(nl(-l) + ng-l)) + (a+ 2)n§l) < c;‘ngl) +cin = 0(n),

where ¢f = (e1 +1)a+ ¢, + (0) + 2. Concludingly, the asymptotic work estimation shows that

the new parallel hybrid AMLI methods would be of optimal orders, provided fori = 1,2, - -
v; satisfy the inequalities

(9) wi(ko)/ (1 = 73), version (i)
Qo © > { wi(ko), version (ii)

from Theorem 4, and v;u; kod <1, from the complexity requirements. More concretely, for the
polynomials defined by (4.27)-(4.28), based on the asymptotic behaviors of w; (ko) (see Remark
3.3) we know that these restrictions on v; turn to

phod >y, >{ 172%21_ w;(ko), version (i)
2w;(ko), version (ii)
O(Vko), for Case (a)
_{ O(Nfo/z): for Case (b)
and
kot >y, >{ wl_(ig), version (i)
wi(ko), version (ii)
O(ko), for Case (a)
:{ O(Nfo): for Case (b),

respectively. It is clear now that, asymptotically, for ko sufficiently large, the restrictions on
v; corresponding to polynomials (4.27)-(4.28) can be satisfied for both Case (a) and Case (b).
Therefore, we have the following result.

Theorem 7. The new parallel hybrid algebraic multilevel preconditioners with the polyno-
mials (4.27)-(4.28) give optimal order methods for ko sufficiently large. That is to say, they
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are spectrally equivalent to the corresponding matrices A%, and the costs of evaluating the
preconditioners are O(n), namely, proportional to the number of the involved unknowns.

At last, we use the following Remarks to end this section.

Remark 5.1. For the new parallel hybrid algebraic multilevel preconditioners with the
properly scaled and shifted Chebyshev polynomials, we can estimate /\l(-SkO)

and setting

starting with s =1

(sko) .
— L+a(""0) o
. ﬁ version (i), ' 14T, (%)
alho) = § N o P (t) = '/
R version (ii), 1o, (e 0
i i 1_0[1(_5_190)
the procedures continue with s = 0,1, -+, (ko). Once an unacceptable growth of the eigenvalues

,\gs’“O) takes place, the corresponding procedure can be restarted with a larger v;. Theorem 5

guarantees that a reasonable stabilization of the orders of magnitudes of the eigenvalues ,\gs’“O)
can be achieved.
Remark 5.2. ko(> 1) should be chosen in order to balance the arithmetic works for the

estimations of the eigenvalues )\ESkO) (i=1,2,---,a) and the work of polynomial acceleration at
kod

every global step, in other words, to ensure the inequalities v; < p;

Remark 5.3. As pointed in [6, 8, 18], the system of linear equations resulted from discretiz-
ing the second-order self-adjoint elliptic boundary value problem can automatically satisfy the
basic Assumptions (A4;) and (A4) under suitable regularity assumptions on the finite element

spaces and the triangulations.

6. Conclusions

To solve the large system of linear equations having symmetric positive definite coefficient
matrix resulting from the discretization of many second-order self-adjoint elliptic boundary
value problems by finite element method on the high-speed parallel multiprocessor systems,
in this paper we propose a class of new parallel hybrid algebraic multilevel iteration methods
through starting with reasonably constructed approximation matrices of the block diagonal
matrices of the matrix sequence, which is obtained from successively refining the original coeffi-
cient matrix of the linear system, and through applying the blocked iteration and the multilevel
preconditioning techniques in [1-10, 15, 17-18]. These methods are superior to the existing
ones in several aspects such as the parallelism, the generalities, the computational costs and
the constriants on the approximation matrices, etc.. It is further demonstrated that the pre-
conditioners so derived are of optimal orders of complexities for both 2-D and 3-D problem
domains, and their relative condition numbers are not only independent of the regularity of the
solution, but also bounded uniformly with respect to the levels and with respect to the possible
jumps of the coefficients of the original problem, provided they occur only across edges (faces in
3-D) of elements from the coarsest triangulation, and provided the triangulations are generated
successively by uniform refinements. Finally, adaptive implementations of the new methods are
suggested, which have the potentials to be more robust and practical in actual computations.
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