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Abstract

Some Jacobi approximations are investigated, which are used for numerical
solutions of differential equations on the half line. The stability and convergence
of the proposed schemes are proved. The main idea and techniques in this paper
are also applicable to other problems on unbounded domains.
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1. Introduction

Many physical problems are set on unbounded domains. Some conditions at infinity
are given by certain asymptotic behaviors of the solutions. For numerical simulations,
we often restrict calculations to bounded domains, and impose certain artificial bound-
ary conditions, which usually cause numerical errors . If we use spectral methods
associated with orthogonal systems on unbounded domains, the mentioned troubles
might be remedied. Maday, Pernaud-Thomas and Vandeven [1], Coulaud, Funaro and
Kavian [2], and Funaro [3] considered Laguerre spectral approximations for linear prob-
lems on the half line. Iranzo and Falques [4] provided some Laguerre pseudospectral
schemes and Laguerre Tau schemes. Mavriplis [5] studied Laguerre spectral element
method. On the other hand, Funaro and Kavian [6] proved the convergence of spectral
and pseudospectral methods using Hermite functions for some linear problems on the
whole line. While Guo [7] developed a spectral method using Hermite polynomials for
the Burgers equation on the whole line, and Guo and Shen [8] proposed some spec-
tral schemes using Laguerre polynomials for the Benjamin-Bona-Mahony equation and
the Burgers equation on the half line. They also provided an efficient algorithm, and
proved the stability and convergence of the proposed schemes . However all of these al-
gorithms need certain quadratures on unbounded domains, which introduce errors and
so weaken the merit of spectral approximations. Another approach is to use rational
basis functions, see Christov [9], Boyd [10], and Iranzo and Falques [4]. Recently, Guo
[11] developed another method in which differential equations on the whole line are
changed to certain problems on a finite interval. Since the coefficients of the resulting
equations degenerate at both extreme points, a specific Gegenbauer approximation was
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used for their numerical solutions. Guo [11] also proved the stability and convergence
of the proposed schemes .

This paper is devoted to Jacobi spectral method for differential equations on the
half line. We change differential equations on the half line to certain problems on a
finite interval. Since the coefficients of the resulting equations degenerate only at one of
extreme points, it is not reasonable to approximate them by Gegenbauer polynomials.
A natural choice is to use certain unsymmetric Jacobi approximations. In the next sec-
tion, we introduce some weighted spaces and related unsymmetric Jacobi polynomials.
Several weighted Poincaré inequalities and weighted inverse inequalities are obtained.
In section 3, we focus on some orthogonal projections and derive the corresponding
approximation results. All results in these two sections play important roles in the
error analysis. The final section is for the application of unsymmetric Jacobi approx-
imations. In particular, we take the Burgers equation as an example to show how to
deal with nonlinear problems. The stability and convergence of the proposed schemes
are proved. The main idea and techniques used in this paper are also useful for other
problems on the half line. It is not difficult to generalize the main results in this paper
to those on multiple-dimensional unbounded domains.

2. Some Jacobi Polynomials and Weighted Inequalities

Let A ={z| -1 <z < 1} and x(z) be a certain weight function in the usual sense.
For 1 <p < o0, let

LE(A) = {v|v is measurable and ||v||pr < oo}

where )
_ ) Url@)Px(z)dz)r, 1 <p<oo,
lollzz =9 ess sup |v(z)|, p = 00.
TEA

In particular, Li(A) is a Hilbert space with the following inner product and norm

i
(u,v)y = /Au(x)v(x)x(x)dx, o]l = (v,v)x.
Further, let 0,v(z) = a%v(x), and for any non-negative integer m, define
H'(A) = {0|ofv € LI(A),0 < k <m}

equipped with the inner product, semi-norm and norm as follows

m

(U'a U)m,x = Z (8’;11'7 81;1))Xa
k=0

1
[Wlmyx = 107 0llxs  [ollmy = (v, v)i -

For any real r > 0, we define the space H, (A) with the norm ||v||,, by space interpola-
tion as in Adams [12]. Let D(A) be the set of all infinitely differentiable functions with
compact support in A, and Hg, (A) be the closure of D(A) in Hy(A). For x(z) = 1,
we denote the spaces Hy(A) and Hy ,(A) by H"(A) and Hg(A). Their semi-norm and
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norm are denoted by v, and [[v]|, respectively. In addition, (u,v) = (u,v)r2(a), [|v]] =
[v]lL2(a) and [|v][eo = [[0][Lo0 (a)-
We first recall some properties of the Jacobi polynomials Jl(a’ﬂ ) (z), defined by

(1—2)%(L + )P (z) = (G (1 — )2 (1 +2)1*P).

201 7%
They are the eigenfunctions of the singular Sturm-Liouville problem
9:((1 — ) (1 + 2)P T a0(z)) + M1 — 2)*(1 + z)Pu(z) =0, z €A, (2.1)
with the corresponding eigenvalues )\l(a’ﬂ) =I(l + a+ 8+ 1). The Jacobi polynomials

fulfill the recurrence relations (see Askey [13])
200+ o+ I (@) — 20+ 1)J (@) = @+ o+ B+2)(1 — )7 () (2.2)

I+
and )
Let I'(x) be the Gamma function and
I(l + a)
(a)l - F(a,)
We have l
(@8 y_ (a+1) ()
l
(@), _ _(B+1) (7,6)
J )= —" " ba.g~J T 2.5
where
W DB = ekle+ v+ D+ + 2ol +a+ B+ Dy
B,y (1)l_k(a—|—1)k(a+7+1)2k(l+a+7+2)k ’
bosy = (@ =Mk + B+ V(Y + B+ 2ol +a+ S+ 1)
o (Wi k(B4 Dr(y+ B+ Dar(+7+B8+2)
It is noted that
@B)( .\ _ 1yl 7B (@) _ Ll+a+1)

Now let
x4 (z) = (1 — 2)*(1 + ).

For any real numbers a,3 > —1, the set {Jl(a’ﬂ) ()} is the Li(aﬁ)(A)—orthogonal
system, i.e.,

(Jl(a’ﬂ)7 Jr(nayﬁ))x(aﬂ) _ 'Yl(aﬁ)él,m (2.6)
where ¢; ,,, is the Kronecker function, and

(@8 _ _ 22T T+a+ I+ A+1)
T Tt a+BIT(+ DI +atB+1)
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For any v € Li(aﬂ)(A),

o(z) =35 7 ()
=0

where @(a’ﬂ ) is the Jacobi coefficient
~ &, 1 «,
I / (@) 7P (2)x @) (2) da. 2.7)
" A
We shall use several kinds of Jacobi polynomials. Clearly JZ(O’O) (x) is the Legendre

polynomial L;(x) associated with

_ « 0,0 2 « (0,0
KOV@) =1 w=" =g e =0, (2.8)
For the sake of simplicity, let
Gi(z) = I (@), Giw) = 1" (w). (2.9)
Accordingly,
2
wiz)=xM (@) =1-z, =y""="2 =07 (2.10)
I+1
- 2
@) =x V@) =14z, =y =g w=g"" @)

Moreover, set n(z) = w™!(z). By taking @« = 2,8 =1 and v =1 in (2.5), we get that

l
m S (k+2)(2k +3) 7Y (). (2.12)

k=0
By taking a =1, =1 and v =0 in (2.4), we obtain

Jl(2:1) (z) =

l
#”m=ﬁ%§waMwmm. (2.13)

Further, (2.3) implies that
1 ~ 1
0sGi(w) = 5(1+ 2) 750 (z),  0,Gi(x) = S+ 2).707) (). (2.14)

In the sequel, we need some weighted Poincaré inequalities, stated as follows.
Lemma 2.1. For any v € HL(A) with v(—1) =0,

1
l0w? [loo < V2[J0]lw]v]1,0,
1 1
o]l < V2I[oll3[v]E,,
o]l < 2[v[10.

Proof. For any x € A,

V@) = [ 0,02 @)y
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and so
o)+ [ Py =2 [ o@o,Weldy < Apllulhe  (215)

Then the first result comes immediately. Letting  — 1 in (2.15), we obtain the second
one. Since ||v||, < ||v||, the last one follows.

Now let N be any positive integer, and Py be the set of all algebraic polynomials of
degree at most N. P = {v|v € Pn,v(1) = v(—1) = 0}. Denote by ¢ a generic positive
constant independent of any function and N.

In the numerical analysis of spectral methods, we need some weighted inverse in-
equalities. Let ¢; be an algebraic polynomial of degree [, and the set of ¢; be an
orthogonal system in L2 (A).

Lemma 2.2(see Guo[ll]). If for certain positive constant ¢y and real number ¢,

Igolloo < co, lIgtlloo < col’ I ully, 21,
then for any ¢ € Py and all 1 < p < q < o0,
11
16llg < cor a« (N[l e
where o(N) = N?*1 for § > -1, o(N) =InN for§ = -3, ando(N) =1 for§ < —1.
Theorem 2.1. For any ¢ € Py and 1 <p < ¢q < 00,
4_4
16l < cNv"al|gllLe.

Proof. By (2.10), ||Gi||l. = O(l_%). On the other hand, by Abramowitz and Ste-
gun [14], ||Gi||s < cl. Therefore

3
1G]l < €[]G w-

Finally by taking ¢;(z) = G,(z), x(z) = w(z),c0 = ¢,6 = 3 in Lemma 2.2, we obtain
the desired result.
Theorem 2.2. For any ¢ € Py and r > 0,

[¢llrw < eN[[@l]u-
Proof. Let

N—-1
2ep(x) =53 (1 +3)dip I (@)

NfTol R l k

- ﬁHlZ%HZ D+ 1)Gj(2)))
=0 k=0 j=0
N—-1 1 ~ A )

= 3¢z+1(2(—1)3(j+1)ﬂ(9,l)G ()
zlv:—[]l =0 N-1

= (_1)](J+1)Gj($)(2 l+2¢z+1 (4,10)).
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For j,l < N,|Hj;| < ¢cN?. Therefore

N-1

102011% < eN? D2 (7 + 1)*hlI0lIE < eNYl¢ll3-

§j=0
By repeating the above procedure, we find that for any non-negative integer m,

107 bl < N> |- (2.16)

Ifr = m+0,0 < 0 < 1, m being a certain non-negative integer, then by the interpolation
of Hilbert spaces (see Bergh and Lofstrom [15]),

<18l 10 l8llme < N |6l
Remark 2.1. By the Markov Theorem (see Timan[16]), for any ¢ € Py,
107 Blloo < N*™||¢]|oo- (2.17)

Thus from (2.16), (2.17) and the space interpolation, we obtain that for any ¢ € Py,
non-negative integer m and 2 < p < oo,

107 bl < eN*™(|6]| s

3. Some Jacobi Approximations

In this section, we investigate various orthogonal projections. The L2 (A) -orthogonal
projection Py : L2(A) — Py is a mapping such that for any v € L2(A),

(PNU—UaQS)UJ:Oa V¢EPN7

or equivalently,

N
PNU(m) = Z 17lGl($)

N
Il
o

For technical reasons, we need some of other spaces. For non-negative integer r,

w,A(A) = {v | v is measurable and [|v][,,4 < oo}

where
(31— 2y a2 Rl 4 ol ), for r = 2m,
||”||r,w,A = k20
ZH 2ymtg—kg2mil=ky |2 o \ly)2, )3, for r=2m+1.

For any real r > 0, the space Hj, 4(A) is defined by space interpolation. Let

Av(z) = —(1 — 2)7 10, ((1 — 2)2(1 + z) v (z)).

By induction,

m— 1 m
A™y(z) = (=1)"(1 —2?)™0* ™y (z) + For(x) 0P *u(z) + Z qr(x)07v(z)
k:l



Jacobi Spectral Approximations to Differential Equations on the Half Line 101

where pi(z) and gx(x) are some polynomials. So A™ is a continuous mapping from
HZ(A) to L2 (A).
Next, for any even integer p,

Hp o u(A) ={v | Ofv € H:;,_,:L(A)}a [0llr e = [10FV[lr—pw,4-

Wk,

1

Hy oA = {v [ v € Hy, b (A),0 <k <p}y [|ollrween = Z 1017 0 0)

~

For any real p > 0, we define the corresponding spaces by space interpolations. In
particular, [[v]|rw,« = [[0]]r.w,,1-
Theorem 3.1. For any v € H], ,(A) and r >0,

[Pyo = vlly < eN " lo

Proof. We first assume that » = 2m. By virtue of (2.1) and (2.10), we find that

17z=( )fA()()()de

= ( fA 0(2)0:((1 — 2)?(1 + 2)0: G (z))d
L D) (1 — (1 4 2)0,G(a)de
l( H 7 Ja Av(z)Gi(2)w(z)ds

= 2;ml;r+12 7 [y AT v(z)Gi(z)w(z)de.

Therefore
||PNU —1)||2 — i 1/)\l2hl < eNTAm i hy (fA Amv(x)Gl(x)w(x)dx)Z
w _
I=N+1 I=N+1 hi

< eNTZA™||E < eNTH|[olIR 4

We now let r = 2m + 1. By (2.1) and (2.3),

N I+1
U g oym /8 Ao (@) 20 (@)X (@) da.
Thus
© (4 1)y (1>
IPvo =l =45 3 gy v / 00 4™ () J ()32 (1) d)?
I=N+1
—4m—2 2
< N7 0, AT 0,0)-
Moreover
||8xAmU||X(2,1) < C||U||2m+1,w,A-
Thus

lo — Pyvllu < N0

Finally we complete the proof by using space interpolation.
Generally, Py v(z) # O PNU( ). But we have the following result.
Lemma 3.1. For any v € H], (M) L2(A) and r > 1,

|| Py Oy — 0 Pyvl|w < eN?7"(||v

[le)-
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Proof. By an argument as in the proof of Theorm 2.2,

N-1 _ N-1 4
OpPro(a) = 3~ (~1)7 (G + 1G5 (@) (3 5 Hyabie).
i=0 1=
Similarly
Opv(w) = ) _ a;Gj(x),
j=0
N
PnOgv(z) = ZajG](x)
j=0
where
” =1 .
CLJ = (—1)] (j + 1) lz; l—{——ZHj’lvH—l.
Thus N
. | .
PnOyv(x) — 0y Pyu(z) = Z(—l)] (7 + l)Gj(x)(Z l—I-—QHj’lle)'
j=0 I=N
Let
L ity
Ly(z) = an¢n(z), on(z) = N+l (1)) 0G + 1)Gj(2),
j=0
N ) o0 1
My(z) =) (=1’ +1)G;(x) (D 1o i)
§=0 I=N

Since Hj; = H; v + Hy , we have that
PnOgv(z) — 0p Pyvu(z) = Ly(z) + My (x).
We now estimate ||Ly||o. By (2.10) and Theorem 3.1,
adr < chi||PyOsv — 0p0||% < eN* 2 ||v
(2.10) also implies that ||¢x||2 < c. So
1L |I < NP2 o7

W,k

2

T,w,* "
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We next estimate ||My||,. Without losing generality, let » be any even integer.

Then by (2.10) and the expression of U1 in the proof of Theorem 3.1,

N 00
IMN|2 < ed7%hi (Y HjnDig1)®

j=0 I=N
N oo 00
<eN?Y (S Y b ([ AFu(@)Gla)w(e)ds)?)
. — — A
j=0 =N I=N
< N |l2, 4 < N2 (o], + [[0][2):

Let

20 —r, for p >0,
olur)=1 """ ;
W=, for p < 0.
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Theorem 3.2. For anyv € H, ,, ,(A),r>1 and p <,

Wk, [l
1P = 0l < N7UD 0]l
Proof. We use induction. Obviously Theorem 3.1 implies the desired result for

@ = 0. Now let ;> 0. The space interpolation allows us to consider positive integer
only. Assume that the conclusion is true for 4 — 1. Then

1PN 0z = a1, < N7 H D [050] |1 et < eNTEI D [0] |1 e
Clearly Py0,v(z)—0, Pyv(x) is in the subspace Py . Therefore we deduce from Theorem
2.2 and Lemma 3.1 that

1Pyv =v|lpw < [[PNOwv = Opv|lp—1w + [[PNOpv — 0 PNollp—10 + || Pyv — vllw
< CNG(“_I’T_I)||U||T,w,**,u + cN?72| | Py 0yv — 0u Pro||w + [|[Pyv = vlfw
< N o]l + NV (|[0] e+ [0]]) + N 77|

rw,A-
Since o(pu — 1,7 — 1) < o(u,r), the conclusion for p > 0 follows. Finally a duality
argument leads to the result for p < 0.
We now turn to the H! (A)-orthogonal projection Py, : HL(A) — Py. It is a mapping
such that for any v € HL(A),
(Pyv—v,¢)1,=0, Vo€ Py.

Theorem 3.3. For any v € Hj, ,(A) and r > 1,

1Pyv = vl < N o

Proof. Let
¢(z) lePN—layv(y)dy+7

where 7y is chosen in such a way that ¢(—1) = v(—1). By the projection theorem,
Lemma 2.1 and Theorem 3.1,

|1Pyv—olliw <|¢—olliw <cld—vli
= ¢||PN-1050 — 0pvl| < N7 |Jv

T,W, %

In practical problems, we need other kinds of orthogonal projections from certain
subsets of H.(A) to some subsets of Py. Firstly let

H,(A) = H (M) {olo(=1) =0}, Py =Py H,(A),

and

ay (u, v) = (Optt, Op) -

The orthogonal projection ﬁ}v : FLIU(A) — Py is a mapping such that for any v €
=1
H,(A),

aw(ﬁ}vv —v,¢) =0, V¢€Py.
Theorem 3.4. For any v € Fi}(A) NH.(A) and r > 1,

[Pyo = vlliw < eNTfo

T,W,%

[Py —o|| < eNY"|lo

T,W,%
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Proof. Let
:/IPN_lﬁyv(y)dy.

Clearly ¢ € Py. By the projection theorem, Lemma 2.1 and Theorem 3.1,
-l -l
|1Pyv—vlliw S dPyv—vliw <c¢—vfie
< ¢||Pn-105v — 050])w < NYT|0] ] -

The second result comes from Lemma 2.1 and the previous result.
The Hj,(A) -orthogonal projection P]{,’O : Hj (M) — P} is a mapping such that
for any v € Hy ,(A),
Qg (P]{,OU—U $) =0, VoePy.

Theorem 3.5. For any v € Ho,w( JNH"(A) and r > 1,

1Py"0 = vl[1w < NV "ol

1Py = o < eN' o]l

Proof. Let P} be the L?(A)-orthogonal projection. By (2.8) and the property of
Legendre approximation (see Canuto and Quarteroni [17]),

(0]
1Pxo =l < > hi(wf)? < eN7"|[v]]. (3.1)
I=N+1

Let -
0) = [ Piidptdy,

z 1
#(a) = [ (P 10,00) = 30" (W)dy
Clearly ¢ € P%. By the projection theorem and Lemma 2.1,
1Py’ = vl < elPy"v = vliw < clé = vl
1
< || Pyy_1 050 = 00|l + 519" (1)|(Jy w(z)dx)?.
Moreover, using (3.1) yields

6D = lo(1) = ¢"(D)] = [ A(Py100(2) — Oyo(z))dz]

= |
< c||P_10zv — O] < eN'- "[|v]lr-

This leads to the first conclusion.

Using Lemma 2.1 again, we obtain the second result.

When we use the Jacobi approximations for nonlinear problems, we also need esti-
mations for ||P]{f’0’U||W7‘,p( A)- The simplest one is given by the following theorem.

Theorem 3.6. Let 6 > 1. For any v € Fi,(A) NHLP(A)NH(A),

—1
1P Nvlloo < ellollitsw,s + lIolls)-
For any v € H&yw(A) N H(A),

1PE ]l < cloliss.
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Proof. By imbedding theory,
1P xvlloo < 1Jolloc + el Pyvv = vl
Let P} be the L?(A)-orthogonal projection. We have that
[Pxv —vlls < [[Pyv— Piolls + |[Pv —vl|s.
By (3.1), Theorem 3.4 and an inverse inequality in Py,
[Pyo = Piolls < eN°(Pyo = oll + 1P = oll) < e(llollissuwe + llolls)-

According to an estimate in Canuto and Quarteroni [16],

1Px0 = vlls < ellollss

The combination of the above estimates implies the first result.

The second result comes from Theorem 3.5 and an argument as in the previous
paragraph.

In applications of Jacobi approximations to initial-boundary value problems of par-
tial differential equations, we need certain projections with different weight functions.
We first consider the L%(A) -orthogonal projection Py : L%(A) — Pn such that for
any v € L%(A),

(ﬁNU—U,QS)G:O, V¢EPN,
or equivalently,
~ N ~
Pyv(z) = ZﬁlGl(x).
=0
Let
Av(z) = —(1 4+ 2) 1 0,((1 — 2)(1 + z)?0,v(x)).

For technical reasons, we introduce the space Hg Z(A)' For non-negative integer r,

)

H” ~(A) = {v|v is measurable and ||v|| ~ 7 < oo}

w,A
where
r r_ - 1
loll 5 = (11 = 23050112 + 111 = 237 0 ol + ol _y 505, 722,
L 1
loll, 5 5 = (11 = 2*)29,0]2 + I|v]2)7,
lvlly 5 5= llvllz-

For any r > 0, the space HZ Z(A) is defined by space interpolation. It can be shown
w’
7. . . r—42 —
that A is a continuous mapping from HZ,Z (A) to HL(A). Also let Hg*(A) = {v|0zv €
W)} and [l 5, = 1950, 5 5
Theorem 3.7. For any v € H% Z(A) and r > 0,

1Py = oll5 < eN " |lol], 5 1
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Proof. We first assume that » = 2m. By virtue of (2.1) and (2.11),

U = %(l +1) [y v(x)él (z)w(x)dx N
—l% [y v(@)9, (1 = 2)(1 4 2)20, G () da
= stirey Ja a0 (@) (1L = 2) (1 + 2)*0, G (x)d
gttty Ja Av(@)Gi(2)o(2)do

TS [y A™0(2) Gy ()@ () d.

(112
Thus
~ Oo ~
1Byo— ol = 3 5 < eN ol -
I=N+1 ”

B.Y. GUO

The above estimate is also valid for r = 2m + 1. Finally we complete the proof by space

interpolation.
Now let

L, (A) = {v|v € L2(A),v(1) = v(-1) = 0}

and
g(z) =1 -2 (), 0<I<N-2

The set {g;} is the L%,U(A)—orthogonal system, since

/L) qa2)y (12 _ 8(l+1)
For any v € L%,W(A),
o0
v(z) =) vigi(z)
1=0
where .
b = iz [ v@a(n(e)ds
(L,2) [,
i
The L%m(A)—orthogonal projection Py : L%,U(A) — PY is a mapping such that for any
v E L%m(A),
(ﬁNv_ans)ﬂ:Oa V¢EPR{
Let
Av(z) = (1 4+ 2) 7 0, (v(z)(1 + 1))
and

HZ 2(A) = {vlv € L§,(A) and ol 5.5 < ook, vl 5 5= 1| Av)|

rw,A

Theorem 3.8. For any v € L3 o (M) N HZ Z(A) and r > 0,
) w,

1Py — olly < eN "ol 5

r—1,$,£'
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Proof. Let a; be the coefficient of expansion of function Av(z) in terms of G;(z).
By (2.3),

o = —7(1112) Jav(z)(1+ x)Jl(l’Z) () dz
= b [y @)1+ 2)0:Grpa (w)de
l

= —W fA aa:(v(x)(l + x))élJrl(x)dx
1

= i ) 0,0 )G (05l

— 2N
= (l+3)71(1’2) Qap+1-

Therefore Theorem 3.7 yields

5 = =2 _ o _
1Pyv—vl2= 3 A5 <eN 2 S ha? < eN Tl
I=N+1 I=N+1 .
For r > 0, let
WT(A) = HIZ(A) + HIE(A)
w, ?
with the norm

1
Pollwray = (ol 5 5+ 0245000

Theorem 3.9. For any v € L%m(A) AWT(A) and r > 0,

| Pyv — v
Proof. We have from Lemma 2.1 that

1w < eN ol -
1Pvo = vlliw < elPyolie
< |Pnv — Pyl + |[Phv — v -
By virtue of Theorems 2.2, 3.3 and 3.8,
|Pyv — Poliy < eN?||Py — Pl
< eN?(|[Pyv — vl + [[Pyv = vllw) < eN "ol (a)-
Also by Theorem 3.3,
1Py = vl < eNT[0llr1,s

The proof is complete.
Theorem 3.10. For any v € L%,"(A) ﬂHgZﬂH‘S(A) and 0 > 1,

12xvlloo < clvlly 5 1+ olo):
Proof. By the imbedding theory

|Bxolleo < elllolls + 1o = Polls + [Py = olls):

By (3.1), Theorem 3.8 and an inverse inequality in Py,
|Byv — Pyl < eNO|lPyo — P

< eNO([|Pyo —vlly + | P —o]))
< el 1+ lolls).
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Moreover,
1Pio = olls < clolls,.

4. Some Applications

As pointed out in the first section, the main motivation of studying unsymmetric
Jacobi approximations in this paper is to consider their use for numerical solutions of
differential equations on the half line. We first consider a simple example as follows,

_8§V(y) = F(y)7 0< y < 00,
o,V (y) =0, as y — 00, (4.1)
V(0) =d.
Let
y(r) = —2In(1 —z) + 2In2. (4.2)

Then y(—1) = 0,y(1l) = co and for z € A,
doe _ dy ~" 1

Yy x
Let U(z) = V(y(x)), f(z) = F(y(z)) and for simplicity, d = 0. Then
—0y(w(2)0,U(z)) = 4f (x)n(x), = €A,
0, U(z)w(z) — 0, as ¢ — 1, (4.3)
U(-1)=0

A weak formulation of (4.3) is to find U € H}U(A) such that
0y (U,0) = 4(f,0)y, Vo € Hy(A). (4.4)

— / —
If f e (Hi,(A)) , then (4.4) has a unique solution. Let uy € Py, be the numerical
solution satisfying

G;w(U/N, ¢) = 4(f7 ¢)7]7 V¢ € fN (45)
Then uy = PyU. According to Theorem 3.4, we know that
U = un|| + ||U = unlliw < N[O rye

Remark 4.1. In actual computation, a suitable choice of base functions is impor-
tant. We can take the base functions in (4.5) as

2 _
di(z) = \/;Jl(o’ Yz), 1<I<N.
Clearly ¢; € Px. Moreover (2.3) implies that

aw(¢l7 Qbm) = (Gl—17 Gmfl)w = 5l,m

which leads to the identity matrix for the Jacobi coefficients of unknown function uy ().
Remark 4.2. If in addition V(y) — 0 as y — oo in (4.1), then U(1) =0 in (4.3).
In this case, the numerical solution uy € PY, satisfies

au}(uN7¢) :4(f7¢)777 VQSEPR’
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On use of Theorem 3.5, we assert that
1U = un|| + U = un|li < eNT(U]]-

Now we turn to a more complicated example. As we know, the Burgers equation
plays an important role in the description of one-dimensional fluid flow. The simplest
initial-boundary value problem of Burgers equation is as follows

OV (y,t) + V(y, )0,V (y,t) — nd;V(y,t) = F(y,t), 0<y<o0,0<t<T,

V(y,t) =0, y—00,0<t<T,
V(0,t) = d(t), 0<t<T,
Vi(y,0) = Vo(y), 0<y<oo
(4.6)
where p > 0 is the kinetic viscosity, d(0) = V5(0) and Vy(y) — 0, F(y,t) — 0 as y —
oo. We use the variable transformation (4.2), and put U(z,t) = V(y(x),t), f(z,t) =
F(y(t),t) and Uy(x) = Vo(y(z)). For simplicity, let d(t) = 0. Then (4.6) becomes
ﬁ(x)atU(fEat) + %U(%‘,t)BxU(x‘,t) - %Max(w(x)axU(xat))
=n(x)f(x,t), r€NO<tLT,
U(1,t) = U(0,t) =0, 0<t<T,
U(z,0) = Uo(x), z € A
(4.7)

A weak formulation of (4.7) is to find U € L*(0,T; Hj,,(A)) N L°(0,T; L7 (A)) such
that
QU (1), 0)y — HU(1), 0,0) + Ypuas (U (1), 0)
= (f(t),v)y, Vo € Hj ,(A),0 <t <T, (4.8)
U(0) = Uyp.

The solution of (4.8) satisfies the following equality,

WO+ 30 [ 0©F e = 0l +2 [ (70U (49

Let uy be the numerical approximation to U. The Jacobi spectral scheme for (4.8)
is to find uy € PR, for all 0 < ¢ < T such that

(Drun (t), $)y — 3(ui (1), 0od) + Fuau(un(t), )

= (f@),0)n, VpePy0<t<T,  (4.10)
’U,N(O) =UunN,0 = PNU().

By taking ¢ = uy in (4.10), it follows that

a1 + 30 [ (R o

This is a reasonable analogy of (4.9).

We now turn to analysis of the stability of scheme (4.10). Since this is a nonlinear
problem, it is not possible to be stable in the sense of Courant, Friedrichs and Lewy
[18]. But it might be stable in the sense of Guo [19, 20] and Stetter [21]. To this end,
suppose that f and uy are disturbed by f and @y, respectively. Accordingly, the

)yt
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numerical solution uy has the error . Then we get from (4.10) that
(Detin (1), $)y — 3 (@R (1) + 2un ()T (), 0r )
+ tuay,(An(t), ¢) = (f(£), d)ns Ve PR,0<t<T,  (4.11)
un(0) = Tpp.
By taking ¢ = 2uy in (4.11), it follows that

d

SN I + F &) + sulin (0. = 270, x (1), (112

where

!

(t) = =(un ()N (t), Outin (£))-
It is easy to see that

[E@)] < un (®)oolltn ()]l (£)]1.0

- o~ 4.13
L un (1) 2l (2 + ufn (1), (4.13)

ININA

To describe the errors, let

1 t
B(o,t) = @I + 3 [ 10(©F e,

t
plwn, wa, t) = ||wn 2 + /0 s (€)[2d.

Also let |||v]||oc = sup [[v(t)]]oo, and
0<t<T

1
M(v) =1+ ﬁlllvllloo-

By substituting (4.13) into (4.12) and integrating the resulting inequality for ¢, we find
that ~

E(uy,t) < M(un) Jo [lan (€)|2d¢ + p(an, f,1t)

< M(uy) fy B(ay, €)d€ + p(ano, f,1).

Finally we reach the following conclusion.
Theorem 4.1. Let uy be the solution of (4.10), and Uy be its error induced by
un,o and f. Then for all 0 <t < T,

E(an,t) < p(in,, f,t)eM @

(4.14)

The previous theorem shows that the error of the numerical solution is bounded
by the error of the initial data and the average error of the source term. In other
words, scheme (4.10) satisfies the generalized stability of Guo [19, 20], or the restricted
stability of Stetter [21].

We next deal with the convergence. Let Uy = PyU. Then we derive from (4.8) that

(O UN(8), 3)y — 3 (UR(£), Q) + ppau(Un (1), ¢)
+ Go((ﬁ,j) + Gl(¢7t) + G2(¢7t) = (f(t)a ¢)777 Vd) € PR{? 0<t < Ta (415)
Un(0) = PyUy
where

Gol 1) = (U () ~ Un (1), ),
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G1(¢,t) = (BU(t) — OUN (1), P)n,
Ga(,t) = Z(UX () = U*(t), 029).
Further put Uy = uy — Uy. We obtain from (4.10) and (4.15) that

(O ON (), $)y — F(UZ () + 2Un ()TN (t), 0:$) + 100, (Un (t), ¢)
:G0(¢7t)+G1(¢7t)+G2(¢7t)7 V¢EP%,0<tST,
Un(0) = 0.

==

(4.16)
Comparing (4.16) with (4.11), we derive an error estimate like (4.14). But uy, @y, and
M (uy) in (4.14) are now replaced by Uy, Uy, and M (Uy). Therefore it remains to
estimate |Gj(ﬁN,t)|.
We first use Theorem 3.9 to obtain

7 H rT —2r 1 r7
(Go(Un,t)] < ZIU() = Un(B)]1,0[Un (B) 110 < eNZNT@Fyr () + 75 HUN O o

According to Theorem 3.8, we obtain the following result.

GO, O] < 1On@)]]; + 110U (1) = 8Un ()3

< [T @I + N2 (|02 -

By virtue of Theorem 3.10 ,

G20 < 3TN + U el On Ol T D
<A(U@IE 5+ ITEIRIONGIE + SulOx(0R,,

Using Theorem 3.10 again yields
M(UN) < e(U+[[IUNI) < X+ WUl po o,rsms _aynms(ay)-

Inserting the above estimates into an inequality like (4.14), we obtain the following
result.

Theorem 4.2. Let U and Uy be the solutions of (4.6) and (4.10), respectively.
Assume that for r >0 and § > 1,

U e L>0,T;Lj, ﬂH~ (M) (VH(A) (L0, T; W™ (M) () H' (0, T, HZ 2(A)).

Then for all 0 <t < T,
E(U —uy,t) < M*(U)N™%
where M*(U) is a positive constant depending only on p and the norms of U and Uy
in the mentioned spaces.
Remark 4.4. If 0,V (y) — oo as y — oo in (4.6), then in (4.7), 0,U(z)w(z) — 0
as ¢ — 1. In this case, the Jacobi spectral scheme for (4.6) is to find uy(t) € Py for
all 0 < ¢ < T such that

(Opun(t), §)y + 3 (un (t)Ozun (t), §) + Fpay(un(t), ¢) _
= (f,®)n> Vp e Pn,0 <t <T,
un (0) = un,p.

The corresponding stability and convergence can also be derived.
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