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Abstract

This paper deals with Crouzeix-Raviart nonconforming finite element approxi-
mation of Navier-Stokes equation in a plane bounded domain, by using the so-called
velocity-pressure mixed formulation. The quasi-optimal maximum norm error es-
timates of the velocity and its first derivatives and of the pressure are derived for
nonconforming C-R scheme of stationary Navier-Stokes problem. The analysis is
based on the weighted inf-sup condition and the technique of weighted Sobolev
norm. By the way, the optimal L2-error estimate for nonconforming finite element
approximation is obtained.
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1. Introduction

There are many research works on finite element approximation of Navier-Stokes
problem in the case of lower Reynold number, by using the so-called velocity-pressure
mixed formulations,e.g.[12,15,16,17,23,26]. Various sorts of conforming finite element
schemes(the discrete space of velocity belongs to C°) and nonconforming finite element
schemes(the discrete space of velocity does not belong to C°) have been discussing. It
is the main reasons that the discrete spaces of velocity and pressure can not be chosen
independently, they must satisfy discrete inf-sup condition (i.e. LBB condition)[1,3].
Thus, to construct conforming finite element scheme usually need some techniques for
satisfying the compatibility between the discrete space of velocity and pressure and
for obtaining the optimal energy norm error estimates of both velocity and pressure.
Therefore, simple nonconforming finite element schemes have received considerable at-
tention from both a theoretical and applied point of view. Nonconforming finite element
scheme for stationary Stokes problem was first studied by Crouzeix and Raviart[3](this
scheme is called C-R scheme). In the paper, the compatibility between the noncon-
forming piecewise linear triangle element and piecewise constant was shown, and the
optimal energy norm error estimates of both velocity and pressure were obtained. More-
over,this scheme(i.e. C-R scheme) was extended to stationary Navier-Stokes problem
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by Teman [26], the optimal results were also obtained. The other nonconforming finite
element schemes for Navie-Stokes problem may be found in [4,8,9,14,15,23,26]. But so
far, maximum norm error estimates for any nonconforming finite element schemes were
not considered.

Recently, the quasi-optimal maximum norm error estimates of the velocity and its
first derivatives and of the pressure for conforming finite element schemes of stationary
Stokes problem were studied by Duran, Nechotto and Wang[6] and Duran and Ne-
chotto[5]. Their analyses were based on the techniques of regularized Green’s functions
and weighted inf-sup condition respectively. But these analyses relied on the continu-
ity of discrete space of velocity, and did not include any nonconforming finite element
schemes. In addition, L error estimates (i.e. maximum norm error estimates) for
C-R scheme of nonstationary Navier-Stokes problem were consided by Rannacher[23],
but its results were not quasi-optimal. The main aim of this paper is to study max-
imum error estimates of the velocity and its first derivatives and of the pressure for
C-R scheme of stationary Navier-Stokes problem. The quasi-optimal maximum norm
error estimate results for stationary problem are showen with the similar technique of
weighted Sobolev norms introduced by Duran, Nechotto[5] and Rannnacher[8]. By the
way, the optimal lower-norm (i.e. L?-norm) error estimate is also shown.

The plan of this paper is the following. In section 2 we state the notations of
Navier-Stokes problem and its nonconforming finite element approximations. Section 3
contains some discussion of the nonconforming finite spaces and their properties. The
optimal L2-error estimate for noncnforming finite elemet scheme is proved in section 4.
In section 5 we introduce weighted Sobolev norm and give a weighted priori estimates
for the solution of Stokes problem using basic solutions, and present several useful
lemmas. Section 6 deals with the L*-error estimates for Navier-Stokes problem.

2. Notations and Prelimiaries

Let Q be a convex polygonal domain in R%2. We consider the stationary Navier-
Stokes problem for incompressible flows:

divU = 0, (Q) (2.1)

VAU +U-VU +Vp=f, ()
{ U=0, (09)

where v denotes the constant inverse Reynolds number. U = (uj,us) represents the
velocity of the fluid, p its pressure and f = (f1, f2) a diven external force. In order to
write problem (2.1) in a weak form we introduce the notations:

X = (HYQ)?, M =L§®), L3(©) ={da € LX®), [ adz =0},
a(U,V) = 7/9 VU -VVdx =~v(VU,VV),

b(U,V, W) :/ U-VV -Wdz =) :/ u;0jv;w;di.
Q — JQ
).]
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Here (-,-) denotes the inner product in L?(2) and (L(€))2. Then the variational
form of problem (2.1) reads: Find (U,p) € X x M such that

a(U, V) +bU,U,V) = (p,divV) = (f,V), VV €X, (2.2)
(divU, q) =0, Yq € M. (2.3)

Throughout this paper, let W™P(Q) and H™(2) denote the Sobolev spaces on 2
with the norm || - [|ymp(q) and | - [|m respectively (|| -[[o,o = | - || denotes L?-norm over

Q), H () denotes the closure of the space C§(£2) in H(€2).

Let 'y, be a regular and quasi-uniform family of decompositions of €2 into element
7 €'y, with Q = Urer, 7. We will work with nonconforming finite element space Xp,
and My, where X, C (L?(Q))?, M, C M, and X, ¢ X. (i.e. X is a nonconforming
finite element space). But for every Vj, € Xj,. We have Vj,|, € (H'(7))?,7 € [',. We
assume the norm on X, by

VRVl = D2 IVVAIE 2

Then the nonconforming finite element approximate problem(2.2),(2.3) can be defined:
Find (Up,pn) € Xj, X My, such that

an(Un, Vi) + on(Un, Un, Vi) — (pn, divop Vi) = (f, V), YVh € Xp,  (24)
(divUn, qn) =0,  Vqn € M. (2.5)

where
ap(U,V) = Z')// VU -VVdz =Y ~v(V,U,V,V),
by (U, V, W) :Z/U-VV-de,
(U, V. ) = S n(U,V, ) = by (U, W, V),

where V,,V and div,V may be defined L2-vector function and L?-function by elemen-
twise calculation respectively. It is well known that X; and M} cannot be chosen
independently. X}, and M) must satisfy the following discrete inf-sup condition (i.e.
LBB condition):

divp Vi, qn
sup {divn Vi gn) > Bllgnll,  YQn € M, (2.6)
0£V, €Xp VeV
where  is a positive number independent of h. Equivalently, there exists a projection
operator mp : X — X}, such that
(divh(V—WhV),qh) =0, VWWeX, q,e M, ’
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From[15,26], if we denote

X;, ={Vi € Xp|(divpVi,qn) =0, Vqn € My, },
br(Ph, Vi, Wh)|

Ny, = sup ,
oy Vi WreX; IVa@ull VAVl VW]

f?Vh

1Al = sup LDV

vex; IVaVall’
and under the following condition:

Null 11},
72

Sl_éa

where 0 € (0,1) independent of h, then the discrete problem (2.4) (2.5) have unique
solution (Up,pp) € Xj X M}, and the following error estimates[15,26]

IVR(U = Un)ll +llp —pull < CT_ inf - [[|U =V + llp — ql]]

VeXy,qge My,
|Gh(U77ThU7W)| |Eh(U7p7W)
+ sup + sup ———r, 2.8
B R A BT Sy s AT 29

where (U, p) and (U, pp) are the solutions of problems (2.2),(2.3) and (2.4),(2.5), re-
spectively.
Gn(U,V,W) =bU,UW) —bp(V,V, W), (2.9)

oUu

where n denotes the unit outer normal vector.

- %(U n)U) - Wds, (2.10)

3. Linear Nonconforming Finite Element Spaces and Their Properties

Let I'}, be a triangulation of £2. We counsider the linear nonconforming finite element
space Sy, of H}(2) on the triangulation 'y, i.e.

Sy, = {vn|vn|; € P1,V1 € Ty, X}, is continuous at midpiont of the edges of T,

vp(Q) =0, Q € 0Q is midpiont of the edge}, (3.1)
Xh = Sh X Sh- (32)

Obviously, X, C (L?(©2))? and X}, ¢ X,then X}, is a nonconforming finite element
space. Moreover, it can be easily shown that X} has the following properties[3]:
(1)'f87*ﬂ87'+(Wh|T* —Wh|7_+)d8:0, VT*,TJr el
are two adjacent elements, VW), € X},
(2)'f87ﬂ89 Wh|7—d8 =0, Vrely, VW,eX,.
Furthermore, there exists operator 7, : X & X — X}, such that
(3).7ThWh =Wy, VW, e Xy,
(4). fLir T, Vds = fLir Vds, VYV € X, L;;(i =1,2,3) is the edge of 7
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(5)||W — 7ThW||Lp + hHVh(W — 7ThW)||Lp < Ch2||V2W||Lp,
VW € X N (H*(Q))? V1<p< +oo.

(6).1f V € X and divV =0, then div,(m,V) = 0.
For given v € H'(7),7 € I'y, we denote L; (i = 1,2,3) by the three edges of 7 and

define M v by
1

Moy=—
v meas(L;;)

/ vds on Lij:. (3.3)
LiT

Then we have
Lemma 3.1. If v € H(Q) and wy, € Sy, then [3]

3 / vwpngds < ChI|[Vo||Vawsll, i=1,2, (3.4)
or

Tl

here n = (n1,n9) is the unit outer normal vector of the side of T.

In addition, we have the following discrete sobolev inequalities (cf. [26,28,27] for
details):

|wn |l < ClIVpws]|. (3.5)
|whllpe < CIVawsl- (3.6)
Now we define
Py, = {qnlqn|: = const,V1 € T'y}. (3.7)
My = {an € Pil [ ando =0}, (3.8)

Moreover there exists a interpolation operator[4] I, : L2(Q)(M) — Py (M},) such that
(7)-lg = Inall < ChIIVall, Vg€ MNHY(Q). (3.9)

For Navier-Stokes problem(2.2)(2.3), if X, and M}, are defined by (3.2) and (3.8), then
discrete problem (2.4)(2.5) can be called C-R scheme. Notice that X, x M), satifies
the conditions (2.6) and(2.7)(here m, of (2.7) is also the interpolation operator), then
it follows from (2.8) that we have the following energy norm estimate[4]:
Theorem 3.1. Let (U,p) € X x M and (Up,pp) € Xp, X My, be the solutions of problem
(2.2)(2.3) and (2.4)(2.5) respectively. Then there exists a constant C independent of
h, such that

IVR(U = Up)ll + llp = pull < CR(IUIl2 + llpllh)- (3.10)

The error estimate (3.10) is optimal. Now we introduce the following inequalities, which
are used in the following discussion.
Lemma 3.2. For trilinear form by(-,-,-) and by(-,-,-), we have

(2, V,W)[ + |bn (2, V,W)| < C[IVR2|| VAV VW, VS, VW € X; & X.
(3.11)
bn (@, V, W) < Cl|®]| Lo VAV VAW I, VP € (LX(2)%,V,W € X, @ X.

(3.12)
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bn (@, V, W) < Ol @IV lwree VAW, YV € (WH™(Q))%,@,W € X, © X.
(3.13)
and if ® € Wh>°(Q) N X,div® =0,V,W € X}, ® X, then
b, (2, V, W)| < Cl|@[lwrco @) [VAW [V + BIVAV)). (3.14)

Proof. 1t follows from (3.5)(3.6) and holder inequality that we obtain clearly (3.11)(3.12)and
(3.13). From Green’s formula and div® = 0, we have

b(@, V, W) = /q> YV Wz - /<1> VW - Vdz)
TEF TGFh
:—2/@nVst—Z/<I> VW - V. (3.15)
Tl Tl

Application of Lemma 3.1 gives

Z (®-n)[V - W]ds
Tl 67—

<Ch Y AIV(®@-nL) Wt - VAV -ur
T—,7tely,

HIV(@-nr) Wl - [VaW =07+ }

< Chl|@|lwroo o) IVRVIIIVRW|

Combining (3.15),we obtain (3.14). O
Lemma 3.3. If Uy, satisfies (2.5), then

(divhUh,Qh) =0, Vay € Py (3.16)

Proof. Setting g, =
Green’ formula that

fQ gndz, we have ¢, — G, € My, It following (2.5) and

meas

(divpUp, qn) = (divaUp, Gn) = Y : Uh - gn - nds
Tl T

Hence, from Uj, € X}, and property(1)(2), we obtain(3.16).0

4. L? -Error Estimate

Now we derive the optimal error estimate in L? for the velocity by the duality
argument. This result is also useful below.

Theorem 4.1. Let (U,p) € X x M N((H%(Q)) x H(2)) be the solution of problem
(2.2), (2.3), and let (Up,pn) € Xn x My, be the solution of problem (2.4), (2.5), then
we have

IU = Ul < CRA(|U 2 + [Ipll)- (4.1)

Proof. We introduce the following auxiliary problem for ® = (¢, ¢2) and :

2
8 (3 1 8 — y —
YV — ZI[UJ af ¢J gi + 2 Uy d)]] + aw 9is i=1,2,(9),

]_
divd =0,  Q, (4.2)

®=0 090
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the weak form is

{ a(®, W) +b(U,W,®) + b(W,U, ®) — (¢,divW) = (g, W), VW e X,

(div®,q) =0, Vq € M. (4.3)

For g = (g1,92) € (L?(9))?, the dual problem (4.2) exists a unique solution (®,1)) €
X N (H?(2))? x M N HY(Q) [13],[8],[19] and moreover

1@fl2 + (19l < Cligl (4.4)

Now we let g = U — Uy, in (4.2) and let U — U, multiply by(4.2). Thus, noting that
(U —Up) € (L°(9))? and divU = 0, we then have

|U = Unll* = (U = Up,U = Uy) = (9,U — Up)
=ap(®,U — Up) — (¢, divp (U — Up)) + bp (U, U — Uy, @) (4.5)
+on(U = Un, U, ®) + % [, (Y52 — ¢pn — §(U - n)®) - (U — Uy )ds.

el'y

T

From (2.1)(2.4) and(2.5), we have
an(U = Un, W) = (p — pn, divpyWy) = Gy (U, Up, Wy) + Ep (U, p, Wp,), YW € M},. (4.6)

and
(divp(U — Uy),qn) = 0, qn € My, (4.7)

Taking (4.6) into the right of (4.5), we obtain

(U = Upl|* = an(U — Uy, ® — Wy) — (3, divy, (U — Uy,))
+(p — ph, divpy Wh,) + by (U, U — Uy, @) + by (U — Uy, U, @)
+ EZF: Jor (Y82 —pm — L(U -n)®) - (U — Uy)ds

T h

+Gh(U7 Uha Wh) + Eh(Uapa Wh)
Setting Wy, = 7, ® € X, and noting that(4.7) and div® = 0, moreover noting that
G (U,Up, Wp) = bp (U, U, Wp) — by (Up, Up,, Wh), (4.8)

so we have

U — Upl]? = an(U — Uy, ® — mp®) — (¢ — Intp, div, (U — Uy))
+(p — ph, divy (1, ® — @)) + by (U — Uy, U — Uy, 1, @)
)

+bp (U, U — Up, ® — 1 ®) + by (U — Up, U, ® — 7, ) (4.9)
+ 3 Jor (Y32 = 4pn — (U - n)®) - (U — Up)ds + Ex(U, p, 7 ®).
Tel'y

Using Lemma 3.1, we easily obtain

GZ; Jor (VG —4m = 5(U -n)®) - (U — Up)ds

< Ch((|12lz + 19l + VU 12D VAU = Unll,

Eh(U7p7 7'('@) = Eh(U7p7 7Th(b - q)) < Ch(“U||2 + “le)th(@ - 7Th®)||7
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where we have used E,(U,p,®) = 0. Hence, using(3.11), (2.7), (4.4) and prop-
erty(3)(5)(7), we soon have

IU — Unl)?

S CUIVRU = U - IVR(@ = mp@) || + 190 — Il - [IVR(Un = U)||
+llp = pull - IVA(® = 7h®@)[| + V(U — Un) PV @
HIVUIVR(U = U) V(2 — 7 @) | + |22 VAU — Up)|[IVU]]
+h([[U]lz + I )V (® — 7 @) |
+Ch(|@ll2 + 19l + VU RINIVA(U — Un)ll}

< Ch(IVa(U = Un)ll + llp = palD (122 + 19111 + VU |®]]2)
+C|IVa(U = Up) PV + CE*(IU 12 + lIpll) 12]]2)

< ONU = Upl{A(IVR(U = Ul + llp = pull) (1 + [[VU]])
+h2([Ul2 + [lpll) + [IVA(U — Un)|I%}-

Finally, it follows from (3.10) that we soon have(4.1).0

5. Sobolev Weighted Norms and Some Lemmas

To discuss the maximum norm error estimates, we recall the definition of the usual
weight function along with some of its fundametal properties.
The weight function o is defined by

o(z) = (|z — 2|2 + 62)2 Va,z0 € Q, (5.1)

where @ >> h is a small parameter to be determined later on. It is well known that o
satisfies the following properties|2,22,21]

max[max o(z)/ mino(z)] < C, (5.2)
|00 (z)| < C(k,a)0® *(z), Ve, (5.3)

where k € R, C ic a constant and independent of h and g, and 0/f denotes jth
derivatives of f. Moreover, a simple calculation shows that [2][5]

a CO*=*, o> 2,
/Q" (z)dz < { Clinf], a=2. (54)
For « € R and k € N, the weighted sobolev seminorms are defined by
IVl = (3 3 [ oDV )3, (55)
€Dy €=k "7

where D¢ f denotes the tensor of kth (k = |¢|) derivaties of f. The same notation will
be used for vector valued functions. Then we have the following results [2],[22],[20],[25],

9e-0/2 49
< - ’ ’
loll—ay < Cllvllee (o) { gz, =2

|wllpoe () < C(Ga/hQ)%HwH(_a), Vo € R, w € Sp(orMp).  (5.7)

(5.6)
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where we assume that z¢ in (5.1) such that |w(zg)| = ||w||L~. Moreover, the following
interpolation properties and supper approximation properties hold [2],[5]:

IW = 7aW ll(a) + BIVRW = muW)l(0) < CAIV*W (o), ~ Va € R, (5.8)
lg — 7qll(a) < ChlIVdll(a), Va € R. (5.9)
and

IVa(otD (W = W) — 1 (0D (W = Wi)))lla) < Ch/OV 2V |y

5.10
SRS (IW = Wall o + IV OV — Wl )y = 0,2 (5.10)

Moreover, we have
lo"2(q = an) = In(0" "2 (g = an))ll2) < C(A/Ollg = anll2) + Bl Vall2)-  (5.11)

where W € (H%(Q))?, g € HY(Q), W}, € Xp,qn € My(P).

To proceed further, we need a priori estimates for the stokes problem. Let g €
(L%(2))2,n € HY(Q) N M. Then there exists a unique solution (V,\) € X x M of the
generalized stokes problem [12],[18],

LAV +VA=g, (9),
divV =, (Q)a
V=0, (09).

Which satisfies

V12 + Al < Clgll + [IVal). (5.12)
Lemma 5.1. Let (V,\) € X x M be the solution of the following Stokes problem

{ AV AVA=g,  (Q),

divV =0, (), (5.13)
V=0, (09).

where g € (L?(2))?, then we have [5], [10], [11]
1
IV2Vi@2) + IV Xll2) < Clind|=/6]|g]l (a)- (5.14)

Now we introduce the weighted inf-sup condition [5].
Lemma 5.2. There exists a constant 3 > 0 independent of h, such that

(divV, q)

sup > Blind|"?|qll_2, VgeM 5.15

Lemma 5.3. For Ey(U,p, Wy) defined by (2.10) and Ej (U,p, W) defind by

EL(U,p,Wp) = > : 7 - Whds, (5.16)
7€l T

then, for YW, € X & Xy, we have

B (U9, Wa)| < CR(IV?U | —a) + VU] (e + [Vll ) IV Wil - ek
5.17
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1B, (U, p, Wh)| < CR(IV?U (o) + IIVPN o)) IV Whll(@), @ € R. (5.18)

Proof. Tt suffices only to deal with (5.18). Using property (1),(2),(3.4) and (5.2), then
we have

ou

|Eh(U7P7Wh)|:|Z om P (U'")U)'th8|
-1y Z/ ——pn——(U n)U) - Wids|

7€l LEOT

SIS Y [5G -5 w0)

r€Dy, LedT

oU 1
—MT(% —pn — E(U -n)U)|[W}, — M Wy]ds|

1
< ChlIV?U +Vp + 5 VU2 |- [ Vi Wil (@)
< CM|IV?Ull(=) + VPl ) + IV Ul ) [VaWhllas - Vor € R.

6. Maximum Error Estimates

This section is devoted to the maximum error estimates for C-R nonconforming
finite element approximation of stationary Navier-Stokes problem, and obtain the fol-
lowing qusi-optimal results.

Theorem 6.1. Let (U,p) € X x M and (Uy,pp) € X X My, be the problem
(2.2)(2.8) and (2.4)(2.5) respectively, and let U € (W?>(Q))?2, p € WH>®(Q). Then
there exists a constant C > 0 independent of h, such that

IU = Unllzee < CR?inh (U w2 + Iplwros). (6.1)
IVR(U = Up)llze < Chlinh*(|U|lwzeo + llpllwroc)- (6.2)
lp = prllzee < ChlinhP(1U w2 + [pllwieo). (6.3)

Proof. The proof of this Theorem will be carried out in four steps.
Stepl. First we prove

IU = Unll(—4) <C3 Iln9|1/2{HVh(U Un)ll(=2) + h(K + L)}. (6.4)

Where K := ||V2U|| ) FIVUZll—2) + 1VPll—2ys L= U7 + IpIT + U510
Taking g =0~ (U Up) in (5. 13) and using (5 13)(5.14), then we have

1
IV?Vl2) + IV All ) < Clinb|2 /0||U = Upll(a), (6.5)

but

IU=Unlt gy = (U=Upg)=(U~Up~AV +V})
= ap(U = Up, V) — (N divy (U — Uy)) + EL(V,\, U — Up)
= ap(U = Un,mhV) — ap(U — Up, V — w0, Vi)
—(A = I\, divy (U — Up)) + EL(V,\ U — Up).
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Setting Wy, = 7,V in (4.6), we then have

IU = Unll(_s

— an(U = Un,V =1V + (p — pn, divnmnV) — (A = Inh, divn (U — Up))
+EL,(V,\U = Up) + En(U,p, 7y V) + Gr(U, Uy, , V)

=ap(U = Uy, V — m V) + (p — Inp, divgymp V') — (A = I\, div, (U — Up,))
—l—E;L(V, NU —=Up) + En(U,p, 7V = V) + Gp(U, Uy, 7, V)

where we have used divU = divV = 0, (2.5) and E,(U,p,V) = 0. Thus, from (5.8)
(5.9) (5.17) (5.18), we obtain

IU — Unlit_s)
< ChVU = Un) - IV*V ]2
FOR VPl o) IV?V o) + CRIV NI VAU — Ul =)
+C([V?V Iy + IV M) IVa(U = Un)ll—2) + |Ga (U, Up, V).
ie.
JU = UnllZ_gy < CHZK|IV2V oy + Ch(IV2V oy + IV A2
NIV(U = Un)ll(—2) + Gr(U, Up, m, V). (6.6)
For the last term of right side of (6.6), we have

|Gr(U, U, 7 V)| < |op(Up — U, Uy, — U, 7y V)| + |bp(Up, — U, U, mp, V)|
+|on (U, U — Uy, m, V)|
= L+ 1+ 1Is. (67)

Using(3.11),(2.7) and(3.10), we clearly have

L < CIVaU =) Vam V]|
< CVR(U =) - |[VV]| < CRLVV]. (6.8)

From(3.13), (2.7) and (4.1), we have

I CIU = Unll - [Uwree IVamn V|

<
< Ch’L|VV]. (6.9)
It follows from (3.14)(2.7)(3.10)(4.1) that

I3 CllUwree[[VrmaVII([U = Unll + hlIVR(U = Up)l))

<
< ChL|VV| (6.10)
Combining (6.7)(6.8)(6.9)(6.10), we soon obtain

|G (U, Uy, 7, V)| < CRAL||VV|| (6.11)

Thus, it follows from (6.5)(6.6) that (6.4).
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Step2. Second we prove

*

C*h _
IVR(U = Un)ll(—2) < (== +Mlp = pull(=2) + CY (U = Upll(—1) + h(K + L)), (6.12)

0

where C* is a determined constant, 0 < v < 1 is a small parameter to be selected.
Noting that

IV(U = Un)II{ s (6.13)

= (Va(U = Un),0°V4(U = Uy))
= ap(U = Up, 07U = Up)) = (Vi(U = Up), (U = Up) - Vo™2)  (6.14)

Setting n = o =2(U — Uy), mpn € Xp, then from (4.6), we have

an(U — Up, 0 2(U — Uy)) (6.15)
= ap(U = Up,n — 7n) + an(U — Up, m11)
= an(U — Un,n — mm) + (p — pn, divy (mpn — 1))
+(p = pn, divpn) + G (U, Up, mn) + En(U, p, man)
=l +Jo+J3+Jy+ Js. (6.16)

Using (5.8)(5.9)(5.3)(5.10), we obtain
Ji CIVRU = Un)l(=2) IV r(n — 7am) [l (2)
h
CIVa(U = U)oy [RIV2UIIE2) + 51U = Unll—gy + IVa(U = Un)ll-2)]

IN

IN

h
(C3 +eDIVAU = U)iEg) + CO VAU o) + U = Unllf_s)-

Cllp = pull (=2 IVa(n = mn) | 2)
h
Cllp = prll(—2)(BIV?Ul(—2) + g(HU = Unll(—a)y + [IVR(U = Un)ll(=2)))

IN

Jo

IN

IN

ho1 h
(€ + 379 = paliE ) + CGIVAU = Un)IE )

HU = Unll_y)) + Cy *h*K>.

IN

Noting that I,(c~2(p — pp)) € Py, divyn = o *div,(U — Up) + Vo 2 (U — Uy,) and
using Lemma 3.3 and (5.11), then we obtain
J3 = (07%(p —pn), diva(U — Up)) + (p — pn, Vo =2 - (U = Uy))
= (0 %(p—pn) — Ino *(p — pn), diva(U = Un)) + (p — pn, Vo 2 - (U = Up))
< Cllo 2 = pn) = In(o (0 = p) |2 IVA(U = Un)ll(—2
+Cllp = pull(—2) U — Uhl|(—a)

h
< ClIValU = Un)li—2) (5 llp = pall—2) + hlpll-2)
+Cllp — pull(=2) IU — Unll(~a)
h h
< (O +e)llValU — Un)llt=2) + (Cg+ Y)lp = pallt_s)

+CR?K? + Cy 2 ||U = Ull_y)-
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Similarly, using (3.11)(3.13)(3.14) and the proof method of (6.7), we have
Ji < CR2L||Vpmpn|

It follows from (5.10) that

IVimpnl = ||Vh0_2(U Ul + IVr(n — mnn)||
< (th(U U2y + IV = Unl—ap) + C 519V
(||Vh(U Uh)“ 2) + U = Upll(—a)
< CEHVhUH(* (||Vh(U Un)ll(—2) + IU = Unll(—4)
Hence
i < ORLCIVUl g+ 5IVAW ~ U)oy + U = Uil —s))
< Chz(K2+L2)+63||Vh(U Uh)|| 2 +IIU - Uh”

It follows from (5.17) that
Js < ChK|[Vmunlle) < ChK(||VhU_2(U = U2y + IVa(n = 70l (2))
< CR*K(|V?U(2 (||Vh(U Un)ll(—2) + IU = Unll(—4))

< Ch’K? +€4||Vh(U Uh)|| y +CIU - Uh”
Thus, combining with (6.14), we have
an(U = Un,0*(U = Up))

h
< (05 +terteatezteates)|ValU — Uiy

h _
HCG + 7P = palliz) + Cy (W3 (L7 + K7)).
Noting that

(Vi(U = Up), (U — Uh)V2 ) < CIVAU = Un)ll(=2)lU = Unll(—a)
< 5| Vi(U = Up)ll(~2) + CIIU = Unll-

and combining with (6.13), we obtain

h
IVA(U = Un)llf_g) < (Cy +ertertestestes)|Vall — Un)lIt-2)

h
HCG +7)lp = palliz) + Cv (W + U = Unlit_a)-

Therefore, taking 6, such that
(6.17)

Q
SIS
IA
|
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and taking e —e5 sufficent small, then we soon obtain (6.12), where C* is a determined
constant independent of h.
Step 3. We prove

Ip = pull(~2) < Clinh|([|U — Upll(—4) + h(K + L)) (6.18)

It follows from (2.7) that
IVrra Vil < ClIVV |2
(divpmnVign) o (divnmnVign) _ (divV, gp)
IVemiVig = [IVVg) 1VV]l2)

Thus, it follows from Lemma 5.2 that

divp Vi, ~ _
sup GonViadh) 5 Gy o2l g € M (6.20)

viex, IVaVall2)

qn € M, C M (6.19)

Where 3 is a constant independent of h Moreover, from (6.18) we have

(2 —pr)ll(=2) < llp — anll(=2) + llan — pall(-
(dthh,Ph qn)
VhEXh “thh“(Z)

< lp - anll- Jrﬁlllnﬂll/2 . Yan € My, (6.21)

Using (4.6),(5.17) and (6.11), we obtain

(divp Vi, ph — qn) = (divp Vi, p — qn) + (divy, Vi, pr — p)
= (divpVh,p — qn) — an(U — Up, Vi) + Go(U, U, Vi) + Ep (U, p, Vi)
Gp(U,Up, Vp) < CthHVthH < C(h2/0)L||Vth||(2) < ChLHVthH(g)

So
(dive Vi, pn — an) < (lp — anll(—2) + IV(U = Up)ll(—2) + MK + L))V Vil (2)
Therefore
(divy Vi, pr — qn)
su < — _
ek, AT L

+||V(U Uh)“ + h(K + L) Yaqn, € My,
Taking g, = I,p in (6.19), we obtain
lp = pull(—2) < B inb|" (V4 (U = Up)ll—2) + h(K + L)). (6.22)

Now we select
0 = kh|inh|, ~ = (k|inh|)"/?, (6.23)

where k£ >> 1, such that (6.15) and (6.21)

0=l (S 1) < (6.24)

N —
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Now, combining with (6.12)(6.20), we obtain(6.16)
Step 4. Finally, we prove (6.1)-(6.3).
Using inverse estimates and (5.6)(5.7), we obtain

U = Unllpee < IU = mpUl|lpee + ||7aU — Ul oo

92
< CR?|[V*U oo + C-[lmnl = Unll—a)

< CKR? 4 € (Il — Ul o) + 10~ Unll ) + CRISAU

gCKh?+C§MU—Cmm4)+Cmmvﬁnhw

gCKMh+®+C§W7—%m4y (6.25)
Similarly, we also obtain

0
IVa(U = Un)lizee < CKA(L+ [inf]?) + C I Va(U = Un)l-2)- (6.26)

lp — pulli < CKR(L+ nd]") + €l — pil ) (6.27)
On the other hand, using (6.4)(6.12)(6.16), we have
IVa(U = Un)ll(—2) < Ck~2 | Va(U = Un)ll(—a) + Chlinh|"/*(K + ).
Thus, if taking k& >> 1 large enough in (6.21), then we obtain
IVL(U = Up)ll(_gy < Chllnh|Y*(K + L). (6.28)
And from (6.4) and (6.16), we have
|U = Unll(—sy < Ch(K + L). (6.29)

lp = pall(—2) < Chlinh|"*(K + L). (6.30)
Therefore, from (6.23)-(6.30), we obtain(6.1)-(6.3).

References

[1] F.Brezzi, On the existence, uniquence and approximation of saddlepoint arising from La-
grangian multipliers, RAIRO Anal. Numer., 8 (1974), 129-151.

[2] P.G.Ciarlet, The Finite Element Methods for Elliptic Problem, North-Holland, Amester-
dam, 1978.

[3] M.Crouzeix, A. Raviart, Conforming and nonconforming finite element methods for solving
the stationary Stokes equation, RAIRO Anal. Numer., 7 (1973), 33-76.

[4] M.Crouzeix, R.S.Falk, Nonconforming finite element for the Stokes problem, Math. Comp.,
52 (1989), 437-456.

[5] R.G.Duran, R.H.Nochette, Weighted inf-sup condition and pointwise error estimates for
the Stokes problem, Math. Comp., 54 (1990), 63-79.



156 Q.P. DENG, X.J. XU AND S.M. SHEN

[6] R.G.Duran, R.H.Nochette, J.Wang, Sharp maximum norm error estimates for finite element
approximation of the Stokes problem in 2-D, Math.Comp.,51 (1988), 491-506.

[7] J.Frehse, R.Rannacher, Eine L!-Fehlerabschatzung fur diskete Gundlosungen in der meth-
ode der finiten elemente, Tagungsband, Bonn, Math.Schr.,89 (1976), 92-114.

[8] J.Frehse, R.Rannacher, Asymptotic L>°-error estimates for linear finite element approxima-
tion of quasilinear boundary value problems, SIAM J.Numer. Anal., 15 (1978), 418-431.

[9] M.Fortin, A nonconforming piecewise quadratic finite element on triangels, Internat. J.
Numer. Methods Engrg, 19 (1983), 505-520.

[10] L.Gastaldi, R.H.Nochetto, Sharp maximum norm error estimates for general finite element
approximation to second order elliptic equations, RAIRO M?AN, 23 (1989), 103-128.

[11] L.Gastaldi, R.H.Nochetto,Opimal L* error estimates for nonconforming and mixed finite
element methods of the lowest order, Numer. Math.,50 (1987), 587-611.

[12] V.Girault, A.Raviart, Finite Element Methods for Navier-Stokes Equation, Springer-Verlag,
Berlin and New York, 1986.

[13] R.Glowinski, O. Pironneau, On a mixed finite element approximation of the stokes problem,
L. Convergence of the approximation solution, Numer. Math., 33 (1979), 393-424.

[14] C.I.Goldstein, Variational crime and Lo, error estimate in the finite element method, Math.
Comp., 35 (1980), 1131-1157.

[15] Han Hou-de, A finite element approximation of Naver-stokes equation using nonconforming
elements, J.Comput. Math.,2 (1984), 57-88.

[16] J.G.Heywood, R.Rannacher, Finite element approximation of the nonstationary Navier-
Stokes problem, I. Regularity of solutions and second order error estimates for partial
discretization, STAM J. Numer. Anal., 19 (1982), 275-311.

[17] O.A.Karakashian, On a Galerkin-Lagrange multiplier method for the stationary Naveir-
Stokes equation, SIAM J. Numer. Math., 19 (1982), 275-311.

[18] R.B.Kellogg, J.E.Osborn, A regularity result for Stokes problem in a convex polygon, J.
Funct. Anal., 21 (1976), 397-433.

[19] O.Ladyzhenskaya, The mathmatics Theory of Viscous Incompressible Flow, Gordon and
Breach, 1969.

[20] F.natterer, Uber die punktweise Konvergenz Elemente, Numer.Math., 25 (1975), 67-78.

[21] J.A. Nitsche, L,-Convergence of Finite Element Galerkin Approximations, Lecture Notes
math., V. 606, Springer-verlag, New York, 1977, 261-274.

[22] J.A.Nitsche, L,,-convergence of finite element Galerkin approximation for parabolic prob-
lems, RAIRO Numer. Anal., 13 (1979), 31-54.

[23] R.Rannacher, On the Finite Element Approximation of the Nonstationary Naveir-Stokes
Problem, Lecture Notes in Math., V.771, Springer-Verlag, New York, 1980, 408-424.

[24] R.Rannacher, R.Scott, Some optimal error estimates for piecewise linear finite element
approximations, Math. Comp., 38 (1982), 225-230.

[25] Shen Shumin, L*-convergence of nonconforming finite element approximation.(in chinese),
Math. Numer. Sinica, 8 (1986), 225-230.

[26] R.Teman, Naveir-Stokes Equations, North-Holland, Amsterdam, 1984.

[27] V.Theome, Galerkin Finite Elemet Methods for Parabolic Problems, Lecture Notes in Math.
1054, Springer-Verlag, Berlin, New York, 1984.

[28] P.Oswald, On a hierachical basis multilevel method with nonconforming P1 elements, Nu-
mer. Math., 62 (1992), 189-112.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


