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Abstract

In this first paper we present a central relaxing scheme for scalar conservation
laws, based on using the local relaxation approximation. Our scheme is obtained
without using linear or nonlinear Riemann solvers. A cell entropy inequality is
studied for the semidiscrete central relaxing scheme, and a second order MUSCL
scheme is shown to be TVD in the zero relaxation limit. The next paper will extend
the central relaxing scheme to multi—-dimensional systems of conservation laws in
curvilinear coordinates, including numerical experiments for 1D and 2D problems.

Key words: Hyperbolic conservation laws, the relaxing scheme, TVD, cell entropy

inequality.

1. Introduction

In [6], Jin and Xin constructed a class of upwind relaxing schemes for nonlinear

conservation laws

ou K Ofi(u)

E+; e =0 (1.1)
with initial data «(0,z) = uo(z), = = (x1,...,24), by using the idea of the local relax-
ation approximation [2,3,6,10].

The relaxing scheme is obtained in the following way: A linear hyperbolic system
with a stiff source term is first constructed to approximate the original equation (1.1)
with a small dissipative correction. Then this linear hyperbolic system is solved easily
by underresolved stable numerical discretizations. The main advantage of their schemes
is to use neither nonlinear Riemann solvers spatially nor nonlinear system of algebraic

equations solvers temporally. However, the numerical experiments have shown that
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implementation of the upwind relaxing schemes for general hyperbolic system seems to
be inconvenient, because of using linear Riemann solvers of a linear hyperbolic system
with a stiff source term spatially.

To overcome this drawback, we will construct a central relaxing scheme for systems
of conservation laws in this series without using linear or nonlinear Riemann solvers.
The schemes are shown to be TVD(total variation diminishing) and be of the similar
relaxed form as in [6] in the zero relaxation limit for scalar case; a cell entropy inequality
for semidiscrete schemes is also proved. Numerical experiments for 1D and 2D problems
are presented in [14], which show that resolution of the central relaxing schemes is
comparable to the upwind relaxing schemes presented in [6].

The paper is organized as follows. In section 2, we simply recall the relaxing system
with a stiff source term, constructed by Jin and Xin to approximate Eq.(1.1). Section 3
is to construct a class of central difference approximations for the relaxing system. The
schemes are also shown to have correct asymtotic limit as ¢ — 07, and be TVD(total
variation diminishing [4]) in the zero relaxation limit in section 4. In section 5, we
discuss the numerical entropy condition for the semidiscrete central relaxing scheme
based on Osher-Tadmor numerical entropy flux. We conclude the paper with a few

remarks in section 6.

2. Preliminaries

In this section we simply review the relaxing system with a stiff source, introduced
Jin and Xin in [6] to approximate Eq.(1.1). For the sake of simplicity in the presenta-
tion, we will focus on the 1D single scalar conservation laws

Ou , 9f(w)

ot oz

=0, (2.1)
with initial data
u(0,2) = up(z). (2.2)

A linear system with a stiff source term (hereafter called the relazing system) can
be introduced as follows:

ou Ov

el = o~ J(u) |
ot or e ’

where the small positive parameter € is the relaxation rate, and a is a positive constant
satisfying
| f'(u) |< Va, forallu € R. (2.4)

Remark: (1) Here we can also use the more general a(x,t) instead of the above

constant a. The similar results can also be analyzed. (2) For scalar conservation
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laws in arbitrary space dimensions, a relaxing system with a stiff source term can also
introduced as above, we refer the reader to [6,14] for more details.

In the small relaxation limit € — 0T, the relaxing system (2.3) can be approximated
to leading order by the following relazed equations

v = f(u), (2.5a)
ou  Of(u)
ot g =0, (2.5b)

The state satisfying (2.5a) is called the local equilibrium. Using the Chapman-Enskog
expansion [1], we can derive the following first order approximation to Eq.(2.3)

, ou
v=f)—efa— [}, (2.6a)

ou Of(u) 0 , ou
S D o Py oY), (2.60)

It is clear that the above second equation (2.6b) is dissipative under condition (2.4)

(which is referred to as the subcharacteristic condition by Liu in [10]). Here, we will
choose the special initial condition for the relaxing system (2.3) as follows:

u(z,0) = uo(),

v(z,0) = vo(z) = f(ug(z)).

(2.7)

The aim is to avoid the initial layer introduced by the relaxing system (2.3). In doing
so the state is already in equilibrium initially. On the other hand, to avoid any new
boundary layers in solving boundary value problems, we can also impose the boundary
conditions for v to be consistent to the local equilibrium.

The relaxation limit for systems of conservation laws with a stiff source term was
first studied by Liu in [10]. Convergence of solutions of the general relaxing systems are
considered later in [2,3]. In this paper we are concerned with construction of a class of
the central relaxing approximations for conservation laws based on the relaxing system
(2.3).

3. The Central Relaxing Schemes for Conservation Laws

Based on the relaxing system (2.3) for conservation laws, we can consider con-
struction of the relaxing schemes for conservation laws. Moreover, we will restrict our
attention to one—dimensional scalar case in the following.

Introduce the spatial grid points z;, j € Z with the uniform mesh width Az =
Tj41 — 25, i.e. Az is a constant, and denote by w;(t) the approximate point value
of w(z,t) at * = xj. The discrete time level are spaced uniformly with the step
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At ="+ — ¢ for n € Z+ U {0}. In the following, A = &L is assumed a constant. The
relaxing schemes are obtained by discreting the system (2.3), for which it is convenient
to treat the spatial and time discretization separately .

1. The spatial discretizations

A spatial discretization to Eq.(2.3) in conservation form can be written as

0 1

Y A_x(vﬂ—l/? ~vj-1/2) =0, (3.1a)
0 a 1
Friii A_x(uj+1/2 —uj_1/2) = —E(Uj — fluy)), (3.10)

where the numerical flux u;, 1/, and vj,; /5 will be defined in two ways specified below.
Algorithm I: (First order central scheme) A 1st order numerical flux in a central

form is defined as:

(g v) — o ( )
Vjt1/2 = 5\Uj+1 T Uj) — o7 (Uj+1 — Uj),
! 2 2 (3.2)

Ujy1/2 = §(Uj+1 +uj) — %(Uﬂl — vj).

Algorithm II: (Second order MUSCL scheme) A 2nd order numerical flux can be
defined as:

1
(U’R - UL)J

Lk, L
Uj+1/2=§(v +v )—ﬁ

T . ] . . (3.3)
Uj+1/2:§(u tu )_ﬁ(” —v"),
where ) 1 1
ot = vj + (1) Avji/2, ol = Vj+1 — 5P(——)Avji1 /2,
2 2 ’)"J+1
1 1 1
L R
u’ =+ 5 h(sj) Aty Ut = U - §¢(Q)A“j+1/% (34)
Vj — Vj—1 Uj — Uj—1
rj= o 5 -
Uj+1 = Uj AR

and ¢(r) is some symmetric limiters [12].
Remark: (1) One simple choice of limiters is the so-called minmod limiters

¢(r) = max(0, min(1,7)).
A sharper limiter was introduced by van Leer[15] as

¢(r) = (| r [ +r)/(+ [ r]).

(2) Because the current spatial discretizations are using the Lax-Friedrichs type central
difference, linear or nonlinear Riemann solvers are not used. (3) The schemes (3.1)-
(3.4) can be extended easily to several space variables.

II. The time discretizations
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Numerical schemes for stiff relaxing systems such as Eq.(2.3) were studied in [7].
Proper implicit time discretizations should be taken to overcome the stability con-
straints brought by the stiff source. A simple way is to keep the convection terms
explicit and the stiff source terms implicit. Since the source terms in Eq.(2.3) is linear
in the variable v, we can avoid to solve nonlinear systems of algebraic equation. As in
[6,7], a general second order Runge-Kutta splitting scheme to Eq.(3.1) can be given

7_‘]:“?’ vj = vj g(@‘f(“g))a
ul = Uj — AALD;_q )9, v§-1) = Uj — aAAL T 9,
3=, 5= ol a0 E; - @) + 8w - ), (35)
u = @5~ AALT; 1, 0 =T — aAALT e,
G = S b ®), o = S 4ol
where two parameters o and § should satisfy the consistancy condition: o+ = —1.

For example, o« = +1, = —-2.

4. The TVD Properties of the Relaxed Schemes

It is known that not all stable schemes for the relaxing system (2.3) yield the correct
solutions when the small relaxation rate is not well resolved [6,7]. Thus we expect a
good numerical scheme should possess the correct relaxation limit in the sense that the
zero relaxation limit (e — 07) be a consistent and stable discretization of Eq.(2.1). As
was demonstrated in [7], assume 0 <€, x=, x; << 1. If v(z,0) = f(u(z,0)), then we
have

5= f(@) + O(e), 7 = £(@) + O(e), (4.1)

which imply that the solutions are local equilibria at the two intermediate time step
in Eq.(3.5). Applying (4.1) in second order Runge-Kutta splitting scheme (3.5), one

arrives at the relazed schemes after ignoring the O(e) terms

ug =Uj — >\A+'Uj—1/2 |v”:f(u”)7
2 1
U,g ) = U(l) — >\A+U](~_)1/2 |U(1):f(u(1))7 (42)
1 ., 2

which is the second order TVD-type Runge-Kutta time discretization for Eq.(2.1) or
(2.5) (See [11)).

The relaxed spatial discretization can also be done easily. For example, the relaxed
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1st order central scheme is

1

1
Vit1/2 lo=p)= 5 (F(ug) + F(uj)) = 53 (i = ug), (4.3)

which is numerical flux of the Lax-Friedrichs type scheme for Eq.(2.1).
Similary, the relaxed MUSCL-type central scheme can be obtained

e b gt = L) + Fui0) + 50015) ~ S (F i) = F(5)
(4.4)
gl = ) ) — )]

Clearly this is a second order consistent spatial discretization to (2.1).

In conclusion, the relaxing schemes we discussed here have the correct relaxation
limit. Moreover, we have:

Theorem 1. The relazed first order central scheme ((3.1a), (4.2), and (4.3)) is a
monotone scheme for Eq.(2.1) under the CFL condition

Asup | f(u) |< 1. (4.5)
JjEZ

The above conclusion are obvious. We omit its proof.
Theorem 2. The relazed second order MUSCL scheme ((3.1a),(4.2),and (4.4))

is a TVD scheme for Eq.(2.1) under conditions

0< (r).p(1) <2, (4.6a)

r

for all symmetric limiter ¢, and the CFL condition

! . 2_¢(5j1+1) 2_¢(3')
Aep | /) I min { A ) D) ey |

Proof. Due to the special structures of second order TVD-type Runge-Kutta time
discretization (4.2), we can only consider the simple one-step conservative scheme for
the relaxing system (2.3) with uniform grids
n+1
J

n+1
J

=0 - ),

The relaxed MUSCL scheme takes the following form (see Eq.(4.4))

v - U? + aA(u;-’+1/2 - “?—1/2) =

Vj = f(uj)a

= W), 7 (4.8)
ui ™ = uf + A2 = fima2) =0,
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with
_ 1 1 1
Fivpe = 5 | flug) + fuja) + 5((r5) = ¢(Tl))(f(uj+1) — fluy))
: L o (4.9)
~3x [UjJrl —uj — §(¢(Sj+1) + ¢(s5) (U1 — “j)] :
for all symmetric limiter ¢.
One can rewrite the relaxed MUSCL scheme (4.8) in the incremental form
U?+1 = U;L + C;L+1/2Aj+1/2u — D?71/2Aj_1/2u,
where
1 1 uit1) — flu;
= o (2= () = (2 G 4 gl )AL =)
4 Sj+1 Tjt1 Ujp1 — U (4.10)
1 1 fujsr) — f(uy) '
T == (2= 68(s5)) + (24 ¢(—) — d(r))) ) A— 21,
=g [( $s) + (240G — A=
Under the conditions (4.6), the coefficients Cliy)p and DYy o in (4.10) satisfy
C™ 1y >0, D0 >0,
JHL/2 =T T2 (4.11)

Ciirje + Diyape < 1.

thus the relaxed MUSCL-type central scheme is TVD.
Remark: Condition (4.6a) can guarantee scheme to be of second order accuracy
and very high resolution, because it includes the critical point ¢(1) =1 [12,16].

5. The Cell Entropy Inequality for the Semidiscrete
Central Relaxing Schemes

In this section we discuss numerical entropy condition for the semidiscrete first order
central relaxing scheme and second order MUSCL-type relaxing scheme. In the follow-
ing we will always assume (7, ¢) to represent the entropy pairs for models (2.3)[2,3],
where the convex function n(u,v) € C?(R?), then they must satisfy the consistency
condition:

(1> M) ( 2 (1) ) = (qu> ), (5.1)

where 7, represents the partial differentiation with respect to u. Furthermore, we have

Nuu — AMyy = 0, (5.2)

Quu — AGyy = 0.
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Thus the general representation of the entropy pairs for (2.3) is

n=Go+ Vau) + H(v — Vau),
¢ = Va(G(v+ Vau) — H(v — v/au),

for any functions G and H in C?(R).
It is easy to verify that 7 is a convex function if and only if H'G"” > 0. At the

equilibrium state v = f(u), we have

N lo=pwy= G(f () + Vau) + H(f (u) — vau) = (u)

’ (5.4)
q lo=f(y= Va(G(f (u) + Vau) — H(f(u) + Vau)) = q(u),

and expect to have
M lo=f(u)= 0. (5.5)

Thus the pair (7(u), ¢(v)) forms an entropy pair for scalar conservation laws (2.1), that
is

7' (u) f'(u) = ¢ (u), if H" >0 and G" >0,

At the equilibrium state v = f(u), we expect to have the following entropy condition
for equation (2.1)
on , 04
5+ 5 <O (5.6)
and the numerical entropy condition (5.14) for the numerical method for solving scalar
conservation laws (2.1).
For the sake of simplicity in the presentation, define wt = v + y/au and w~ =
v — /au, which imply v = 3 (w +w~) and u = ﬁ(uﬁ —w).
For the relaxing schemes (3.1), the following numerical entropy inequality

@ 1 77’(](

o T A_x(Qj+1/2 —Qj_172) + Wi flug)) <0, (5.7)

is needed to guarantee convergence of numerical solution to the entropy solution, where
Qj+1/2 is some numerical entropy flux to be consistent with the entropy flux g.
Let Q;41/2 be Osher-Tadmor type numerical entropy flux
Qj+1/2 = Gj+1 + M lj+1 (Vjr1/2 — vj41) +any 41 (wip12 — ujp)- (5.8)
and multipy both side of equation (4.1) by (74, 7,);, then we have

In 1 a U
a0 T Az i Wiz = vicy2) + 1o i (@2 = ujoap) = =2 (05 = f(ug)).
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Thus we have

1
LHS = E{[Qjﬂ + N lj+1 (Vjg12 = vj41) +any i1 (wjg1/2 — uji1)]

(5.10)
—lgj +nu lj (Wjr12 — vj) +any |j (wjy1/2 —uj)l}
where LH S denote the left hand side of inequality (5.7).
Substitute (5.3) in (5.10), then
Vva Wit _ w‘++1
Lis = %= Z}i(s—wﬂﬂﬂﬂwﬁﬂs+ [ W, - 06 ey (511)
J J

Therefore, to guarantee the numerical entropy inequality (5.7) to be satisfied, we have

Theorem 3. A sufficient condition for the inequality (5.7) with numerical entropy
flux given in Eq.(5.8) to be satisfied is, for all j € Z,

sign(w;;l - wj)(w;—+1/2 —t) <0, for everyt between wj_i_l and w;', (5.12)

.S:ign(w;+1 — w;)(s — w;+1/2) <0, for every s between w;, and w;,
if H and G are two convex functions.

Theorem 4. Assume the subcharacteristic condition (2.4) and CFL-type condi-
tion A\\/a < 1 are satisfied . For the first order central scheme (3.1)-(3.2), the entropy
inequality (5.7) with numerical entropy flux given in Eq.(5.8) is valid, if H and G are
two convex function.

Proof. From Egs.(3.1)-(3.2), (w;_+1/2 —t) and (s — wj_+1/2) can be rewritten in the

form
11, I
(_2>\\/a+§)(wj+1_t)+(m+§)(wj —t),
1 1 1

+

(m+§)(3—wf+1) _m—i_i)(s_wj_)'

It is easy to verify that inequalities are satisfied under the above assumption.
Theorem 5. Assume that the hypotheses of Theorem 4 are satisfied . For the

second order MUSCL-type scheme (3.1),(3.3),and (3.4") the entropy inequality (5.7)

numerical entropy fluz defined in Eq.(5.8) is valid, if the following conditions hold,

S|

0<¢(r),o(=) <1,
) (5.13)

2+ §(1) % ()] Wa <2 9(3) — 60,

r

for all symmetric imiter ¢.
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Proof. From Eq.(3.4), we have

1 1 NG 1
+ _ R L R _ L R L R _ L
Wiz = 0T 0T m oyl ) Sl ) = oy ),
- L kR, L L g oy Vo, g, L 1 R_ L
wj+1/2:§(v —i—v)—ﬁ(u —u)—T(u +u)+m(v v"),
then, for any ¢ between w;“H and w , for any s between Wiy and w;

(Wi = 1) = <—ﬁ + 1) (whf —t) + <ﬁ + %) (wht —¢)
- 5z [wa— D - ¢+ $e)Wa+ 1| (wfy 1

i [G)Va— 1)+ (2= g Wa-+ 1) (wf )

~ 1 1 _ 1 1 _
(s — Wiy ) = (WJF—) (s —w ’R)+<_—2>\\/a+§> (s — wb)
- o [(A\/_Jr DE - (3 + ) Wa - D] (5~ wy.)

i [G)OVa+ 1) + 2= g a1 (s =),

where without ambiguity we have omitted the subscript j in ¢. It is not difficult to
verify that numerical entropy inequalities (5.7) are satisfied with Osher-Tadmor type
numerical entropy flux, under the condition (5.13). This completes the proof.

Remark: At the equilibrium state v = f(u), the entropy inequlity (5.7) becomes

o 1 7
% E(Qj+1/2 —Qj_172) <0, (5.14)

where 77 and ¢ defind in (5.4), and
Qj+1/2 = Qjt1/2 lv=f(u)

Inequality (5.14) forms a cell entropy inequality for the relaxed scheme

Vj = f(u])a
3 | (5.15)
FTA A \Uit1/2 = vj-172) =0.

6. Conclusions

In this first paper we have presented a central relaxing scheme for scalar conserva-
tion laws, based on using the local relaxation approximation. Qur scheme is obtained
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without using linear or nonlinear Riemann solvers. The schemes are shown to be TVD
and be of the similar relaxed form as in [6] in the zero relaxation limit. For scalar
equations, a cell entropy inequality for semidiscrete central relaxing schemes is also
studied.

The implementation of the current schemes will presented in [14]. Moreover, the
theoretical studies, such as the entropy condition for the fully discrete relaxing schemes
and the convergence of the relaxing schemes , need to be considered in future.
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references to him, and would like to thank Prof. H.M. Wu for fruitful conversations on
the content of this paper.
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