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Abstract

In this paper we apply an approach introduced in [6] [7], where continuous
norms and hign order estimates and extension are used, to study the convergence
of vortex methods for the 3-D Euler equations in bounded domains as the initial
vorticity wg and the curl of the body force f are non-compactly supported functions.
Convergence results are proved.
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1. Introduction

The convergence problem of vortex methods for the Euler equations has been stud-
ied by many authors. Hald and DelPrete proved the convergence for two-dimensional
initial value problems [3]. Three-dimensional initial value problems were studied by
Beale and Majda [2] and Beale [1]. Ying [4] and Ying and Zhang [5], [6] proved
the convergence of vortex methods for two-dimensional initial-boundary value prob-
lems of the Euler equations. Ying [7] proved the convergence of vortex methods for
three-dimensional initial-boundary value problems of the Euler equations under the
assumption that the initial vorticity wy and the curl of the body force f are compactly
supported.

In this paper, we will prove the convergence of the vortex method for three-dimensio-
nal initial-boundary value problems without assuming that the wg and Vx f are com-
pactly supported. In contrast to [7], there are two new difficulties. One is how to
extend the physical quantities such as velocity and the force function outside 2. The
other one is that the approximate velocity ¢¢ (ie. eqn. (20)) is no longer divergence-free
outside . We will use the approach in [4] [5] and [7] to perform the extension of the
physical quantites outside €2. Although V - g # 0 outside €2, we will show that V - g¢
is small (see eqn. (48) (49)). This is sufficient for our convergence analysis.

* Received September 16, 1996.
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2. Formulation of Vortex Methods

We consider the initial-boundary value problems of inviscid incompressible flow as
follows:

G T 2, (1)
V-u =0, (2)
wil,con = 0, ®)
U|t:0 = UO(x)a (4)

where u = (ug,us,u3)€R? is velocity, p€R is pressure, p is a constant standing for
density, f is body force, ug is the initial distribution of the velocity satisfying V-ug = 0
and wp'nly, = 0 and V is the gradient operator (8%1, 8%2, 8%3). The domain Q is
assumed bounded with a sufficiently smooth boundary 02 and n is the unit outward
normal vector along the boundary. For simplicity we assume {2 is simply connected and
convex. Let w = V x u be the vorticity and F' be the curl of the body force f, then
applying the operator curl to the equation (1) and the initial condition (4), we obtain

ow
E_‘_(U.V)w—(w-V)u:F, (5)

w|t:0 =Wy = V x UuQ- (6)

To get velocity u from the vorticity w, we need the stream function, which is not unique
for three-dimensional problems. We accept the formulation in [7]

—Ap+Vz=w, u=V X1, (7)
Qﬁ X n |:D€8f2: 03 4 |:L‘€8Q: 03 (9)

where 1) is the stream function. Problems (7)-(9) admit a unique smooth solution for
any smooth w (see [7], §4).

We assume that the problem (1)-(4) admits a sufficiently smooth solution (u,p) on
Q x [0,T]. Under this assumption, we consider the vortex method formulation.

Let positive constants h and € be mesh sizes. j = (j1,j2,73) € Z3, B; = {z;j;h <
z; < (ji + Dh,i = 1,2,3}, X; = ((j1 + 2)h, (jo + 3)h, (j3 + 3)h). We define a "vortex
blob” function {(z) with a support in ball {z;|z| < 1}, which satisfies

/C(x)dx ~ 1 (10)

Consider the following scheme: Set Qg = {z;dist(x, Q) < d}, where d > 0 is a parame-
ter. We solve the problem in Qg X [0,7]. ug, F' are not defined outside 2 and Q x [0, 7]
and we extend ug, F' in the following way. By (7)-(9), we get 1(z,0), then extend it
smoothly to R?. (z,0) needn’t satisfy the divergence free condition outside € and
we assume 1)(x,0) is compactly supported. Set up = V x 9(z,0), then wug is extended
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too. wug is compactly supported and V -ug = 0 in R3. F can be easily extended to
R? x [0,7] with a compact support.
The approximation of wy is

wp = Z ajCe(r — Xj), (11)

jET

where o = wo(X;)h3, ((z) = (), and J = {j; X; € Qq}.
The approximate solution of (5)-(9) is solved as follows:

w(z,1) = Z aj(t)Ce(x — X5 (1)), (12)

JjeJ
da; € € € 3 €
—= = (e5(t) - V)g“ (X (t), t) + h" F (X (), 1), (13)
dt
a5(0) = ay, (14)
4X; S(X5(t), ¢ 15
dt g ( ]( )7 )7 ( )
X;5(0) = Xj, (16)
—AYPt+ V2 =w, ut =V x ¢, (17)
P X1 |zeon=0, 2 |zcon= 10, (19)
M .
ge(xat) = Zaiue(x(l)at)a (20)
i=1
where a; satisfies the following algebraic system
M .
Z(_i)]ai :17 (j:07177M_1) (21)
i=1
And the definition of z(¥) is as follows:
if z € 9, then ¥ = z; otherwise 2 = (i + 1)y — iz, (22)

where y is the nearest point on 02 to z. To solve (12)-(22), further discretization is
needed. For instance (17)-(19) may be solved by a finite element scheme [8].

To prove the convergence of the scheme (12)-(22). We extend (u,p) in the following
way. Let (u,p) be the solution of (1)-(4). By (7)-(9) we can determine v, then extend
1 smoothly to R3 x [0, 7] and let ¢ be compactly supported. Similarly, p is extended
to R? x [0,7]. By (7) we can determine u, then by (1), we get an extension of f. It
is different from the above extension. We write it as f ,and F =V x f . We require
the extension of ¢ at ¢ = 0 is corresponding with the extension of ug above. According

to this extension, (u,p) is the solution of initial value problems. Convergence of vortex
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method for three-dimensional initial value problems has been proved in [7]. We can use
these results for initial value problems.

3. Convergence for Initial-Boundary Value Problems

First, we define the characteristic curves &(t;n,1):

d

8B, 1) = u(E(tn, 1), 1), (23)

§(lm, 1) = . (24)
Similarly we can define £¢(¢; 7, 1) if the function w in (23) is replaced by g¢. Set z(n,t) =
&(t;n,0), z¢(n,t) = £(¢;n,0), and e(t) = z(-,t) — 2°(+,t) in LP(4). The Sobolev norm
le(t)|1p.n, is defined in the usual way. Furthermore, let «(n,t) and a‘(n,t) be the
solutions of the following:

‘fl_j‘ = (o V)u(z(n,t),t) + B3 F(z(n, 1), 1), (25)

a(n,0) = wo(n)h?, (26)

dze — (af - V)g (@ (1, ), ) + B3 F (2 (1, 1), t), (27)

(1, 0) = wo (). (28)

By (5)-(6), (13)-(16), (23)-(28) it is easy to see that z(Xj, ) = X5 (1), a*(Xj, 1) = a5()

and a(n,t) = w(z(n,t),t)h3. We define @(t) = (a(-,t) — ac(-,t))/h3 in LP(y). In the
sequel, we will always assume that C is a generic constant which may not be the same
in the different expressions and M;, Cy, C, C are some special constants.

Lemma 3.1. Ifp > 3, and if there is a constant Cy > 0, such that ||u€||2,p,Q < Oy,
then there exists a constant Cy > 0, such that

1€ (t;m, 1) — E(t;m, 1) < Colm — m2l, Ynu,m2 € Qq t,1 € [0,T7]. (29)

Proof. Since Q is convex, by (22), we can get |7l§i) _ néi)| < (i +2)|m —m2|. By
the assumption of the lemma ||u€||27p7Q < C;. Using the embedding theorem, we have
[u]]1 so.0 < C. By (23)-(24) (20), we have

|L (& (tmr, 1) — E5(tsm2, 1) | = |9 (6 (&, 1), 1) — g€ (E(ts 2, 1), 8))|
< ClE(tm, 1) — E(tme, 1),
s, 1) — £ m, 1) = m — ne.

Using the Gronwall inequality, we obtain (29).
Lemma 3.2. Under the assumption of Lemma 3.1, we have

t
[@@llop.0. < C/O (le®llop.0y + lu = ulipn + [@@)llopa, +d™)dt,  (30)
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t
@(@)]1p.9, < C/O (le®ll1pe, + lu = ulope + @@ 1 p0, +d")dt,  (31)

where the constant C is independent of d.
Proof. The equations (25) and (27) give

d(a — af)
dt

+e V) (u(z(8), 1) = g°(2°(2), 1))

(e = ) - V)g(2°(2), 1)

= (- V)(u(xz(t),t) — w(z*(t),1))

+h3F(x(t),t) — h3F(25(t), t), (32)

where for simplicity we omit the independent variable . Obviously |a/h®| < C. By
assumption and the embedding theorem, |Vu|p .0 < C. By (20)-(21), we have

V- (u(z(t),1) — g (2° (1), 1)) =

M .
> aiV - (u(z (1), 1) — ue(ﬂf(t)(”,t))‘
=1

M M
< Y@V - (e (1), ) - u@®D,0)] + |3 4V - (ulat (), ¢) - uf(xf(tw),t))‘
1=1 1=1
< Ca 4 O3 Dl — )@ 0O, 1),
1=1

where we have used Taylor expansion and (21) to get the last inequality. We define a
mapping ®@) : z — 2 then the second term of equation (32) can be estimated as
the following:

M
(- V) (u(z(t),t) — g (z°(t), )| < CR® <dM1 +> |D(u—u)o ‘P(“(we(tm) :
i=1
The forth term also can be estimated as follows.
WP F(x(t),t) — WP F(z(t), )|

< BPE(x(t),t) — W3F (x(t),t)| + |[BP*F(x(t),t) — h3F (z5(t), t)|
< Ch3d™ + Ch3|(z — z°)(1)],

where we also have used Taylor expansion and F = F in Q x [0,T]. Thus, by (32), we
obtain

t M .
@) lop,0q < C/O (Ule@®llopgs + 2 1D — u) o @O (z(£)) |0 p.0
i=1
@) lo,p. + llet) lop.a, +d*1)dt. (33)
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The equation (17) implies V - u¢ = 0, hence the mapping n — z(n,t) in Q is measure
preserving and by Lemma 3.1 the Jacobi matrix of n — z¢(n,t) in 24\ is bounded
by C; consequently;

|D(u — uf) o &7 (@ (0)llo.p.04

< OID(u —u) 0 @9 (2 (1)) llop0 + ClID(u = u) 0 27 (2(1)) llo p.001\0
SC(lu—uhpo+[D(u—-u)opa) = Clu—-ulp0. (34)

By substituting (34) into (33), we get (30).

Next, we apply the operator D, to the equation (32). For notational convenience,
we consider one component of a, u, x, and af, u¢, ¢ and denote by D the derivative
with respect to one special variable.

d o i
ED(a —af) = DaD(u(z(t),t) — u(z(t),t))

+a(D?u(z(t),t)Dx(t) — D?u(z(t),t) Dac(t))
+DaD(u(z(t),t) — g°(z°(t), 1))
+a(D?u(zf(t), t) Dz (t) — D*g%(x¢(t), t) Dx*(t))
+D(a — o) Dg*(z(1), 1)
+(a — ) D¢ (z°(1), 1) Dz (t))
+h3DF(2(t),t)Dx(t) — h3DF (2(t),t) Dz (t). (35)

To estimate the LP— norm of the right-hand side, we need to prove |Dz¢(t)| < C.
Indeed Dz*(t) satisfies

%Dme(t) = Dyg*(a*(t),t) Dz* (t).

Using the Gronwall inequality, we can estimate Dz¢(t). To estimate the sixth term of
(35) we notice that

(e = @) D?g" (z(t), ) Dz (t) |0 p,0,
< Cmax (|a — af) [¢2p,0, < Clla — all1p0,]u|2p,0, (36)

where we have used the embedding theorem and (20). By the assumption of the lemma,
the right-hand side of (36) is bounded by C|la — a“||1 p,0,. The other terms of (35) are
estimated in a straightforward way, then we obtain (31).

Lemma 3.3. Under the assumption of Lemma 3.1, we have

l1pa, +d¥ N, (37)

t
el < C [ (lu=l1pa +le(®)

t
ek, <C [ (= wllap+ le(®llapo, +d" )t (38)
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Proof. From equation (23), we obtain

d

7 @(t) —2°(t) = u(z(t),t) — g°(2°(1),¢)

thus ;
le@®)lop,0, < C/O (le@®)llop.a, +d™ + llu — ullop0)dt, (39)

where we have also used the abbreviations in Lemma 3.2. By (23) we obtain

= D(@(t) —2°(t)) = D(u — g°)(°(1), 1) Dz*(?)
+Du(x(t),t)Dx(t) — Du(z(t), t)Dx(t),

—D*(a(t) — 2°(t) = D*u(x(t), t)((Da(t))* — (Dz“(t))*)

+H(D?u(w(t),t) — D¢ (#°(t), 1)) (D (t))* + Dyg* (a°(t), £) (D*x(t) — D*z*(t))

+(D(u(x(t),t) — Dgt(z¢(t), t) Dz (t).

Using the same deduction as (39), we obtain (37) and (38).

Set Cy > 0, such that u = 0 as |z| > Cy. We consider the following set: J; =
{j;|7h| < Cq}, then J; is a finite set. We introduce an operator G as the following: For
given w(z), there is a unique u(z) satisfies (7)-(9), then we write u = Gw, then

1Gw]lm+1p90 < Cllw]

mp ™ > 0. (see[7], §4 Lemma 4.1) (40)
Now we start to estimate u — u. As in [7], we make the following decomposition:

u —u =wv; + vy + vs,
U1 ZU_G(w(.Jt)*CE)J

vy =G (w(-,t) #Ce— Y ()Gl - Xj(t))) )

JjeJ1

v3 =G (Z i (D)Ce(- = X;(8) = D af()Ce(- — Xf(t))) ;
JEN JjeJ
where o;(t) = a(n, X;,0), X;(t) = z(X;,t).
Lemma 3.4. If there is an integer k > 1 such that

/ z"((z)dr =0,1 <|r| <k -1, (41)
R3
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then
|U1('7t)|l,p,ﬂ < CEku 1 < p < 00,

for any integer 1 > 0. (see[7], §4 Lemma 4.2)
Lemma 3.5. If ( € W™H=L(R3), m > 1,1 > 1, then for any r € [1,3/2]

h 3/r hm
ot <0 ((142)" S ) 1 <p <o ()

as t € [0,T]. (see [7], §4 Lemma 4.3)

We are now in a position to estimate vz. Set Jo = {j; X; € Qcye 24}, where Cy
is the constant in Lemma 3.1.

Lemma 3.6. Under the assumption of Lemma 3.1, ifp > 3,1 > 1, ¢ € WH22(R3),

le)]lo,00,00,. < Mi€, h < Cae, then
C h + lle(®)llo,00020, h
bt < o { (1 0 ) 1+ B0,
¢ M—1
HE O loprcy. + MOl g, + [ Ju=uwlpade+ e @)
Proof. First, we prove, if Cye < d, then
v =G [ X a6~ X5(0) — 3 a6~ X5(0) | (4
JEJ2 JET2

Indeed, if supp(c(- — X5(¢)) Q2 # 0, then there exists a point z € Q, such that |z —
X5(t)| < e By Lemma 3.1 [£°(0;z,t) — X;| < Cpe and £°(0;z,t) € Q, thus X; € Qe
The same reason can be stated for ((- — X;(t)). So we known if X; € Q¢., then
Ce(z — X;(t)) = 0, (e(z — X5(t)) = 0,Vx € Q, which proves (44).

Let w3 = 3 (aj(t)¢e(z — Xj;(t)) — a(t)Cc(z — X5(t))), then vy = Gws. Let us
JEJ2
estimate ||0"wslopn, where |y| =1 — 1. The function w3 can be further decomposed
into

WM =37 (Gl = Xj(1)) = Gelw — X5(8))) e (8),

JEJ2

W =37 C(r — X)) (s (t) — a5 (),
je€J2

w® = 3" (Gl = X;() — Celw — XE(0)((2) — o (1))
je€J2

Let us first estimate w(). w1 also can be written as

oD = [ (Gl = €06 X5,0) = Gl = €006 X5, 00§ X, 0), )y = Ty + I + I,

QOoE

I, = / (Ce(w - €(t§ vao)) - Ce(w - §E(t§ vao)))w(g(t§Xj’0)vt)

Cpe
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—(Ce(@ = &(t;1,0)) = (el = £°(;n, 0)))w (& (E; X5, 0), t)dn,

I = /Q (Celw = &(t;m, 0)) = Ce(@ = €5, 0))) (w(E(E; X}, 0), 1) — w(E(E;m,0), 1)) dn,
I3 = 4 (CE(w - f(t; 7770)) - CE(x - ge(t; W,O)))w(g(t;ﬁao)at)dﬁ-

The following is the same as the estimate of w(!) in Lemma 3.6 in [7],

C [ (1 e®)loo0, h

o1 Io,p,nsel1{< T Jle)llo ey + e lzpac, { (45)
" C

0" Loy < 5 e(®)lopacy.- (46)

As for the third term, since the mapping n — £(¢;71,0) is measure preserving, we have
b= [ Gla—etn 0t 0),0dn — [ o= & (tn.0)el¢(tn,0),0dy
= Ce(x - é’)w(é’,t)dé’ - / C€($ _g)w(g(t;ge(o;gat)aO)at)|‘]|d£
Qooe QOOE
= A+ B,

where

A= Ce(x - 5)(w(§vt) - w(f(t; 56(0; f,t),O),t))df,

QCOE

B = Celz = &w(E(£:£°(0:€,1),0), ) (| J] — 1)de.

QCOE

J is the Jacobi matrix of  — £€(¢;1,0). Analogous to the estimate of w(!) in Lemma
3.6 in [7], we have

C
107 Allop.e < =7 lle@®llop.0c.- (47)
Applying Lemma 5.1 in [6], Chap2, §5, we obtain
t
|J] = exp </ V- gf(wg(n,T),T)dT> :
0

and
Vg llo,00,000 < CllDu’

0,002 < Cllufll2p0 <,

where we have used (20), embedding theorem and the assumption of the lemma. Thus

191 =11 = [exp( [ 9 g¢(a (7)) - 1

t
S C ‘/ V- ge(xe("%T)?T)dT
0

t t
< C (19 gtatn 1), 7) = Vg, 7),7)ldr + C [ 19 g(a(n,7), 7))
0 0



248 J.F. LIN

M , _
where g(z,t) = Y au(z9,t), as z € Qcye, 50 g(z,t) = u(z,t) as = € 2. Noting that
i=1

V-u=0, (x,t) € R? x [0,T] and applying Taylor expansion, we obtain

M
V- g(z,t)| = |V g(z,t) = V- ulz,t)] = [V a;(w(z?,t) — u(z,t))

=1

< CeMt (49)

Vx € QC’oe-
Noting that |J]| =1 as n € Q, by (48)-(49), we have

WUﬂZLL fﬁ@@—ﬁﬂ@@@%&&ﬂﬁ%ﬂﬂ”—lﬂ4

[ 76t Qe e 0.000 (11~ )
Qe \R2

<c 6o —€) [ (Vg0 7)) = V- gla (0, 7), 7)) | de

QCQE \Q

+C/ 07¢c(z — €)|eM e
QCOE
Applying Lemma 3.5 in [7], we obtain

C t -
10" Bloss < g5 ([ Ju— wlupadi+ 7). (50

El_

Combining (45)-(47) and (50), we get

C h + lle()llo,00,00,. h
107w M lop0 < o { (1 + T ) lle@llopac,. + el l2pac,
t
+/ lu — u|1 podt + EMl} )
0
Analogous to the estimate of w(?), w®) in Lemma 3.6 in [7], we have
o) C (i o
107w lop.0 < <5 (190 lopac,. +h@G]p00,)
7(3) ¢ (z o
10700 < <5 (190 lopac,. +h@G]p00,)
Thus we obtain the estimate for ws
C h + lle(®)llo,00,00, h
107wsllop.0 < 5= { (1 + 2 =) le@lop.ac,. + _lle®ll2pac,

t
i@ () Ly, + /0 [ — |1 pdt + EM—I} ,

lo.0,02¢4c + hl@(?)
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By (40), we get
[0sllip0 = |Gwsllipo < Cllwslli-1p,0,
which proves the inequality (43).
Finally, let us prove the convergence theorem.
Theorem 3.1. If p > 3, (41) holds for k=M —1 >3, ¢ € WL (R3), m >3
and h < Cy€?, then there is a constant € > 0, such that if € < €g, then

hm
Ju = wllipn+ le®lpac, + [80lnae, <0 (¢+5 ), (61
0 0 €
hm
— k—
Ju = wllap + Ol + 180 e, <C (¢ + 57) . (62

Proof. Let t = 0, then X;(0) = X5(0) = X, «;(0) = «§(0) = «;, so v3(z,0) =
0, u(z,0) — u(z,0) = vi(z,0) + v2(z,0). By Lemma 3.4 and 3.5, ||u(-,0)||2p0 <
lu(-,0)[|2,p,0+C. Set a constant C3>||u(-,0)|2,p,0+C, then, by continuity, ||u(:,t)||2,p.0

< Cj in a neighbourhood of ¢ = 0. We again fix a constant My > 0. Since [|€(0)||0,00,00,.

=0, [le(®)]lo,00,00,. < M>€? in a neighbourhood, too. Let the intersection of these two
intervals be [0,T,]. We notice that T} depends on h and e.
We define the following norms:

lu —ull3p0 = llu —ullip0+ €lu —ul2p0,
le@®l2p,00,. = le@)lLp0c,. + €le(

@O p.0c,. = ()

We may assume € < 1, then Lemma 3.2 gives

|2)p)QCOE ?
lo.p.920 + €[@(t)

1)p)QCOE "

t
IO sy < C ([ Ne®lpney. + Iu =l + GO o, e+ 7).
(53
Lemma 3.3 gives
t
e ey, <C ([ 1@ pan, + lu-uwlipodt+ ). G4

And Lemma 3.4 ,3.5 and 3.6 give

hm t
Ju = w30 < O {e+ 2+ el e + [ 0= 0t}

(55)

5 ey, + ()
for ¢t € [0,T,]. Applying Gronwall inequality, we obtain

R
* k * — *
Ju=wllpe < € {e + 20+ ey, + 12000, |- ©60)

By substituting (56) into (53) and (54), we get

t hm
BON ey, < C [ (€ + T + 1Ol ey, + [T 00,0t
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t hm
* k * — *
le(®l2,p,00, < C/O (€ + = +lle®lzp.0c,. + @100, )dt

Applying Gronwall inequality again, we obtain

[w(?)

It ae +le®ilipn, . <C (&
1)p)QCOE € 27p7QCOE —_ € Em "

Equation (56) gives
* k h™
Ju-wlspe <&+ 20,
thus (51) and (52) hold for ¢ € [0,7%]. We notice that the constant C' is independent

of h and e.
By virtue of the embedding theorem, we have

ko, P ko, PN o
le@llo.cogcy < C €+ o | =C {7+ g ) €.

We take €y < 1 small enough such that C’(ek_2 + EZ@) < My and ||u

o900+ C (b1

%) < Cs if € < ¢, then it is easy to show that T is indeed independent of € and h
and equal to T'. Now the proof is complete.
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