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Abstract

Let P be a transition matrix of a Markov chain and be of the form

P, P
p— 1 2
Py P
T T,

The stationary distribution 77 is partitioned conformally in the form (7], ]
This paper establish the relative error bound in 7} (i = 1,2) when each block P;;
get a small relative perturbation.
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1. Introduction

The sensitivity of the stationary distribution to general perturbations in a transition
matrix have been addressed by many authors [1], [2], [4], [6]. Let P amd P = P + F
be irreducible transition matrices with respective stationary distributions 77 and 71
satisfying

Pil=P1=1, 7'P=x", #TP=7", 77 1=7"-1=1.

Here, we denote by 1 (a bold one) the vector of all ones. In later discussion, we give its
size with a subscript (e.g. 1), for the vector with n entries) explicitly when necessary.
It is well known that

lm =&l < I E||- A%, (1)

where A% is the group inverse of A = I — P, and || * || denotes the infinity norm.
For some Markov chains, such as nearly uncoupled Markov chains, ||A#| is very
large, which means that small perturbations in P can cause severe perturbations in 7.

However, the stationary distribution 7 can be insensitive to some special perturbation
F. See [5], [9].

* Received February 20, 1997.
) This author is supported in part by National Science Foundation.
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The purpose of this paper is to analyze the effects of small blockwise relative per-
turbation to a 2 x 2 block transition matrix. More precisely, let P has the form

P P
p— ( 11 1712 ) ‘
Py, Py
where Pj1 and Py are square matrices of order nq and mo, and let F, 7L and 71 be
partitioned conformally as

F, F
F = ok ' = (af,7l) and 7T = (7], x]).
Fo1 Fa
Under the condition that Pj; (¢ = 1,2) is irreducible and
1E |l <n- NP0l 45 = 1,2,

we are to bound |71 — #T||/||7F||. Under certain condition, we will show that this
relative error can be small even when || A% || is large, or when |7 || is far more large (or
less) than ||m2]|. In [8], G. W. Stewart provided the relative error bound for w2 when P
is the transition matrix of a nearly transient Markov chain, i.e., || Pi2|| is very small and
| P21]| is of magnitude one. In his analysis, he assumed that Fio = 0 and ||m; — 7y ||/ |71 ]
is small. In this paper, these restrictions are deleted. The only assumption is that P;;
and Py9 are irreducible.

2. Some Basic Lemmas

In this section, we present some basic lemmas for Markov chains. These lemmas
are important tools in deriving the main result of this paper.

Lemma 1. Let z and y are n-vectors satisfy y'« = 1. Then there are matrices J

and K such that
-1 ?JT
(z, )" = ( KT > .

Moreover, |[J]z =1 and [|[K|l2 = [|z[l2 - lyl2-
Proof. See [7].

From the relation between co-norm and 2-norm,

1
%HBHoo <|Bllz £ Vm|Blloo, BeC™™,

we have
[Jllec < Vn—=1|J[2=vn~-1 (2)
and

[Klloo < vn—1|Kll2 =vn—1-]z]2 [yl (3)

The following two lemmas can be found in [8]
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Lemma 2. Let P be a transition matriz of the form
P P
p_ ( 11 1712 )
Py Py
where Pi1, Psy are square matrices. The stationary distribution 7L be partitioned

conformal of the form (w1 ,73). Then

S11 = P11+ Pio(I — Py) ' Py and  Sog = Pao + Py (I — P1y) ' Pro (4)

N

T
T 71 T

L7l

are transition matrices with stationary distributions w and wd respectively.

[|7:

N

Lemma 3. Let P, 1, ©l | nl Wl wl be as in Lemma 2. Then the matriz

C = W?PH]_ w?Plgl
wngll wnggl

is a transition matriz with stationary distribution (|71, (|73 )).

Let

P ( P+ F Pig+ Fio )
Poy + Fo1 Py + Fa

be a perturbed transition matrix with
1Bl <m-[1Pigll, 4,5 = 1,2,

In our analysis, we need to bound ||[Fy1(I — P11)7Y| and ||[Fao(I — P22)~!||. When P
is a transition matrix of a nearly coupled or nearly transient Markov chain, || P2 or
| P21]| is very small. A technical difficult presents itself immediately. Pj;, Pag is near
a stochastic matrix and has an eigenvalue near one. Hence I — Ay; is very nearly
singular, and this near singularity prevents us from applying standard perturbation
theory directly. We will circumvent the problem by transforming the matrix I — Py or
I — Py into a form in which the offending eigenvalue is isolated.

Let 7, be the Perron eigenven of P;; and let v{ be the corresponding positive left

eigenvector with ||o?|| = 1. From Lemma 1, we can construct V;,U; such that
~1
() -
and
(Dron-(hn) o
v VP 1 By
where

B =VIPhU, Vi <vni—1, Ui <ny—1.
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The eigenvalues of B; are the eigenvalues of Pj; other than ;. Noticing VlTl =0 and
P11+ P51 =1, we have

T
U] 1 — gammay
I-P)1U) = )
( 7 > U =F)i 0) ( VilPpl  I-B >

which yields

L (1 _ 71)—1 1 U?
(I-Pu)t=(1 Ul)( (I—B1)1>< Vi Pl ><V1T>. o

1—71

In the remader of this paper we introduce symbols ¢ and ¢;, ¢ = 1,2,... to represent
which are bounded above polynomials of n; and ns. And these constants grows slowly
as n1 and ny grows.

Lemma 4. Let P, By be as above. Define

0, — (L —Pu)~'Puf| 1
I(L = Pr)= M- 1Pl (= Poo) 7] - [Pzl

Then )
1F (I = Pa) H <er- [I(T=B)7 - 9, "

Proof. From (6) and noting F111 = —Fj51, we have

T
Fial F11U1)(I—B1)_1< ) ! ) ( o > (7)

_ 1
Fiu(I-pPy)t= (1

-7 jp— ‘/iTplgl Vl
Since
<= P €
L—m = SNV
then
n
Fo1| < -L
||1 12 ||_91
and . )
— (I =B)"WIPp1||<c-= -||(I =By
||1_71( )"V Pl <e-g - 1)l

On taking norm of each term in (7), we have

_ 1 _
1F11 (I = P) M < e §1||(I—Bl) .

Remark: If the second large eignevalue of Pp; is not near to 1, we can expect ||(I—B1) ™! ||

is not large. The main term in ||(I — Py;)~" is ———. Since 1 —+; = v{ P51 thus 6; can

I—71”
be estimated by |vf Pio1|/|| P2
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Analoguously, there exist vo, Va, Us such that

-1

vz = (1 Uh) v\ p Q)= 7
V2T = 2), V2T 22 2) = VQTPQQ 1 B,

By = Vi PpU, |Val| < Ve —1, |Us]| < no—1,

where By = V' PyoUs. Defining

where

1
(I = Po2) 7| - | Pox])’

Oy =

we can also have

_ 1 _
[1Fpo(I = Prp) 7" < ey - 9—2||(I—Bz) Hn.

3. Main Result

Theorem 5. Let

P Py ~ Py +Fip Pig+ Fig
P = and P =
Py Py Py1 + Fy1 Pyy + Fyy

be transition matrices with stationary distributions n7 = (i, 7d) and #* = (71,71
respectively. Denote

W?Plgl W%Pgll
I 11 Pl g 1] [P ]

6 = min{0;,6>} ¢ = min{

and
A= max{(I = By) L, (I - Bo) 1} s = max{|[(I — $12)#, (T — Sa) I}

where S11, Soo are as in (4). If Py and Py are irreducible and

1E551 < m- 1Py,
then T T
<ec- O(n°). 8

i
Proof. Let ggg = ng + Pgl(.[ - Pll)_lplg. Then

Syy — Sy = Fog + Fyy (I — Pyy) *Prg + Poy (I — Pyy) ' [F1i(I — Pry) ) Prp + Fia).
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It is easily verified

N

< ||l 4 [|1Fall - II(I = Pry) Pl
= ||Fo2ll + [ Farll < n([[Po2ll + | Poa]l) <2

| Fog + Foy (I — Pry) ' Ppo|

From Lemma 4 we have
_ A
| Fy1 (I — Pyy) ' Py + Fya|| < Cag | Pra|l - n,
and

17 = Pu) =t

IN

I = Pr) 7 - 1L = Fru(X — Pi) ™)~

IN

A
=1+espn+ O(n?),

From which we have \
(S22 — Sa2)ll < c6 - gt O(n*).

Let T T ~T =T
of = B of = B ol = D of - T
kst A 7] 1731

From (1) we can get

As
Jwf &3l < s am + OGP,
Similarly,
T _ ~ As 2
lof &l < ez Zvn+ O(P).
Let

. w?PH]_ W?Plgl _ B 5 GJ?PH]_ @?Pml s
C= T T = (¢ij) andC = T T = (Cij).
Wy P211 wy P221 Wy P211 wy P221

From Lemma 3 (||77 ||, ||721]) and (|71 ], |73 ||) are their stationary distributions. Ob-

viously,

lcij — ¢ij s
—= < ¢

The entrywise perturbation theorem in gives

= || = Il s 2
MLl <o 22+ 0(P), i=1,2.
sl 0%¢
Thus
Ilmd =7l = lw) D + &l (7) " — 7
[ea el

)\'S 2
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Remark: For nearly uncoupled Markov chain, though A% can be very large. 6/’\_-55 can be
small. For example

0.5 0.5 — 2¢ € €

p = 0.5 — 2¢ 0.5 € € _ P11 P12
B € € 05 05-2 | \ Py P/’

€ € 0.5 — 2¢ 0.5

where Py; and Py, are 2 X 2 matrices. It is easy tosee @ =& =1, A= 1%26 and s =~ 2,

while ]
IA#] = O(=).

€
When € is small, the stationary distribution is sensitive to general perturbations, how-
ever, it is in sensitive to small relative blockwise perturbations. When the Markov

chain has nearly transien states, for example

% % —2¢ € €
1_9¢ 1 € € P P
P = 2 2 . 11 12
- 1 1 L1 [\ p p ’
1 1 4 4 21 22
1 1 11
4 4 4 4

with the stationary distribution

1
= m(lal,‘lf,‘le) = (m ,m3)

Since
I (1> (|5 1l

mo may be sensitive in a relative sense to general perturbations though 7 is insensitive.
However, this can not happen for small blockwise perturbations because of

f=¢(=1 A= and s < 2.

1—2e
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