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Abstract

In this paper, we construct a Fourier-Legendre pseudospectral scheme for the
unsteady Navier-Stokes equations. This method easily deals with nonlinear terms
and saves computational time. The strict error estimations are given.
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1. Introduction

The mixed spectral and pseudospectral methods are successful to numerically solve
the semi-periodic problems of incompressible fluid flows (see [1-6]). This paper is de-
voted to the Fourier-Legendre pseudospectral method for the two-dimensional unsteady
Navier-Stokes equations with semi-periodic boundary condition. This method is per-
formed easily and has the same high accuracy as spectral method has.

Let x = (.Tl,xg)T and = I} x Iy where I} = {1131/—1 <z < 1}, I, = {1132/—71' <
z2 < m}. We denote by U(z,t) and P(x,t) the speed and the pressure. Let 0y = % and
0; = 8%]_ (7 = 1,2). We consider the Navier-Stokes equations as follows

OU + (U-V)U —vV2U +VP=f, in Qx(0,T]
V.U=0, in Qx(0,T] (1.1)
U(.T,O) = Uo(x), P(:E,O) = P0($), in €,

where v > 0 is the kinetic viscosity, Up(x) and Py(x) are the initial values. Assume
that all functions in (1.1) have the period 27 for z5. We also suppose that U satisfies
the homogeneous boundary conditions in the x; —direction

U(—l,xg,t) = U(l,xg,t) =0, Vg€ Is.

Besides, to fix P(z,t), we require

u(P) = /QP(x,t)dx —0, vte[o,T).
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We denote by (-,-) and ||| the usual inner product and norm of L?(Q), etc.. Let
C§5(€2) be the subset of C°°((2), whose elements vanish at x1 = &1 and have the period
2w for x5 € Iy. H(}’p(Q) is the closure of C§5,(€2) in H(9).

2. The Scheme

Let M and N be positive integers. Assume that there exist positive constants c;
and ¢y such that
ClN S M S CQN.
We denote by Pjs the space of all polynomials with degree < M, defined on I;. Let
Vi = {v(z1) € Pu/v(=1) =v(1) = 0}.
Set [ be integer, and
Vi = Span{e®2/ |l < N}.
Let Vi be the subset of VN, containing all real-valued functions. Define
Viuny = (Ve x V)2, Sy-1nv = {v € Pyro1 x Viv/u(v) = 0},
Let Pj/I’N : (Hg,(Q))* — Vv be the projection operator such that for any
u € (Hj,(9))?
(V(u— Py yu),Vv) =0, Vo€ V.
While Pyr—1n : L?(2) — Par_1(I1) x Vy is the orthogonal projection such that for
any u € L?(9),
(u — PM_LN’U,,U) =0, YvePy_1xVy.
Obviously, if u € L?() and p(u) = 0, then p(Py—1 yu) = 0.
Now, let {xgj),w(j)} be the nodes and weights of Gauss-Lobatto integration, i.e.,

x§°) = —l,ng) = l,xgj)(j =1,--+, M — 1) zeroes of L',

() 2 ’
w - - 7.7 =
M(M + 1)(Ly (2))?
27

where Ly is the Legendre polynomial of degree M. Let h = 5357 be the mesh size for
9. Define

’...’M,

Qv = {(@7,1h)/1<j <M -1,-N <I< N},
Qv = {(=,1h)/0 < j < M,-N <1 < N}.
The discrete inner products and norms are defined as follows

M . o
<u,v >y = Zu(xgj))v(xgj))wm,
j=0

1 M N _ ey .
(w0 = 557 ;l_gNu(xﬁ”,mw(x%”, th)w'),

2

i 2 L

||U||M,N = (uau)lz\/I,Nv |u|1,M,N = (Z ||8ju||M,N)2-
j=1
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It is known that if uv € Pops_1 X Von, then
(w,v) N = (u,v). (2.1)
On the other hand, let {ij),@(j)} be the nodes and weights of Gauss integration, i.e.,
XD (j=0,---, M — 1) zeroes of Ly,

o) = o) 2 = ,j=0,---,M—1.
(1= (X)) (L (X77))2
Similarly,
oy = LX) Ih) /0 < j <M —1,-N <1< N},
! o (7) ),
(u,v)M,N,*—2N+1 Zuvw 2N+1 z%lz X9 hyo(xY 1h)w
MN -
(uuv)M,N,* = (U,U), for uv € Popr_1 X Vaon. (2.2)

Let Q7 w,n be the subset of €23, , which we suppress an arbitrary point z* from Q}/ v
Let Po be the interpolation from C() to Py x Vv such that

Pou(z) = u(z), € Qun.
While P/, is the interpolation from C(Q) to Pp—1 x Vv such that
Piu(z) =u(z), =€y
We use small parameter technique for continuity equation (see [7]). Then the in-
compressible condition is approximated by
o P+V-U=0, [>0.

To approximate the nonlinear term, we define
2
v) = Z @-Pg(ym
=1

where v() is the component of v.
Let 7 be the step of the time, and

R {t/t=kr1<k< H}

We denote u(z,t) by u(t) or u sometimes. Let

ui(t) = g (ult +7) —u(t — 7)), alt) = S(ult+7) + ult — 7).

The Fourier-Legendre pseudospectral scheme for solving (1.1) is to find u(t) € Vs,
p(t) € Sy—1,n for t € R, such that

uj + de(u, u) — V20 + Vp = P f, in Q. N,
Bpi+V-i=0, inQy .

u(0) = Py nUo,  u(r) = Py n(Uo + 78,U(0)),
p(0) = Py-1,nFPo, p(1) = Pu-1,n(Fo +79,P(0)),
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where

aU(0) = f(0) = (Uo - V)Uy +vV?Uy — V Py,
BO,P(0) +V - Uy = 0.
The number of equations in (2.3) is (2M — 1)(2N + 1) — 1. The boundary conditions

for u and p(p) = 0 provide other 2(2N + 1) + 1 equations. So the number of unknown
coefficients of the expansions of u and p equals the number of equations.

3. Some Lemmas

We first introduce some notations. For any integer r > 0, let H"(I1) be the Hilber-
tian Sobolev space with the usual norm [|-[|, ; and semi-norm |-[, ; , and Hg(l;) be the
closure of C§°(Iy) in H"(I;). For any real » > 0, H"(l;) is defined by the interpolation
between the spaces H'(I;) and HI (1)), etc..

Let B be a Banach space with the norm ||-|| 5, and A be an interval in R. Define
L*(A, B) = {v(z) : A — B/v is strongly measurable and ol g2a,5) < 0}
C(A,B) = {v(z) : A — B/v is strongly measurable and [|v[|c(y gy < oo}

where
2 1
Iollagas = (oG o), Tolleqy ) = max o)
For any non-negative integer «, let

H*(A, B) = {v(z) € L*(A, B)/ |[vll ga (s, 5) < o0}

equipped with

a 2

1
[0l greea,B) = (Z )2.

k=0 L%(A,B)
For real o > 0, H%(A,B) is defined by the interpolation between H®/(A, B) and
HeH(A, B). Let

H™(Q) = L*(Io, H" (1)) (VH*(I2, L*(11)), 7,5 >0,
M7 Q) = H*(Q) (\H (L, H 1 (1)) (H* (I3, H' (1)), 18> 1,

o
0zk

with the following norms

0]l grrs ) = (“UH%2(I2,H’(11)) + ’|U“%15(12,L2(11)))57

(M

0l pgrs () = UVl Frrs () + 1000 1y zrr=1 (1)) + 10 o=t 00 20 (12)) 2

We denote by Hp () and Mg, (2) the closures of Cg5,(2) in H™*(Q2) and M"™*(9),

ete... Let 10l oo = max [0(t) |-

Next, we list some lemmas. Throughout the paper, ¢ will be a positive constant
which may be different in different cases.

Lemma 1. Ifu € C(Q) and v € Py X Vi, then

loll < llollprx < V3 1ol
|(u, )N = (0, 0)| < e(llu = Par—y,null + [lu = Poul]) o] -
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Furthermore if also u € Pyr x Vi, then

(o) — (1, 0)] < M ] gragey el
Proof. Let

v = Z vl(xl)e”m.

ltI<N
Clearly,

HUH?\/[,N = Z <ULU>M -
ll<N

By (9.3.2) of [8], we get the first conclusion. Since (2.1), we have
|(u, v) N — (u,0)] = [(u,v) v — (Pri—1,8%,v) + (Pr—1,nu,v) — (u, )]
< |(Pcu — Pyr—1,nU, v) N | + [ (Prr—1,nU — 6, 0)]
< Pevw — Pay—i,nvullpy y vl n 4 llw = Py nvul] o
<c(llu = Py—1,null + [[u — Poul]) [[v]| -

Finally, we obtain from (9.3.5) and (9.4.6) of [8] that for u = 3 we® € Py x Vy,
<N

[(u, v) v — (uy0)] = | D [< uor >a = (us00) 22
<N

< M ul yragey 1ol
Lemma 2 (Theorem A.1 of [2]). If v € H)*(2) and 1,5 > 0, then
o= Par-aoll < M+ N~ o] yre ey -

Lemma 3. Ifv € H&,p(Q)ﬂH”’(Ig,H’“(Il))ﬂHS(IQ,HO‘(Il)), a=00r10<
v<sandr,s>1, then

1
HU — PM,N’U‘

B (Il (1) < (MO + N0l o (b (10)) () B (22 (1)) -
Proof. Let P, : H}(I1) — Vas be the projection operator such that for u € H{(Iy),
(01(u — P]L,u),@lw)Lz(h) =0, Ywe Vy.
By (9.4.22) of [8],

|u= P, <em® " ull,y,, a=o01. (3.1)
Let )
v (z1) = —/ v(wl,xg)e*““”?dxg,
2r Jr,
Pyyv=Y_ vf(z)e™,
[t|<N

al(u,w) = (81’[1,, 81w)L2([1) + |l|2 (’U,,w)L2([1), |l| < N.
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Then v € Vi and a;(v; — v}, w) = 0 for all w € Vj;. We have

2 211112
ar(w,w) = |uly 1 + [ lullg,;,

|ar(u, w)| < e(luly f, + [ llull ) (lw

Then we get from (3.1) that

Lo Tl r,)-

o =7 11 g, + 1 llor = 7l g, * = awvr — v o0 = o)

2 2 2
L T o —wllg )

<c inf (jlvyy—w
weVas

+ 17 Hvl - P]L,lez )

2
SC(‘W—PJQW‘ o1
s L1

1,0
<M o7, -

Moreover by mean of the duality,

log — /]| <eM* "ol , a@=0,1.

a,l; =
Therefore, we have
2
_ pl < 2y k|2 2y 2
R T N D | il (VR A D i [ 9
[[|[<N 1| >N
< M) S P g2, 4 N2 ST IS oy

r,J1 a,ly
[l|I<KN 1| >N

2(a— 2(y— 2
S C(M (0‘ 7") + N (7 S)) ||v||H7(12,H7'([1))ﬂHS(IZ,HO‘(Il)) .
Lemma 4 (Theorem A.3 of [2]). Ifv € H™(Q)NH* (I, H" (I)) with r,r' > &
and s,s' > 1, then
1_ _ 10
v = Pevl| < e(M=77 ||U||L2(12,HT(11))+N ’ “U“HS(I2,L2(11))+M2 "N ||U“Hs’(12,HT’(11)))-

Lemma 5. If v € Hj () NH* ™ (I, H"F(I)) with r > 3, s> %, then

H&{“%’LP&’NUHOO <c ||v||Hs+m(12,HT+k(Il)) 5 k= 0, 1.
Proof. Noting that

k
H81 %npzb,NUHoo < Z " |”l*|k,oo,11 )
<N
we can prove the conclusion by the same way in Lemma 5 of [6].
Lemma 6. If v € Py; x Vy, then
1
[l < eMNZ o]

Proof. Let
v = Z vl(xl)e”m.

ll<N
Then v;(x1) € Py By (9.4.3) of [8],

1
ol < D2 Notllsor, < €M D7 Notllpa,) < cMNZ o]
iI<N <N
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Lemma 7 (Lemma 4.16 of [9]). Assume that the following conditions are fulfilled
(i) E(t) is a non-negative function defined on R.;
(ii) p, My and My are non-negative constants;

(iii) for all t € R,
E@) <p+ M7t 3 [E(Q)+ME ()]
CERF (<t
(iv) E(0) < p, and for some t; € R,
1

62M1t1 S .
Mo

p

Then for allt € Ry, t<t;, we have
E(t) < pe?Mht,

4. Error Estimation

First, we consider the generalized stability of scheme (2.3). If the initial values and

the right terms of scheme (2.3) have the errors 4(0),a(7),p(0),p(7), f(t) and g(t), then

u(t) and p(t) have the errors 4(t) and p(t). They satisfy
iy + de(u, @) + de(ti,u+ @) — V20 + Vp = Pof, in Qup, 1)
Bp;+V-u=Psg, in . '

By the boundary conditions of @, (2.2) and u(p) = 0, we get

~ ~ ~ A ]- ~
0= / (Bp; +V -u)dx = (Bp; +V -, L)y nx = > B+ V- u)w
Q 2N +1 4
QM,N
Since the second equation of (4.1),

- Aoy 1 .

Bpi(") + V- u(z”) = "o Y. Pogw.

Qv

Let g(z*) = —ﬁ > Ptgw, and so
Qv
B+ V-t=P5g, inQyy.
Hence, we have
(7 + de(u, @) + de(@,u + @) — vV2a + Vp,0) N = (Pcf, v)m,N, Yv € Vun,

{ (Bh; + V- 6y @) N = (PEG, ) mnyes Vo € Sn—i,n.
Noting that p and ¢ belong to Sjs—1,5, we obtain from (2.1) and (2.2) that
{ (1 + de(u, @) + de (i, u + @) — vV20,0) N + (VB,0) = (Pof,v)mn, Yo € Varn,

(BP; + VU, 0) = (PEg. ), Vo € Sp—i,n-
(4.2)
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By taking v = 24 in (4.2), we have from (2.1) and integrating by parts that
il o [di| Fj+2(Vp ! 2| Pef|’
(Nl )i+ 20 [af o+ Z +2(vh i) <5 i, o 2eef],, @)
where
F, = 2(dc(u,ﬁ) + dc(ﬂ,u),ﬂ)MyN, Fy = 2(dc(ﬂ,’l7,),ﬂ)M7N.
We choose ¢ = 2 in (4.2),
BRI +2(7 -6,5) = 283.5) < & ] + > uPéng. (4.4)
Combining (4.3) with (4.4), we integrate by parts,
2 2 1 N
(Nalf3y n + 61517 + 20| +x <5 i, 5P
7=1 (4.5)

+2HPcfHL,N+ 5

~12
P&g|” .

We estimate |Fj|. By (2.1), integrating by parts, Lemma 1 and Lemma 6, we have

B = 2|(Po(@Mu) + Po(uMa), 018) + (Po(@u) + Po(u®a), 0d) x|

1 P A e 1 o
_cuoouMyNuLM,N_zul,MyN Vuoou ,
Va2 cM?N

< cllall,, || i <5
1B2] < ellllyg Nl fi], o <5 J] v T

By substituting the above estimations into (4.5), we get

2
U + é
MN 2

w2 |Pof, , + 5 IPcal.

2 1
<_
1,M,N —2

~

~ 112 ~112 S
(a3 x + BB + v [i

7

In fact,
N & L. 2 . 2
i0)],, o < U+ N+ =Dl ).
SN EIP e 2, 1~ 2
)| < SUBE+ )P+ 18 = 7)),
Let )
c cM*N
My =6+ [lulll3,, My =——,
~ ~ I~ 2
E(t) = la(t)” + BIp@|* +4vr > |a(Q)],
CER, (<t

p(t) =33 12(0)1* + BlIBO)I%) + 23 la(r)|* + B 16(7)II)

w80 3 RFO + 51PN,
CER- (<t

~12 C 2 ~112 CM N
|+ = Dl ) +
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Then by letting 7 < 1 and summing (4.6) for ¢ € R, we have from Lemma 1 that

E(t) <pt)+7 Y [ME()+ ME*(C)):
CER, (<t
We use Lemma 7 to obtain the following result.
Theorem 1. There exist positive constants My and Mz depending only on |||u||,
and v, such that if for some t; € R,

M.
2Mit 3
plt)e™™ ™ < T

then for allt € R, t <1y,
E(t) < p(t)e*Mt,

Next, we derive the convergence of scheme (2.3). By analysis as before, we know
that if u and p are the solutions of (2.3), then

{ (uj + de(u,w) — vV, 0) N + (VD,v) = (Pof,v)mn, Vv € Vi, (47)

(Bp; +V -d,0) =0, Vo€ Sy 1N
Let

U*(t) = Py yU(t), P*(t) = Pyu_1nP(t), e(t)=u(t)-U"(t), ¢(t)=p(t)—P* ().

By (1.1) and (4.7), we get
( 6

(e; + de(U*,e) + de(e, U* +€) — vV2e,0)un + (Vd,v) = 3 Aj(v,t), Yo € Vi,
j=1

8
(ﬁ(ﬁf_'_Vé?(P) = Z7Aj(@7t)7 V()OESMfl,NJ
]:

e(0) =0, e(r)= P]%/[,N(UO +70,U(0) — U(7)),
[ #(0) =0, (1) = Py1,n(Po+ 710, P(0) — P(7)),
(4.8)
where
Aq(v,t) = (0U,v) — (Utf‘,v)M,N,
As(v,t) = (U - V)U,v) — (d(U*,U"),v) MmN,
As(v,t) = —v(V2U*,v) + V(Vzﬁ*,v)MyN,
Ay(v,t) = —v(V2U,v) + v(V?U,v),
A5(v,t) = (V(P = P*),v),
Ag(v,t) = =(f,v) + (Pof,v)m,N,
A7(p,t) = =B(F; ¢),
Ag(p,t) = (V- (U = U"), ).

We have to estimate the right terms in (4.8). Obviously,

[41(0, )] < (U = Uy, o) + [(U3,0) = (U, 0)aav| + | (U7 = UF o) |
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Thanks to Lemma 1, we know
(s = U7 o)ar| = |(PeU; = UF o)anar| < 3110l | Pet; - U |

< 3loll (I1PcU; - Uyl + ||vg = U7 |).

By Poincare inequality,
o]l < clvl; .

From Lemma 1-Lemma 4, we have that for r > 1 and s > 1,
3
[Av(v, )] < elloll (T2 U s rprin20)) + U = Pr—1,n Uil + |[U; = PeU|
+ HUf — Uf*

v _ —
) < o5 [0f + e MU NG (umr iz + o7 (M7 + N7%)
32 ( ()
2
U]

HY(t—7,tm 2% () (V HY (I, HT 2 (1))
Let As(v,t) = By + By where

By = (de(U,U%),0) = (de(U",U),v) N,

By(t) = (U -V)U —d.(U*,U"),v).
Since 0, Pc((U*)MU*) € Prr_1 x Vi,

By = (Pe(U")PU"),0) = (@:Pe (U T, 0) sy
= —(Pe((U")PU"),050) + (Pe((U*)PU*), 020) mi,n-

Let I be the identity operator. By Lemma 1, we have

[Bil < cloly [(I = Par-aw) Pe((UH)2U7)

)-

< eloly (| (2 = Par1,n) I = Po)(UH)PU)| + | (2 = Par,m) (0P U)

Using Lemma, 2-Lemma, 5, we get that for r > 1,8 > 1, a > % and vy > %,

|7 = P = Po) (@) P0)
< e[ t=Pe) (W)U +e | (1-Po) @D U =0)) | +e |1 -Pe) 0P 0)|
((U*)(z) _ U(2))U* +eN-! H((U*)(z) _ U(2))U*

<c| - Po)(wPu)

Sché

L2(Iy,H'(I1)) H1(I2,L2(11))

_1
HI(I2,H1(11)) + M

+eM EN! HU(2>(U* - U)‘

+eMTENT (U - u@)u v -v)

L2(I3,H'(I1))

+ N7t

v - v

H'(I2,L?(11))
e

H(I>,H' (1))
+e(M T+ N9

HrHbe @) (Y 1 (1,174 (1)
< (M + N2 UN g (g, gt (1) (ywee (@)
MO b0y () 1110, 10y (1= (1)

+o(M~+N7) [U@U]|

H™32(Q) (VHY (I, H' 2 (1))
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By the embedding theorem, we have
luvll grs ) < ellullprrsrstry IVl prerstr(q) >
lwoll gy e )y < CNlla v 0y (10 G+ 00y 100 b2 (g b 0y () 12 (142 (01 -
Clearly,
|7 = Puo) (@) @0

< | = Py (@)@ - v

+ H(I — Py ) UP (U U)H + H(I — PMA,N)U(Q)UH :
Then we obtain
4 —4r — 4S8
| B §3_2 |”|% +e(M7* + N ){||U||§{7+1([27Ha+1([1)ﬂWZOO(Q)

2
' “U“H”'%’S(Q) (VH (12,3 (1) (Y H*™ 3 (1,1 (1))

4
+ ||U||Mr+%*5“(9)ﬂHQ(Ig,H“%(h))}'

We now estimate |Bz|. Moreover,

2
Bo| < cloly Y [0 = Po((u)Du)
j=1

+ | = Poy(@n) DU

2
<elel, Y (U - @)U )
j=1

Similarly,
v _ _
| Ba| §3—2 |v|% +e¢(M™ + N 25){“U||%I7+1(127H0¢+1([1)ﬂWZ,oo(Q)

2
' “U“H”%’S(Q) MV B3 () B (1,10 (1)

4
+ “U||Mr+%,s+l(g) ﬂH2([2,Hr7%(I1))}'

It can be verified that
|A3(v,8)] = (8207, 00) = (80", 030)ar,n|

(L= Par 1, 3) (0" = 0)|| + ev o, |[(1 = Pa1,n)00 |

< cv|v|y H(I — PM_LN)82U*

<evlol, |

IN

(M7 + N7) 0l MUl egmr st (10,17 (1) () 15+ (12,L2(12))

IN

v 2 -2 -2 2
g5 101+ e+ NT UM r, s (0,17 (1)) () 1542 (1,22 (11)))

[Aao, )] < g5 Jolf -+ er (U2 r rsir )y
[As(v,0)] < Jol, [P = P

< 312 [0l +er® | Pll32 s psmsnzgy) F6 2 +N 2 | PlE o igramrs @) »
400,01 S 35 o2+ elM 7+ N2 g
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Moreover,

<P

et <12
<P

s, )] Sl + 8 (M2 + N2 U2y rgeronsa

2 — 2
“(P“ +016T ' “P“Hl(th,H»T;LQ(Q))?

—-1,.3 2
+cpT ||U||H2(t—T,t+T;H1(Q))7

le)II” <cr* 10N 0y > 167 < er 1PN 20120 -
Suppose that

r=O0((M2N)"2), > <B< ear?

where ¢3 and ¢4 are the positive constants. If r, s > 3, then

C
1.4 —2 —2
(TP + M+ N 5)+’8§W'
By an argument as in Theorem 1, we get the following result.
Theorem 2. Assume that
1

(1) T = O((M2N) 2)7 037-2 <p< 047-27'
(ii) forr,s > 3,a > % and vy > %,

U €C(0,T; M, 2t () NH" (I, HH (L)) (Y WH(Q) (| H2 (I, H 3 (11)))
MYH (0,75 H'2(Q) (Y H (I, H™=2 (1)) () H*(0, T3 H'(2)) () H*(0, T3 L*(2),
P eC(0,T; HY* () (VH2(0,T; L2 (), f € C(0,T; Q) N H' (I, H'3(I1))).
Then for all t < T,
U () —w@®)” < My(B~H (7" + M~ + N7%) + B),

where My is a positive constant depending only on v and the norms of U and P in the

spaces mentioned in the above.
5. Numerical Results

In this section, we present the numerical results to confirm our method. The exact
solutions of (1.1) are given by
Uy = 0.1 (1 — 2%)? cos 212,
Us = 0.2 (2 — 273) sin 2z,

P =0.1eP"(z) — 23) sin 2z5.
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The errors for the speed and the pressure are defined by

U - wb)?

IEQM,N

E(Ui(t) = SR , =12,
T€Q0, N '
> |P) —p)*)
TE€EQM, N
E(P(t)) = SO )
z€Q0, N

where u; and p are the solutions of (2.3).

We solve (1.1) by the scheme (2.3). The calculation is carried out with M = N =4
and A = B = 0.1. The numerical results are tabulated in Table 1,2,3 and 4. The results
are very accurate if (3 is chosen suitably, see Table 1 and 2. Table 3 and 4 show that
0 becomes less, the accuracy decreases. It agrees with our theoretical analysis very
well. Since the nonlinear terms are computed on the collocation points, this method is
performed very simply.

Table 1. The errors of (2.3), 7 = 0.01,» = 0.001 and 8 = 0.05.

t | B(U.(t) | EUs(t) | EPE)
1 | 0.1203E-2 | 0.1512E-2 | 0.3942E-2
2 | 0.1083E-2 | 0.1456E-2 | 0.9666E-3
3 | 0.5059E-3 | 0.7982E-3 | 0.9696E-2
4 | 0.2427E-3 | 0.8051E-3 | 0.9040E-2
5 | 0.1348E-2 | 0.2895E-2 | 0.9248E-4

Table 2. The errors of (2.3), 7 = 0.005, v = 0.0001 and 8 = 0.05.

t | B(U.(t) | EU:(t) | EPE)
1 | 0.1180E-2 | 0.1479E-2 | 0.3508E-2
2 | 0.9922E-3 | 0.1333E-2 | 0.3060E-3
3 | 0.5792E-3 | 0.8790E-3 | 0.7297E-2
4 | 0.3678E-3 | 0.8014E-3 | 0.6611E-2
5 | 0.1071E-2 | 0.1780E-2 | 0.1066E-2

Table 3. The errors of (2.3), 7 = 0.005, v = 0.001 and 3 = 0.01.

t | B(U.(t) | EUs(t) | EP{)
1 | 0.1285E-3 | 0.1738E-3 | 0.2403E-2
2 | 0.1019E-3 | 0.2548E-3 | 0.6076E-2
3 | 0.5564E-3 | 0.1058E-2 | 0.5218E-2
4 | 0.6615E-3 | 0.1938E-2 | 0.9113E-2
5 | 0.1743E-3 | 0.5391E-1 | 0.2549E-1
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Table 4. The errors of (2.3), 7 = 0.005, v = 0.001 and 8 = 0.005.

. LI

t | E(UL() | EW:(t) | EPQ)
1| 0.8480E-4 | 0.1214E-3 | 0.4712E-3
2 | 0.3105E-3 | 0.3628E-2 | 0.4710E-2
3 | 0.3088E-2 0.1705 0.4598E-1
4 0.1230 0.7085E+1 | 0.2690E+1
5 | 0.3955E+2 | 0.2445E+3 | 0.5070E+3
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